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Chapter 1. Review of Fundamentals

Problem 1.1. A bicycle, ridden with velocity v on wet pavement, has no mudguards on its
wheels. How far behind should the following biker ride to avoid being splashed over? Neglect the air
resistance effects.

Solution: The easiest way to solve this problem is to use
the reference frame moving with the bikers. Assuming that their
speed 1s constant, in this reference frame the bike frames are at I @
rest, while the ground moves back with speed v (see the =
horizontal arrow in the figure on the right), and hence the rim of
each wheel moves around its axis with that speed. As a result, in this moving reference frame, the speed
of each water drop immediately after its detachment from the tire is the same: |vo| = v. Since this
moving reference frame is inertial, the Newton laws are valid in it, and hence we may use all their
corollaries. In particular, after its detachment, each drop follows the well-known parabolic trajectory,
and before returning to the initial height passes the distance!

2
L=""sin 29, (*)
g

Vo

*

v

where ¢ is the takeoff angle — see the figure above.? The distance is largest for drops with ¢ = 7/4:3

Lmax =

g

As the figure above shows, this is the smallest distance to be absolutely safe from splashing,
though this expression may be corrected for bike shape details (for example, for certain radius R of the
wheel and the bike length /), and for what exactly is meant by the distance between the bikes. For
practical values of R and the bike velocities, v >> (gR)l/ 2 ~ 2 m/s ~ 5 mph, these corrections are minor
because Lyax >> R, [.

I Notice the local (intra-problem) numbering, by asterisks, of the displayed formulas in the solutions, leaving the
usual numbers reserved for references to formulas in the lecture notes.

2T hope that the reader knows how to derive this formula, but just in case... Since the drop’s acceleration during
its flight equals g = const and is directed down, placing the reference frame origin at the point of the drop’s
detachment from the tire and using the traditional orientation of the x- and y-axes, we may spell out Eq. (1.18) of
the lecture notes as follows:

x(1)=—(vcosp)t,  y(t)=—-gt*/2+(vsing)z.
Now requiring that the drop returns to the initial height, y(¢) = 0, for the time of flight we get: ¢t = (2v/g) sing.
Plugging this expression into the formula for x(¢), we get x(f) = —L, where L is given by Eq. (*).
3 Note that, curiously enough, relative to the ground, these “most splash-dangerous” drops have the horizontal
velocity (1 — 1/N2) v~ +0.29 v >0, i.e. move in the same direction as the bikes, though not that fast.
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Problem 1.2. Two round disks of radius R are firmly connected with a
coaxial cylinder of a smaller radius 7, and a thread is wound on the resulting
spool. The spool is placed on a horizontal surface, and the thread’s end is
being pooled out at angle ¢ — see the figure on the right. Assuming that the
spool does not slip on the surface, what direction would it roll?

Solution: The no-slip roll of the spool may be considered as its
rotation about the instantaneous axis which coincides with the spool-surface
contact line. (In the figure on the right, it is normal to the drawing plane and
passes through point 4.) Thus the rotation’s direction depends on whether the line of the applied force &
passes above or below the axis, i.e. whether point B (where that line crosses the vertical line OA4) is
located above or below point 4. From the right triangle OBC, we get OB = OC/cos@ = r/cos¢, while OA
=R. So, if

r

<R, i.e.ifcosgo>1,
Ccos @ R
the spool will roll in the direction of the applied force (in the figure above, to the right), but otherwise, it
will roll back. In particular, if the thread is being pulled horizontally (¢ = 0, cosep = 1), the spool will
roll to the right, while if it is pulled up (¢ = 772, cos@ = 0) it will roll to the left, for any » < R.

Problem 1.3.” Calculate the equilibrium shape of
a flexible heavy rope of length /, with a constant mass u
per unit length, if it is hung in a uniform gravity field k
between two points separated by a horizontal distance d
— see the figure on the right.

Solution: Let wus introduce the Cartesian
coordinates as shown in the figure on the right, with the
origin at the lowest point of the rope. According to the
2" Newton law, in equilibrium, the vector sum of the forces acting on each small rope’s fragment of a
length dl << [ should vanish, so for the vector & of the rope tension force as a function of x, we may
write the following vector equality:

g'[x+%j—g'(x—%j+ygdl:0. (*)

Here dx = dl cosa (where « is the rope’s slope angle in this particular point, see the figure above) is the
horizontal axis’ fragment corresponding to d/, so

dx _ (1+tan2 a)l/de _ (1+y'2)”2dx, where y Ed_yz ang

cosa dx

dl =

Due to the smallness of dx, we may expand the vector function ¥(x) in the Taylor series in dx, and keep
only the first (linear) term of the tension difference participating in Eq. (*):

g
Cil—(/dx+yg(l+y'2)l/2dx =0.
X
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After the cancellation of dx # 0, two Cartesian components of this vector equation yield two scalar
equations for two unknown scalar functions: y(x) describing the shape of the rope, and ¥(x) — the

magnitude of its tension:

d7. d pe d S
X =/ =—|— =0
dx dx(/ Cosa) dx{(l_,_y,z)l”] ’

a4, d p d gy 2 \172
—=—|! =—| ———— | = 1 !
dx dx(/ sina) dx{(1+y,2)1/2:| ,ug( T )

The first of these equations immediately yields & /(1 + y )2

tension at its lowest point (where y’ = 0). Plugging this relation into the second of the equations, we get
the following second-order differential equation for the function we are interested in, y(x):

= const = &, , where % is the rope’s

dzy

7
X

Fy" = ,ug(1+y’2)1/2, where y" =

It is straightforward to integrate this equation. First, we may represent the second derivative as*

Ay _ay | 1d))
T dx dyde dyT 2 dy
S0 our equation becomes

EM = ,ug(l + y'z)m, or equivalently: EM

> & 2 ()t

Now we may integrate both parts, getting
9;(1 +y"? )1/2 = ugy + const .

Since we have selected the origin of y at the lowest point of the rope, where y = 0 and y’ = 0, the
integration constant also equals %, so

G+ y?)" = ugy + 7.

Solving this equation for y’ = dy/dx, and then separating the variables x and y, we get
1/2

% i G T -1}

It is convenient to integrate both sides of this equation from the lowest point, where x =0 and y =
0, to some point x > 0, because on this interval, dy/dx > 0 (see the figure above), and we may select the
positive sign on the right-hand side of the equation. Introducing the dimensionless variable &= 1 +
(ug/ %)y, so dy = (9o ug) d&, we may bring the integral of the left-hand side to a simpler form, getting

4 This is a very popular transformation, which was already used (for other variables) for the derivation of Eq.
(1.20) in the lecture notes, and will be repeatedly used later in this course.
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=—X.

2 (652 _1)1/2 T,

This integral may be readily worked out using one more substitution: £ = cosh/, so the numerator, d& =
sinhf df, and denominator, (& — 1)"? = (cosh’8— 1)"? = sinh/3, are proportional to the same function,
sinh/8, which cancels. As a result, this integral is just [d8= B = cosh™ &= cosh™ [1 + (1g/F5)y], and we

y(x) d
I ¢ Hg

get
. (7
cosh™ (l+ HE y]=@, ie. y=—°(cosh@—lj. (**)
4, A y74 4,

So, the free-hanging, uniform ropes/chains have the form of the plot of the hyperbolic cosine
function.> Due to this fact, this curve is sometimes called the chainette. (A more popular term for the
curve is “catenary”, but terms “alysoid” and “funicular” may be also met.) What remains now is to find
the constant . This may be done by requiring the sum of all elementary lengths d/ = (1 + y?)"?dx of

the rope to be equal to its full length /:

+d /2 d/2
1=[ai= [(+y?) dv=2[(1+y?) dx. (+5%)
1 -d/2 0
From Eq. (**), we get
' it HEX 12 |/2 HEX
y'=sinh ==, so that (1+y2) = cosh o
“o 0

with the last equality, the integration in Eq. (***) becomes elementary, giving

1= 2% nn 8 e 8L g H8e
w27 29, 29,

or in a convenient dimensionless form:

—{—smh( where 4_&61. ()

2
This is a transcendental equation for £ (and hence for %); since the function sinh{ grows as ¢ at
¢ — 0 and faster than that at larger values of its argument, the equation has a single positive root for any

l/d > 1. Using the well-known asymptotic behaviors of this function for small and large values of its
argument, it is straightforward to find that

1 l 1/2

2\/_(1 dj — o0, forl/d—>1,
/

o pehx g

—— 0, for [/d — oo.
21n(l/d)

In the former limit, &, is much larger than the weight g/ of the whole rope, while in the latter limit, is
much less than the weight. The dashed lines in the figure below show these two asymptotes together
with the quasi-exact (numerically calculated) solution of Eq. (****), shown with the solid red line, on
the log-log scale, which is most appropriate in this case.

> Additional question: is this solution a good approximation for suspension bridge cables? If not, why?
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In conclusion, let me note that this problem may be
also solved (or rather the differential equation for the
function y(x) derived) by the calculus of variations, from
the condition that the total potential energy of the rope,

+d /2

U = [ ugydl = pg Iy(1+y’2)“2dx,
!

—-d/2

is minimal at equilibrium, upon the condition of constancy
of the rope’s length /, i.e. of the integral (***). Though for
this particular problem, such a solution is more lengthy, it
is highly recommended to the reader as an additional
exercise, especially because we will need the calculus of
variations several times in this course, starting from the 0.007 1 10
derivation of the Lagrange equations in the next chapter. 1/d—1

Problem 1.4. A uniform, long, thin bar is placed
horizontally on two similar round cylinders rotating toward each
other with the same angular velocity @ and displaced by distance
d — see the figure on the right. Calculate the laws of relatively
slow horizontal motions of the bar within the plane of the
drawing, for both possible directions of cylinder rotation,
assuming that the kinetic friction force between the slipping
surfaces of the bar and each cylinder obeys the simple Coulomb
approximation® | F| = uN, where N is the normal pressure force
between them, and g is a constant (velocity-independent) coefficient. Formulate the condition of
validity of your result.

,\0)

L]
1
1
1
1
]
'
1
1

dli2 d/2

Solution: Let us denote the current horizontal displacement of the bar’s center of mass (point O)
from the symmetry plane of the cylinder system as x — see the figure above. Then we may write the
following two equations for the normal pressure forces N,

N, +N_=Mg,

N+(i—xj—N_(i+xj =0,
2 2

where M is the bar’s mass. These equations express the balances of, respectively, the vertical forces and
their torques, necessary to avoid the vertical linear and the angular accelerations of the bar. (Note that
contributions of the friction forces F: into the torque balance may be ignored only because of the small
thickness of the bar.) Solving this simple system of two linear equations, we get

d/2+x

N, =Mg J

6 It was suggested in 1785 by the same C.-A. de Coulomb who discovered the famous Coulomb law of
electrostatics and hence pioneered the whole quantitative science of electricity.
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If the bar motion is relatively slow, | v| < @R, its surface slips relatively to those of both
cylinders, so we can use the Coulomb approximation | F+ | = uN: for each of the friction forces, and for
the total horizontal force, we may write

%]

d
The sign of F depends on the direction of the cylinders’ rotation. If their top points, on which the
bar rests, move toward each other (as shown in the figure above), then the force F is always directed to

the left, so taking the shown direction of the displacement x for the positive one, we may write F = —
2uMg(d/2 —x)/d < 0, while the counterpart force is positive: F_=2uMg(d/2 +x)/d. As a result,

[F|=|F.~F|=2g

F=F -F =—2,u]\/[g§.

In this case, the horizontal component of the 2" Newton law for the bar reads

M = —2,uMg§ . (*)

This is the well-known equation of 1D motion of a body on an elastic spring with a positive spring
constant, x = 2uMg/d, and its solutions are sinusoidal oscillations of frequency

1/2 1/2
K 2ug
o) =)
M d

Note that this solution is only valid if the displacement amplitude 4 = xp.x is lower than @R/,
so the velocity amplitude ay4 is lower than the cylinders’ top speed wR. What happens at larger
amplitudes, depends on the static friction coefficient x4, more exactly, its relation with the kinetic
friction coefficient z. Though this is beyond the problem’s assignment, the reader is encouraged to carry
out a semi-quantitative analysis of various cases of such motion.”

In the second case, when the cylinders rotate in the direction opposite to that shown in the figure
above (i.e. with their top parts moving from each other), both friction forces have opposite directions,
and we need to change the sign in the expression for the total horizontal force F. This gives, instead of
Eq. (*), the following equation:

M)'c':2,uMg§. (**)
Its general solution is a sum of either two exponents or (equivalently) of two hyperbolic functions of
time:8

1/2
x(r)= C+e’“ +Ce M= C. cosh At + C, sinh Az, with 4= [%) , (F*%)

where the constants C: (or alternatively, C.;) are determined by initial conditions — the initial position
and velocity of the bar. Note that whatever the conditions are, the displacement x and velocity v = dx/dt

7 See the similar Problem 5.21 below.
8 This fact may be either verified by its substitution to Eq. (**) or obtained in a regular fashion by looking for the
solution in the form Cexp{At}, as will be discussed in detail in Sec. 3.2 of the lecture notes.
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of the bar will at # >> 1/1 grow exponentially. So, at this direction of cylinder rotation, our solution
(***) eventually runs out of its validity range | v | < @wR. Again, the reader is encouraged to analyze
possible cases of the subsequent motion.

Problem 1.5. A small block slides, without friction, down a
smooth slide that ends with a round loop of radius R — see the figure on
the right. What smallest initial height 4 allows the block to make its way
around the loop without dropping from the slide if it is launched with i
negligible initial velocity?

Solution: The most critical point of the motion is evidently the
highest point of the round loop, where the block’s velocity v is the
lowest, and the block’s weight force, mg, is directed exactly along the possible direction of the
detachment from the slide’s surface. The magnitude of this velocity may be readily calculated from the
mechanical energy conservation law written for the initial and critical points:

2
my

+2mgR, giving v’ = 2g(h - 2R), (*)

mgh =

where m is the mass of the block. To avoid the detachment from the slide, this velocity should be so
high that the block weight mg could not, alone (without the slide’s reaction), provide the necessary

centripetal acceleration a = v*/R:
V2
mg <m-—.
R

By plugging the last form of Eq. (*) into this condition, it is reduced to a very simple form:

h>h, :§R.
2

Note that the result is independent not only of the block’s mass m (such independence, due to the
weak equivalence principle, is common for all problems where the only substantial force is that of
gravity) but also of the gravity acceleration g.

Problem 1.6. A satellite of mass m is being launched from height H
over the surface of a spherical planet with radius R and mass M >> m — Vo
see the figure on the right. Find the range of initial velocities vy (normal to
the radius) providing closed orbits above the planet’s surface. Q

Solution: The simplest way to solve this problem is to write the
laws of conservation of the angular momentum and the energy for two

v
opposite points of the evidently symmetric orbit (see the figure on the '
right):
m mM m mM
mv,(H+R)=mv, (h+R), —vi - =—yi- .
0( ) h( ) 0 H+R 2 h h+R

Solving this system of equations for vy and vy, we get, in particular:
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h+R
(H+R)(h+H+2R)

ve =2GM

For the two boundaries of the velocity interval of our interest (2 = 0 and 7 — «©), we get, respectively:

1
H+R

R
(v02 )min =2GM (H+R)(H+2R)’ (Vg )max =2GM

For the particular case of the satellite’s launch from the planet’s surface (H = 0), these formulas
are reduced to the well-known expressions for the so-called 1* and 2™ space velocities:®

1/2 1/2
v, :(%J , v, =[Mj =\/§v1 ~1.41v,.
R R

For our Earth (M = Mg ~ 5.97x10** kg, R = Rg ~ 6.36x10° m), these velocities are close to, respectively,
7.92 and 11.2 km/s.

Problem 1.7. Prove that the thin-uniform-disk model of a galaxy allows for small sinusoidal
(“harmonic”) oscillations of stars inside it, along the direction normal to the disk, and calculate the
frequency of these oscillations in terms of Newton’s gravitational constant G and the average density p
of the disk’s matter.

Solution: Let us calculate the net gravitational force F exerted on the star, of mass m, by the
whole galactic disk, within this model. This may be done, for example, by the direct summation of the
Newton gravity law (see, e.g., Eq. (1.15) of the lecture notes) for two point masses m and m’,

F o __gmm

point 3
R

R, where R=r—-r’, (*)

over all elementary masses dm'= p(r')d’r' of the disk:

#(e)=-Gm[ L) (e )

r-rf

However, even in our simple case of constant density p, such integration is a bit cumbersome,
because of the vector nature of the integral. It is helpful here (and in many other problems) to use the
analogy of the Newton law (*) with the Coulomb law of the electrostatic interaction of two point
charges g and ¢',10

1 qq'
P 4ne, RP %)

They are similar with the replacements g <> m, g’ <> m’, and 1/4r& <> —G, i.e. 1/ <> —47G. Making
these replacements in the well-known Gauss law of electrostatics (which follows from the Coulomb
law),!1

9 Alternatively, v, is called the escape velocity.

10 See, e.g., EM Eq. (1.1).

11 See, e.g., EM Eq. (1.16), with both sides multiplied by ¢, so E — gE = F. Note also that the density p(r’) has
different meanings (and dimensionalities) in Egs. (*) and (**), but this fact does not affect their analogy.
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we get:
§Fd*r =—4xGm| p(e')d*r. (*5%)
N Vv

Here V is an arbitrary “Gaussian” volume, S is the closed surface limiting the volume, and F, is the
component of the force F along the outer normal n to the surface: F,, = F-n.

For our current problem, it is beneficial to consider the ::
Gaussian volume ¥ in the form of a flat “pillbox”, with a thickness :::
2z smaller than that of the galactic disk, and plane “lids” of area 4,
parallel to the disk’s plane — see the figure on the right, where the
dashed line indicates the disk’s symmetry plane (from which the
normal coordinate z will be measured). Taking the pillbox lid area ::
A much smaller than the galactic disk area, we may use the
problem’s symmetry to argue that the force F should be:

(1) directed perpendicular to the galactic disk plane, and hence to the pillbox lids: F = F.n.;
(i1) independent of the “horizontal” (in our figure) position: F.= F.(z); and
(ii1) symmetric relative to the symmetry plane: F.(-z) = —F.(z).

With these assumptions, the gravity force flux JF,d’r through the lateral sides of the pillbox vanishes
(because on these sides F_Ln, i.e. F-n = 0), while the flux through each of two lids is just F.(z)A4, so Eq.
(***) yields
2F(z2)A=-4nGmp(2zA4),
giving, finally,
F(z)=-xz, with k¥ =42Gmp .

Such an attractive force (trying to return the star to the disk’s symmetry plane) proportional to
the deviation from the plane, is similar to that provided by a usual elastic spring, and hence causes
harmonic oscillations of the star about the symmetry plane, with the frequency

1/2
®= (fj = (47Gp)",
m

independent of the star’s mass.

For our galaxy (“Milky Way”) in the vicinity of our Sun, the average density p is close to
1.4x10™° kg/m®, and the above formula yields @~ 3.3x107"° s™', corresponding to the oscillation period
7= 27w~ 60 million years.!? The amplitude of our Sun’s oscillations (which cannot be calculated from
the problem’s data, but may be deduced from the experimentally measured Sun’s velocity relative to the
adjacent stars) is about 2x10'® m, i.e. an order of magnitude smaller than the Milky Way disk’s
thickness (~2x10" m). On the other hand, the amplitude is much larger than the average distance
between the stars in our vicinity, ~ 10'® m. These two strong relations make this simple model valid for
an approximate but very reasonable description of the Sun’s motion.

12 Just for the reader’s reference, this oscillation period is much shorter than the period, ~ 240 million years, of the
Sun’s rotation about the galactic center.
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Problem 1.8. Derive differential equations of motion for small
oscillations of two similar pendula coupled with a spring (see the figure on the
right), within their common vertical plane. Assume that at the vertical position
of both pendula, the spring is not stretched (Ad = 0).

Solution: 1f the deviations of the pendula from their vertical positions
are small: |@|,| @ |<<1 (see the figure on the right), then in the linear
approximation in ¢ and ¢’, the magnitudes of the supporting rods’ tensions &

are still mg, and their horizontal components are equal to, respectively, (—mg)
and (—mgg’). In the same approximation, the linear displacements of the pendula from the equilibrium
(vertical) positions are, respectively, /¢ and /¢’, and hence the spring extension Ad is (¢’ — ¢), so the
force acting on each pendulum equals £x/(¢@’ — @), where « is the spring constant. As a result, in the
linear approximation, the horizontal components of the 2™ Newton law for the two pendula are:

m(1$) = x(¢' — p)—mge,
m(1¢") =—xl(p' — p)—mgg'.

The solution of this system of two differential equations will be the subject of Problem 6.1.

Problem 1.9. One of the popular futuristic concepts of travel is digging a straight railway tunnel
through the Earth and letting a train go through it, without initial velocity — driven only by gravity.
Calculate the train’s travel time through such a tunnel, assuming that the Earth’s density p is constant,
and neglecting the friction and planet rotation effects.

Solution: Let us apply the gravitational analog of the Gauss law, given by Eq. (***) of the model
solution of Problem 7,

§Fnd2r = —4ﬂGmJ‘p(r’)d3r' ,
N 4

to a sphere of radius » < Rg, taking into account that due to the system’s symmetry, F = n,F(r), and F, =
F. The result shows that the net gravity force felt by the train at distance » from Earth’s center is
determined only by the planet’s mass inside a sphere of this radius,

M ) !
F:—G@r, with M(r):p4—ﬁr3, :
r 3 0! e
where m is the train’s mass. With the notation used in the figure on the ' 6 .
right, the force’s component directed along the tunnel is Ry I

2

F_=Fsinf = _GM(r)m sind = —%Gmprsin&.
r

But the product siné is nothing more than the linear displacement x of the train from the middle of the
tunnel, so F depends on x linearly, similarly to the force of the usual elastic spring with the equilibrium
point at x = 0:

F =—xx, with K:%Gmp.

X
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The spring constant x looks even simpler when expressed via the gravity acceleration g on the Earth’s
surface and its radius Rg. Indeed, by the definition of g,

:%M(RE)_EL‘—HREPEZ‘—EGPRE, so k=m-2-.
E

£ "R 3 3 R,

As a result of this analogy, the equation the of train’s motion along the tunnel, mx = —xx, is
similar to that of the mass on a spring; it describes periodic, sinusoidal oscillations of x in time, with the

period
27[ « 1/2 1/2
7 =—, where w, :(—j | £ .
@, m Ry

Evidently, the time A¢ of a one-way trip of the train through the tunnel, with no initial velocity, is just
half of this period:

Perhaps the most curious feature of this result is that it is independent of the tunnel’s length. The
physical reason is that the longer the tunnel, the steeper its average incline toward Earth’s center, and
hence the larger the train’s acceleration. So, if our Earth were uniform, the travel time from any point of
its surface to any other point would be the same (about 42 minutes and 13 seconds). In reality, p grows
toward the Earth’s center, so the above result, with p being the average density, is accurate only for
relatively short tunnels, with length / << R, while for longer tunnels the travel would be even faster.

Problem 1.10. A small bead of mass m may slide,
without friction, along a light string stretched with force &~ d , oo
>> mg, between two points separated by a horizontal
distance 2d — see the figure on the right. Calculate the
frequency of oscillations of the bead about its equilibrium
position, within the vertical plane.

Solution: Due to the given condition % >> mg, the string remains nearly horizontal even under

the weight of the bead, so both angles &. (see the figure above) are small. As a result, the horizontal
motion of the bead is much slower than its vertical oscillations, and the vertical displacement /2 may be
calculated ignoring its dynamics, from the requirement that the sum of the two vertical components of
the string tension &, namely .#siné: = #B:, counterbalances its weight mg:

T0_+6.)=mg,
plus from the geometric relations evident from the same figure:
9_ = h 5 9+ = h ’

d+x d—x

where x is the horizontal displacement of the bead from its equilibrium position at the center of the
string. Solving this simple system of three equations for 4 and &., we get, in particular,

*)
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0 =£(dix).

+

T 29d

Now we may use this result to calculate the net horizontal component of the forces exerted on the bead:

2 2 2 2,2
F. =4 cos® —?]cos@_zg‘(l—%J—?][l—g—_]=z££j {(d—X)Z_(d+X)2}=—m £ x.

) ' 2 2\29d 29d

This force may be represented as F, = —xx, with
2 2

k="t8 >0,

29d

and is always directed toward the equilibrium point x = 0, so it is similar to the one provided by the
usual elastic spring. Hence the frequency of the bead’s oscillations may be found from the well-known
formula for the harmonic oscillations of a mass on the spring:

1/2 1/2
@ (m] g(zg‘dJ ' )

This result shows, in particular, that @ — 0 at & — oo. This is natural because in this limit, the
string becomes strictly horizontal, and the returning horizontal force, which results from the string’s
slopes, vanishes. Note also that:

— The calculated frequency (**) of the horizontal oscillations of the bead is much smaller than
that, Q ~ (27 /md)"?, of its vertical oscillations.!3 This relation confirms the validity of our approach;

— Our result, while being conditioned by the strong inequality & >> mg, is valid for an arbitrary
oscillation amplitude 4 = xp,y, While it is less (but not necessarily much less!) than d.

Problem 1.11. For a rocket accelerating (in free space) due to its working jet motor (and hence
spending the jet fuel), calculate the relation between its velocity and the remaining mass.

Hint: For the sake of simplicity, consider the 1D motion.

Solution: Let us write the law of conservation of the net momentum P of the rocket and a small
portion dm of its exhaust gases ejected with the relative velocity u during a small time interval d, in the
so-called instantaneous rest frame — an inertial reference frame moving, in the particular instant under
consideration, with the same velocity v as the body — in our case, the accelerating rocket:

dP=mdv+dmu=0. (*)

Dividing all terms of this equation by dt, and moving the term proportional to u to the right-hand side,
we get the following equation of motion:
dv __ dm

m— = .
dt dt

13 For small, purely vertical oscillations, the formula Q = (27 /md)"? is exact (prove this!). The coexistence of
various oscillations in this system, for an arbitrary ratio 47mg, will be the subject of Problem 3.1.
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Its comparison with the usual form of the 2™ Newton law shows that the magnitude of the
effective force (in engineering, called thrust) of the rocket engine is

Fef=W’

where ¢ =—dm/dt > 0 is the fuel burn rate. For the case when the rate, as well as the exhaust velocity u,
are constant in time (meaning, in particular, that m(¢) = m(0) — ), the resulting equation,

m0)- ) = s,

may be readily integrated to find the velocity and the coordinate of the rocket as functions of time — a
useful exercise, highly recommended to the reader.

However, since we are only interested in the relation between the remaining rocket mass and the
achieved velocity, we may directly integrate Eq. (*), for an arbitrary m(?):

dm __1 J' dv
m u ’
getting
Inm = Y + const.

u

Now using the initial conditions to find the integration constant, we get the famous Tsiolkovsky rocket
formula,'* not conditioned by the constancy of s

v(t) = v(0) +uln ”’n’i((?)) .

It shows that, a bit counter-intuitively, a rocket may reach velocities much higher than the
relative velocity u of the exhaust gases. However, for this, the initial mass of the fuel, contributing to
m(0), has to be much larger than that of the ship itself, including the useful payload. This result is the
basis for all rocket engineering, notably including multistage designs.

Problem 1.12. Prove the following virial theorem:!5 for a set of N particles performing a periodic
motion,

_ 1
T=-=>F, r,
2k:l

where the top bar means averaging over time — in this case over the motion period. What does the virial

theorem say about:

2

(1) a 1D motion of a particle in the confining potential!¢ U(x) = ax™*, with a > 0 and s > 0, and

14 Tt was derived, in an implicit form, by W. Moore in 1810, and then re-discovered (and used to discuss rocket
motion and space travel) by K. Tsiolkovsky in 1903, just to be re-discovered again by R. Goddard in 1912 and H.
Oberth near 1920. Note that the jet motor’s idea as such is much older: it may be traced back at least to Hero
(a.k.a. Heron) of Alexandria who lived in the 1* century AD.

I5 Tt was first stated by R. Clausius in 1870. The term virial was derived by him from vis, the Latin for “force”.
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(i1) an orbital motion of a particle moving in the central potential U(r) = —C/r?

N
Hint: Explore the time derivative of the following scalar function of time: G(t) = Zp RS /A
k=1

Solution: Differentiating the suggested function G() by parts,

dG 4. u .
— = pk'rk"'zpk'rk’
dt i3 k=1

and using Egs. (1.3), (1.9), and (1.13) of the lecture notes, we get

N N
d—G=ZFk T M T
dt k=1 k=1

The term under the last sum is just twice the kinetic energy (1.19) of the k™ particle, so the sum of these
terms is twice the total kinetic energy 7 of the system, and hence

N
Z—?:ZFk-rk+2T. (*)
k=1

If the system’s motion is periodic with a certain time period 7, so is the function G: G(¢ + 7) =
G(?), and the time average of its derivative over the period equals zero:17

— (T , t'=t+7
G | =g o=t r)-Go]-o,
¢ t'=t

so the time averaging of Eq. (*) yields
N
0=> F, -1, +2T,

k=1
thus proving the virial theorem.

(1) For a 1D motion of a particle in a time-independent potential U(x), the radius vector r, the
velocity v, and the force F have just one Cartesian component each, with F, = —dU/dx, so the virial
theorem is reduced to

f:lxd—U, with Tzﬂv2 zﬂxz.
2 dx 2 2
For the particular case U(x) = ax™,
xd—U =2sax™ =2sU ,
dx

so the theorem yields

16 Here and below I am following the (regretful :-) custom of using the single word “potential” for the potential
energy of the particle — just for brevity. This custom is also common in quantum mechanics, but in
electrodynamics, these two notions should be clearly distinguished — as they are in the EM part of this series.

17 Actually, this statement (and hence the virial theorem) is asymptotically (i.e. in the limit 7— o) valid even if
the system is not periodic, but is stably bound, meaning that the particles stay together in a limited region of
space, and their velocities remain finite.
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T =sU,
for any a and s. (The conditions a > 0 and s > 0 are necessary to ensure that the particle’s motion is
periodic, and hence obeys the virial theorem.)

Note that for the most important case of the quadratic confining potential (s = 1), this result is
reduced to equality of the average values of the kinetic and potential energies — the fact well known
from the analysis of the sinusoidal motion of a harmonic oscillator.

(i1) For a particle moving in a central potential U(r) = —C/r, the force is directed toward the
center:
F(r)= -VU = —%r,
r
so the (only) term, F-r, on the right-hand side of the virial theorem may be expressed as

F~r=—£3r~r=—£=U,
r r

and the theorem is reduced to a very simple (and important) equality

This equality is valid, in particular, for the elliptical orbits of planetary motion, which will be discussed
in Chapter 3.

Problem 1.13. As will be discussed in Chapter 8, if a solid body moves through a fluid with a
sufficiently high velocity v, the fluid’s drag force is approximately proportional to v>. Use this
approximation (introduced by Sir Isaac Newton himself) to find the velocity as a function of time during
the body’s vertical fall in the air near the Earth’s surface.

Solution: According to this approximation and Eq. (1.16) of the lecture notes, the body’s motion
obeys the 2" Newton law (1.13) in the form

m= = av* ~mg, *)

where v = dy/dt, y is the body’s height over the Earth’s surface, and « is a time-independent drag factor.
Chasing the variables v and ¢ to the opposite sides of this differential equation, we reduce it to the form

d
vy,
v’ —mg

whose sides may be directly integrated over the corresponding variable:
j’f—dvzjdt, or rjﬂzz—jdz, (*%)
av’ —mg 1-¢&

where &= v/v,, with

Problems with Solutions Page 17



Essential Graduate Physics CM: Classical Mechanics

The parameter v, has the sense of the stationary speed of the body’s fall, reached at  >> 7,18 and 7 is the
natural time scale of our problem.

The right-hand integral in Eq. (**) is elementary, while the left-side one may be readily worked
out using the following (easily verifiable) algebraic identity:

1 1[ 1 1 ]
=— + .
1-&* 2\1-& 1+¢

As a result of the integration, we get

v, +v

- %ln(l - Lj + %ln[l + Lj = —t+const, and hence

\% \%

o0 o0

t
=expy—2—+consty, for |v|<vw.
v, —V T

o0

The constant in the last relation is determined by the initial condition or, equivalently, by the
time origin’s choice. In particular, if we take # = 0 at v = 0, then the constant vanishes, so, finally,

_ _ -y, t/lt=-gt, at 1 <<,
W(e) = —v, 1—exp{—2t/7} _— tanh(ij .
1+exp{-2t/7} T —v at 7 <<t.

09

This result describes a natural crossover, on a time interval of the order of 7, from the body’s
initial downward acceleration with a negligible effect of the air’s drag to its fall with the constant
velocity —v,, determined by the drag.

Note that if our primary interest was in the velocity of the body as a function of its height y
rather than time, the equation of motion might be integrated differently, by using the transformation
similar to the one employed in Eq. (1.20) of the lecture notes:

dv _dvdy _dv_1d(*)

= =V

dt dy dt dy 2 dy

As a result, Eq. (*) may be rewritten as
ml d

Mot e m, e St

making the integration elementary:

V.T.

m . 2 a
—ln‘mg—ocv2 ‘ = y+const, i.e. ln‘ v —vz‘ =h—y+const, whereh, = —=v,
m

2a

Let me leave it to the reader to complete this calculation by finding, for example, the final

velocity of the body dropped from some height # without initial velocity. (From the last relation, it is

clear that the result will depend on the relation between 4 and 4y.) Other questions this approach enables

to answer are how high would the body fly and what would be its velocity upon its return to the Earth’s

surface if it was projected up from the surface, with a certain velocity vy. (Working out these answers,
be sure to assign the correct drag force sign at the body’s way up.)

18 Unless the body hits the Earth’s surface first.
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Problem 1.14. A particle of mass m, moving with velocity u, collides head-on with a particle of
mass M, initially at rest, increasing its internal energy by AE. Calculate the velocities of both particles
after the collision, if u is barely sufficient for such an internal energy increase.

Solution: Let us denote the (still to be determined) velocities of the particles after the collision as
u’ and v, respectively. Then the laws of conservation of the total momentum of the system and of its
total energy (including that of the internal excitation) read

2 12 2
mu mu My

2 2

This system of two algebraic equations for two unknowns, u’ and v, may be readily solved by the
elimination of one of them (say, u’), using the first equation:

mu =mu'+ Mv, and

M'ZU—;V, (*)

and then solving the second equation, which becomes a quadratic equation for v. The result (with the
physically acceptable positive sign before the square root, giving a reduction of v with the growth of AFE)

is
) 1/2
po_mu mu 2AE m
m+M |\m+M M m+M|
This formula gives a real value for v only if the expression inside the square brackets is non-negative, so
the v corresponding to the internal excitation’s threshold is given by the first term alone:

m
m+ M

v, =

Now plugging the value of u expressed from this equality into Eq. (*), we immediately see that on this
threshold, u” = v, regardless of AE.

This result acquires a very clear meaning using the notion of the system’s center of mass (see,
e.g., Sec. 3.4 of the lecture notes): Eq. (**) gives its velocity as well, so at the internal excitation
threshold, both final particles move together.!®

19 This fact remains valid in the relativity theory as well — see, e.g., EM Sec. 9.3.
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Chapter 2. Lagrangian Analytical Mechanics

In each of Problems 1-11, for the given system:

(1) introduce a convenient set of generalized coordinates g;,

(i1) write down the Lagrangian L as a function of ¢, ¢, and (if appropriate) time,
(i11) write down the Lagrange equation(s) of motion,

(iv) calculate the Hamiltonian function H; find out whether it is conserved,

(v) calculate the mechanical energy E; is E = H?; is the energy conserved?
(vi) any other evident integrals of motion?

Problem 2.1. A double pendulum — see the figure on the right. Consider y
only the motion within the vertical plane containing the suspension point. I

Solution: It is convenient to use the angles ¢ and ¢’ of the particle’s
deviations from their equilibrium (vertical) positions (see the figure on the right)
as the generalized coordinates. From this figure, it is straightforward to write the
following geometric relations for the Cartesian coordinates of the masses:

x =Ising, y=-lcosp,

x'=Ilsinp+1'sing’, y'=—lcosp—1"cos¢'.
Differentiating these relations over time, we get the following expressions for the Cartesian components
of particle velocities:
x =Ilpcosp, y=Ipsing,
x'=lpcosp+1'p' cosg, y' =lpsinp+1'¢'sing'.
Plugging these expressions into the Lagrangian function defined by Eq. (2.19b) of the lecture notes,

!

L=T-U-= {%(xz + )'/2)4—%(5(’2 +j/'2)} —(mgy +m'gy"),
we may readily bring the result to the following form:

L:{m+m'

I’¢* + m?l’ng’z +m'll'g ' cos(p— (p’)} +[(m+m')glcosp+m'gl’cosg’]. (¥

Now plugging this expression into Eq. (2.19a) of the lecture notes, with ¢, = ¢ and ¢, = ¢’, we
get the following equations of motion:

% (m+m")I*¢+m'll'g/ cos(¢p — (p’)]— [ (m +m"glsing —m'll'gp¢'sin(p — ¢')] = 0,
(**)

%[m’l’ng' + m'll’gi)cos(go— go’)]— [— m'gl'sin @' + m’ll'¢¢’sin(¢>— ¢’)] =0.
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Since the kinetic energy of the system, expressed by the first square bracket in Eq. (*), is a
quadratic-homogeneous function of the generalized velocities ¢ and ¢', the Hamiltonian function H

and energy E are equal to each other:

m+m'

H=E=T+U ={ I*¢* +m71,2¢,2 +m’ll’(bgb'cos((p—go')}—[(m+m’)glcosgo+m’gl'c0sgp‘],

and since 0L/0t = 0, they are both conserved at the system’s motion.

Problem 2.2. A stretchable pendulum (i.e. a massive particle hung on a spring
that exerts force ' = —«{(/ — ly), where x and / are positive constants), also confined to
the vertical plane.

Solution: The kinetic and gravitational-field potential energies of this system
are similar to those of the top pendulum in the previous problem. Taking into account
the spring’s potential energy, we get

L=T-U =%(12 +1292)+mglcos<9—§(l—ll)2 + const,

where [} = Iy + mg/x is the pendulum’s length in equilibrium. Using / and € as the generalized
coordinates, from Eq. (2.19a) of the lecture notes, we get the following equations of motion:

%(mi)— [mlé?2 +mgcosf —x(l—1, )]: 0,

%( 16)— (- mglsin 6) = 0.

Since the kinetic energy T is a quadratic-homogeneous function of / and @, H equals the total energy E:
H=E=T+U :%(iz +126.?2)—mglc059+§(1—ll)2 +const ,

and since O0L/0t = 0, both are conserved.

Problem 2.3. A fixed-length pendulum hanging from a point whose motion x(#) in the horizontal
direction is fixed. (No vertical plane constraint here.)

Solution: As an obvious generalization of the two previous problems, the Lagrangian of this
system is

L=T-U =%{[§c+x0(t)]2 + 37 +Z'2}+mgz,
where x, y, and z are the pendulum coordinates in the (non-inertial) system of the

moving support (see the figure on the right). Introducing spherical coordinates
shown in the figure:

x=Isinfcosp, y=Isinfsingp, z=I[cosb,
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we can use the angles dand ¢ as the generalized coordinates of the pendulum.20 In these coordinates,
L=T-U-= %[1292 +17 @* sin® O + X[ (1) + 21%, (t)(écos&cosqo— @sin Gsin(p)]+ mgl cos 6.

From here, the Lagrange equations of motion are

Xy (1)

0 - ¢* sianosH+—cos€c05(p+§sin6’ =0,

l
@sin® 0 + 26¢p sin HCOSH—XOT(t)Sin fsing =0.

We see that the equations depend only on the support point’s acceleration — as they should because
neither a constant displacement of that point nor its motion with a constant velocity can affect the
pendulum’s motion relative to it.

According to its definition (see Eq. (2.32) of the lecture notes), the Hamiltonian function of the
system is

Ty Iy %[1292 +1%sin 0 ¢ — 2 ()] mgl cos 6,
(where the above constant is taken for zero) while its energy is
_ _Mlp 222, L2 . : .. .
E=T+U= E[l 0" +1"sin" 0@~ +x,(t)+2x,(t)(@cos@cosp— (ps1n9s1n(p)]— mgl cos 6.
We see that H # E. This is natural, since the kinetic energy of the system,
T= %[1292 +12. 7 sin® 0+ 52 (1) + 21, ()@ cos O cos @ — sin Osin o,

is not a quadratic-homogeneous function of the generalized velocities — because x,,(¢) is a fixed function

of time and does not qualify as a generalized velocity. Since for an arbitrary function xy(¢), 0L/0t # 0,
neither of H and E is conserved.

Problem 2.4. A pendulum of mass m, hung on another point mass m’ that may
slide, without friction, along a straight horizontal rail — see the figure on the right. The
motion is confined to the vertical plane that contains the rail.

Solution: Convenient generalized coordinates are: the position x’ of the mass m’
and the angle @ of the pendulum’s deviation from equilibrium. Indeed, the Cartesian
coordinates of the pendulum may be readily expressed via x " and &

x=x"+Isinf, y=-lcosé.

These relations enable an easy calculation of the Lagrangian function of the generalized coordinates and
velocities:

20 Note that xo(¢) is a fixed (given) function of time rather than a degree of freedom.
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L=T-U =m7’5c’2 +%(5c2 +y2)—mgy =7’X’2 +% (X’+9]cos€)2 +(élsin0)2]+ mgl cos @

and hence obtaining the following Lagrange equations of motion:

d [m+m x +ml€cosﬁ] 0,
*)
E[mlzéﬁ mb’c’cost9]+ ml()'c'é+ g)sin9 =0.

Note that the second of these equations includes only one particle's mass, and upon the differentiation of
the square bracket, may be much simplified: 2!

16 +x'cosO+ gsin@=0.

Since OL/0t = 0, one integral of motion may be obtained from the conservation of the
Hamiltonian function

H=Yp,g,-L=p,x+p,0-L,
J

where the generalized momenta p,- and py are given (by definition) by the derivatives of L over the
corresponding generalized velocities, i.e. by the square brackets in Egs. (*). Plugging them into the
expression for H, we see that for this particular problem?2

H:(mzm )er +%1292 +ml)'cfécosl9—mg1C059:T+UEE’

i.e. this integral of motion corresponds to the energy conservation law. This is natural for a system
moving, without friction, in the potential field of the gravitational force.

The first of Eqs. (*) immediately yields the one more first integral of motion, p,- = const,
corresponding to the horizontal component of the total momentum of the system. (Physically, it is
conserved because neither of the external forces has a horizontal component.)

Problem 2.5. A point-mass pendulum of length /, attached to the rim
of a disk of radius R, which is rotated in a vertical plane with a constant
angular velocity @ — see the figure on the right. (Consider only the motion
within the disk’s plane.)

21 This equation may be also derived by writing the 2" Newton law for the particle of mass m in the reference
frame connected to the particle of mass m’, upon compensating the non-inertiality of the frame by an additional
“inertial force” Fj, = —ma’ — see Sec. 4.6 of the lecture notes.

22 The equality £ = H might be predicted even without an explicit calculation of H because the kinetic energy T

of this system is a quadratic-homogeneous function of the generalized velocities x'and 0.
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Solution: Since the rotation of the disk is fixed, i.e. does not depend on the pendulum’s
dynamics, the system has just one degree of freedom, and it is convenient to take the angle €, shown in
the figure above, for its (only) generalized coordinate. Indeed, let us express the Cartesian coordinates
introduced as shown in the figure, as functions of 6 and time:23

X =Rsinwt +/siné, y=—Rcoswt—1Icosb .
The (full) differentiation of these expressions over time yields
x=Rwcoswt +16cos0, ¥ = Rosin ot +[0sin 0,

so the kinetic energy of the pendulum is

= %(x2 +)';2): %[(Ra)cosa)t +Z€cos¢9)2 + (Ra)sin a)t+lé?sinl9)2]

= %[Rza)2 +17°6” + 2Rlw6 cos(0 — a)t)],
while its potential energy (defined, as usual, to an additive constant) is

U = mgy = —mg(R cos ot + 1 cos ).

Hence the Lagrangian function is
L=T-U-= %[Rza)2 +1°0” + 2Rlw6 cos(6 - a)t)] +mg(Rcos ot +1cosf),

giving the following equation of motion:

%pe - [— mRIlw0sin(0 — ot ) — mgl sin 9]= 0, with p, = % = ml*60 + mRlwcos(0 — ot ).

After the explicit differentiation of pg, and the division of all terms by m/?, this equation simplifies:
60 +§a)2 sin(@ — a)t)+§sin6’ =0.

Note a curious fact: in the absence of gravity, this equation may be rewritten as

5+stin9~:0, where @ =60 -t and stga)z,

showing that the rotated pendulum oscillates about the direction toward the disk’s center exactly as the
usual pendulum oscillates about its vertical position — even for arbitrary deviations from the equilibrium,
and an arbitrary /R ratio. This similarity may seem counter-intuitive because the centrifugal inertial
“force” ma’p (see Sec. 4.6 of the lecture notes) depends on the suspended point’s distance p from the
rotation axis, while the gravity force (driving the usual pendulum’s dynamics) does not. The resolution
of this paradox may be readily obtained by taking into account that the centrifugal “force” is directed
along the vector p connecting the rotation center with the suspended mass rather than with the
suspension point. (This simple calculation is highly recommended to the reader.)

23 The angular deviation of the pendulum’s suspension point from the vertical line equals @t + const. To keep
equations simple, we may always turn this constant to zero by an appropriate selection of the time origin.
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Now returning to an arbitrary g, and taking into account that the term mR”>@*/2 does not depend
on the pendulum’s motion, the Hamiltonian function of the system may be represented as

H=p6—-L= %1292 —mg(Rcosat +Icos@)+ const,
while its energy is different:

E=T+U= %1292 —mg(Rcoswt +1cos @)+ mRlwOcos(d — wt )+ const .

Since 0L/0t # 0 and E # H, neither of these functions is an integral of motion.

Problem 2.6. A bead of mass m, sliding without friction along a
light string with a fixed tension &, hung between two horizontally

displaced supports — see the figure on the right. Here, in contrast to the
similar Problem 1.10, the tension ¥ may be comparable with the

bead’s weight mg, and the motion is not restricted to the vertical plane.

Solution: Since the length / of the string between the support
points is not fixed, the system has three degrees of freedom. For the generalized coordinates, it is
convenient to use the cylindrical coordinates {p, ¢, z}, where the z-axis passes through the support
points, and ¢ is the angle of rotation of the string/bead plane about this z-axis. In these coordinates,

T=%(p2+p2gb2+z'2), U =-mgpcosp+1,
where / is the total length of both segments of the string:

1=l +-aP] o+ e ay]

(The second term in the potential energy U accounts for the work necessary to pull out the string to
length /, overcoming the fixed tension &:24) Using these expressions to compose the Lagrangian function

of the system,

1/2

LZT—U:%('O'Z+p2¢2+Z-2)+mgpcos¢_g~{[pz+(Z_d)2]1/2+[p2+(z+d)2:|1/2}’

we get the following Lagrange equations of motion:

d . P P
—(mp)— mgcosQ+ S + =0,
di 2 +(z=aP]” [ +(z+ay]”

%(mngb)+ mgpsing =0,

N o z—d N z+d 0.
dt(mz) </{[p2+(z_d)2]1/2 [p2+(z+d)2]1/2} 0

24 This net U is essentially the Gibbs potential energy of the bead — see Sec. 1.4 of the lecture notes.
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(A partial analysis of these equations will be the subject of Problem 3.1.)

Since 0L/0t = 0, and T is a quadratic-homogeneous function of the generalized velocities p, ¢ ,
and z, we may conclude that £ = H, forming the following first integral of motion:

E=H=T+U :%(,[)2 +p°¢’ +z'2)—mgpcosgo+9‘{[,02 —i—(z—a’)z]”2 +[p2 +(z+d)2]”2}.

Problem 2.7. A bead of mass m, sliding without friction along a light
string of a fixed length 2/, that is hung between two support points
displaced horizontally by distance 2d < 2/ — see the figure on the right. As
in the previous problem, the motion is not restricted to the vertical plane.

Solution: Just like in the previous problem, we may use the
cylindrical coordinates of the bead, with the z-axis passing through the endpoints of the string, and the
angle ¢ of rotation of the string/bead plane about that axis, measured from the vertical position. In these
coordinates, the kinetic and potential energies are also expressed very similarly to those in the previous
problem,

T :%(pz +p’p’ +z'2), U=-mgpcosg.

However, in our current case, the total length 2/ of the string is fixed, imposing the following geometric
relation between p and z:

2] = [p2 +(d —2)2]”2 + [p2 +(d+z)2]l/2 = const, (*)

and hence reducing the number of degrees of freedom from three to two. It is possible to use Eq. (*) for
the elimination of either p or (better) z from 7 and U, and hence express the Lagrangian function L = 7 —
U via two remaining generalized coordinates; however, the resulting expressions would be rather bulky.

A better choice of generalized coordinates stems from another form of Eq. (*):2°

2 z 2 1/2
’;’—2+l—2=1, where s= (1> -a*)"” <1, (*%)
This formula shows that within the string’s plane, the bead moves along an ellipse with semi-major and
semi-minor axes equal, respectively, to / and s.26 It shows also that the only degree of freedom of the
bead on that plane may be conveniently described by the angle 8 defined as?’

p=ssinf, z=I[cosl.

Plugging these relations into expressions for 7"and U, we may express L as a function of angles #and ¢
(and their time derivatives):

25 It may be readily obtained by squaring both parts of Eq. (*), then isolating the resulting single square root in
one part of the resulting equation, squaring the equation again, and collecting/canceling similar terms.

26 This means that our current problem is equivalent to that of a particle’s motion on the surface of a degenerate
ellipsoid (or “spheroid”) — see also EM Sec. 2.4.

27 In astronomy, the angle € is sometimes called the true anomaly. Note that it coincides with the usual polar
angle only in the limit //d — o, i.e. s — .
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L=T-U-= %[(12 sin” @ +s° cos’ 9)92 +ssin’ @ gb2]+ mgssin@cos o .
Now it is straightforward to write the Lagrange equations of motion for #and ¢:

di[m(l2 sin® @ + s* cos’ 6’)9]+ md*6? sin @ cos @ — ms*¢* sin @ cos @ — mgs cos @ cos @ = 0,
t

%(msngsin2 0)+ mgssin@sing = 0.

(A partial analysis of these equations will be the subject of Problem 3.2.)

Since 0L/dt = 0, and T is a quadratic-homogeneous function of the generalized velocities & and
¢, we may conclude that £ = H, forming the first integral of motion:

E=H=T+U :%[(12 sin”> @+ s” cos’ 9)92 +s%sin’ G(bz]—mgssin@cosgo.

Problem 2.8. A block of mass m that can slide, without friction,
along the inclined surface of a heavy wedge (mass m’). The wedge is '
free to move, also without friction, along a horizontal surface — see the ye—
figure on the right. (Both motions are within the vertical plane *
AR
g

containing the steepest slope line.)

Solution: From the problem’s geometry, the Cartesian
coordinates x and y of the block (see the figure above) in a lab frame may be readily related to the
horizontal coordinate x’ of the wedge and the shift / of the block along the wedge:28

x=Icosa—x', y=-Isina, *)

so just two of them (for example, / and x’) may be used as the generalized coordinates for this problem.
(Other equally convenient choices of two independent generalized coordinates are also possible here.)
Using these relations, the Lagrangian function of the system,

!

LET—U=%(}&2 +y2)+m7x'2 —mgy,

may be rewritten as

m+m'

L:?12+ x> —mix'cosa + mglsina .

This formula yields the following Lagrange equations of motion:

g[ml —m;’c’cosa]—mgsina =0,
t

4

& [(m+m')5c’—micosa]=0. (**)

28 At this translational motion, it is not important what exactly points of the block and the wedge we are speaking
about, because any different choice would result only in additional inconsequential constants in Egs. (*).
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Since the kinetic energy of the system is a quadratic-homogeneous function of the generalized
velocities x'and /, the Hamiltonian function is equal to the total energy E:

m+m' ., L, .
X" —mix'cosa —mglsina ,

H:E=T+U=%i2+

and since 0L/0t = 0, both functions are conserved.
Another integral of motion,
(m+m"x'— mi cosa = const,

immediately follows from Eq. (**). Physically, this is just the horizontal component of the total
momentum of this two-body system; it is conserved because neither of the external forces exerted on the
system (the gravity forces and the horizontal surface’s reaction) has a horizontal component.

Problem 2.9. The two-pendula system that was the subject of Problem
1.8 — see the figure on the right.

Solution: In terms of angular displacements ¢ and ¢’ (see the figure on
the right), the linear approximation for forces, which may be used for the case
of small oscillations, corresponds to the quadratic approximation for the
kinetic and potential energies, so we can take

=210 +97) - "o 40751 (o= ¢/} +const.

This expression yields the Lagrange equations of motion that coincide with the equations derived in the
model solution of Problem 1.8 directly from the Newton laws.

Since the kinetic energy is a quadratic function of the angular velocities and the Lagrangian
function does not depend on time explicitly, the Hamiltonian function and energy coincide,
H=E= %Zz(gbz + ¢’2)+ ngl(goz + (p’z)+ glz(go —¢') +const,

and are the first integrals (or rather the same integral) of motion.

Problem 2.10. A system of two similar, inductively coupled LC 0
circuits — see the figure on the right.

Solution: At not very high frequencies, the total magnetic C
energy of two coupled inductive coils is°

[

E = é(ﬁ 1)+ MIT,

m

where M is the coefficient of mutual inductance of the coils, and /=0 and I'=Q’ are the currents
flowing through them — see the figure above. If we use the electric charges O and Q' of the capacitors as

29 If this expression is not evident, you may consult, e.g., EM Sec. 5.3, in particular Eq. (5.62).
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the generalized coordinates, then E, should be considered the kinetic energy, while the energy E. =
0*/2C + Q*/2C of the electric field in the capacitors, the potential energy. As a result, the Lagrangian
function of the system is

_ _ _ ”f 52 N2 3N 1 2 12
L=T-U=E,-E =—\O" +0" )+ MOQ'-—\0" +0""),
2 2C

giving the following Lagrange equations of motion,

d o_, d

E(!Q+MQ")+E o =0,

=20+ MO)+ =
(0002
whose structure is similar to those of two coupled mechanical oscillators — cf. Problems 9 and 1.8. As in

those cases, both £ and H are conserved and equal to each other:

Ly s . .
H:E:?(Q +0” )+ MOO +%(Q +0").

Problem 2.11.° A small Josephson junction — the system consisting
of two superconductors (S), weakly coupled by Cooper-pair tunneling E;,C L3
through a thin insulating layer (I) that separates them — see the figure on
the right.

Hints:

(1) At not very high frequencies (whose quanta 7@ are lower than the binding energy 2A of the
Cooper pairs), the Josephson effect in a sufficiently small junction may be well described by the
following coupling energy:

U(gz)) =—FE, cos¢ + const,

where the constant Ej is the coupling strength, while the variable ¢ (called the Josephson phase
difference) is connected to the voltage J across the junction by the famous frequency-to-voltage relation

pod9 _2ep,
dt h
where e ~ 1.602x10™" C is the fundamental charge and 7 ~ 1.054x10™* J-s is Plank’s constant.30

5

(i1) The junction (as any system of two conductors) has a certain electric capacitance C.

Solution: In order to describe the dynamics of the variable ¢, one needs to take into account the
(unavoidable, and typically very substantial) capacitance C between the junction electrodes, which
provides electric energy

E, = Cy
2
The Josephson frequency-to-voltage relation cited in the Hints shows that if we accept the phase ¢ as

the generalized coordinate, and hence treat U; = —Ej cose + const as the potential energy U of the

30 For more on the Josephson effect and the physical sense of the variable ¢, see, e.g., EM Sec. 6.5 and QM Secs.
1.6 and 2.8, but the given problem may be solved without that additional information.
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junction, we should associate the voltage V (or rather the fraction 2eV7/h) with the generalized velocity,
and hence the E., rewritten as
c(nY .,
E =—|—| ¢
© 2 (26) 4

with the kinetic energy T. Plugging the formulas for U and 7 into the general Lagrange equation of

motion,3! we get
d| (nY
—|Cl— | @|+E,sinp=0.
dt{ (2e} (p} i

This equation coincides with Eq. (2.26) for a mechanical pendulum, with the small-oscillation frequency

2e( E, i
o, =—|—-| .
n\C
At these oscillations, an excessive part of the superconducting Bose-Einstein condensate of
Cooper pairs tunnels through the insulating layer, moving back and forth between the superconducting
electrodes, driven by the electric field induced by the resulting electric charge imbalance. Due to a far-
reaching analogy between these oscillations and those of the usual collision-free plasma,?? the

frequency @, (or its cyclic counterpart f, = @,/27 — typically, of the order of a few GHz) is called the
plasma frequency of the Josephson junction.

31 Note that such a simple equation describes only a junction that is not connected to any external circuit. If it is,
several fascinating phenomena may arise — see, e.g., the lecture note sections cited in the assignment.
32 See, e.g., EM Sec. 7.2.
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Chapter 3. A Few Simple Problems

Problem 3.1. For the system considered in Problem 2.6 (a bead sliding along a string with a fixed
tension #, see the figure on the right), analyze small oscillations of the bead near the equilibrium.

Solution: The Lagrange equations of motion of this system, which were derived in the model
solution of Problem 2.6, are

i(mp)—mgcosgohffp ! — + ! — =0,
dt [p2+(z—d)2] [p2+(z+d)2]

%(mp2¢))+ mgpsing =0,

i(mz')w*{ z-d z+d }0’

dt [/02 +(Z—d)2 ]1/2 + [p2 +(Z+d)2 ]1/2

where p, @, and z are the cylindrical coordinates of the bead — see the figure above. As is evident from
this sketch, in equilibrium, ¢ = ¢ = 0 and z = zy = 0, while the equilibrium vertical displacement py may
be readily found from the first equation of motion with d/dt =0,z =0, and ¢ = 0:

27, o 125
—mg+% =0, giving p, =d e 2|12 )
(Po +d ) [1—(mg/2c7) ]

The last expression (which could be readily obtained from the balance of the vertical components of two
string tension forces and the bead’s weight in equilibrium as well) duly diverges at 24 — mg, because a
lower tension cannot balance the bead’s weight even at very large p.

Now by linearizing the equations of motion with respect to small deviationsp = p—p,,

Pp=p—@,=¢,and zZ = z—z, =z from the equilibrium point, we get

171,5+—2g\d2 p=0
3/2 0
(ps +a?)
mpy @ +mp,gd =0,
. 290>
ms+— 2P0z _o,

(p(f +d2)3/2

where Egs. (*) have been used to simplify the results. These formulas show that small, harmonic
oscillations of the generalized coordinates in this particular system are independent, with different

frequencies:
3/2
o__2gd® 27| (mg)
@y = 2 V2 ad g ’
m(p0 +d ) m o
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172
o 2
a);: g EZJ 1_(mg] ’
p, md 29

e T ,1/2
2 7Py _mg 1_(@)

z m(p(f +d2)3/2 - 29d

In the first form of the result for @, we may readily recognize the well-known formula for the
usual point pendulum. In the already mentioned limit 25 — mg, @. also tends to this result — naturally,
because in this limit, the string in equilibrium is much longer than 2d, and the system is close to a
spherical pendulum, with equal frequencies of oscillations in two horizontal directions. A bit counter-
intuitively, in this limit, the frequency @), of the bead’s vertical oscillations is even lower.

- 2T

In the opposite limit of a very high tension, 2%/mg — o, the frequency of the longitudinal

oscillations of the bead (along the string) tends to that calculated, in a simpler way, in the solution of
Problem 1.10,

m 1/2
o, > gl —— — 0,
: 29d

while the frequencies of the two transverse oscillation modes are much higher and coincide:
2((]. 1/2
0, >0, —>(—j >> ..
md
This is also natural because in this limit, the gravity force is too small (in comparison with the
sting’s tension) to affect these oscillation modes. As will be discussed in Chapters 6 and 7 of this course,
this hierarchy (two similar transverse modes and one longitudinal mode) is also typical for mechanical
waves propagating in any elastic isotropic media.

Problem 3.2. For the system considered in Problem 2.7 (a bead
sliding along a string of a fixed length 2/, see the figure on the right),
analyze small oscillations near the equilibrium.

Solution: The equations of motion of this system, derived in the
solution of Problem 2.7, were

%[mé(!z sin”> @ +s° cos’ 49)]+ mO*d* sin O cos @ — ms*¢* sin @ cos @ — mgs cosOcos g =0,
%(msqusin2 6?)+ mgssin@sing =0,

where @ is the bead’s quasi-polar angle, while ¢ is the azimuthal angle of rotation of the bead/string

plane about the horizontal axis, so the cylindrical coordinates of the bead are p = ssiné, ¢, and z = [ cosd

— see the figure above. The constant parameter s = (I — d°)"’? is a measure of the string’s “slack”.
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The bead’s equilibrium in the middle of the string, in the vertical plane, corresponds to = &, =
2 and o= ¢y=0. Now linearizing the equations of motion with respect to small deviations

0=0-0,=0-7/2 and p=¢p—¢, =¢ (sosind = 1,cos0 = 6 ,singp ~ ¢, and cosp~ 1), we get
d( 2;') ~ d 2~ ~
— | ml°0 |+mgsf =0, —\ms @ |+mgsp =0.
: g & ms*p)+ mesi

These equations show that small harmonic oscillations of the coordinates & and ¢ are independent of
each other and have different frequencies:

a)z _£= g(12 _d2)1/2

_8 _ :_8 g @, !
o & ’

/
@, S_(lz—dz)”z’ SO o, S_(Zz—d2)1/2>1'

Only in the limit //d — o when a long string’s ends are attached to very close points, these
frequencies tend to each other and to the well-known frequency @ = (g/l)""* of the usual point-mass
pendulum. In the opposite limit when the slack s is much smaller than its length /, i.e. the string is
stretched almost straight horizontally, the transverse oscillations of the bead are much faster than its
longitudinal oscillations: @, >> we.

Problem 3.3. A bead is allowed to slide, without 0 X
friction, along an inverted cycloid in a vertical plane — see the
figure on the right. Calculate the frequency of its free
oscillations as a function of their amplitude.

Hint: The simplest way to describe a cycloid is to
express the Cartesian coordinates of its arbitrary point as
functions of some parameter ¢.33 For the inverted cycloid
shown in the figure on the right, such parametric representation is

x = R(p+sing), y=—R(1+cosg).

Solution: The tangential component of the 2" Newton’s law for the bead is
m L =-mg d_y,
dt ds

where s is the length of the cycloid’s part between the bead’s position and some fixed point (say, the
lowest point) of the curve. Evidently, for a plane curve

(ds) =(ax) + () .

Differentiating the equations given in the Hint, we get

*)

dx = R(l + cos go)dgo, dy = Rsin pd o,

(ds)’ = R*(1+cosp)dp)’ =4R* cos® %(dgo)z, ie ds=2R cos%dgp = 4Rd(sin%J,

33 This parameter may be understood as the angle of rotation of a circle of the radius R, rolled along a horizontal
rail with y = 0 (see the dashed lines in the figure above), whose point moves along the cycloid..
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SO

y =§ B 4Rism£, while dy _ Rsingdgp 2sm(¢)/2)cos(¢)/2) _in?
dt da 2 ds 2R cos((p/Z)dgo 2cos(p/2) 2

Plugging these equalities into Eq. (*) and dividing both sides by the product 4mR, we get

2

d 1 1/2
—s1n(p —w* sing, with o =— £ )
dt’ 2 2 2\ R

This is the usual equation of motion of a linear (“harmonic”) oscillator — see, e.g., Eq. (3.12) of
the lecture notes. Hence the variable sin(¢/2) performs sinusoidal oscillations with the amplitude-
independent frequency w.34 This fact was discovered geometrically in 1659 by C. Huygens (who tried to
use it for improving pendulum clocks’ accuracy), and is the reason why the cycloid is also called
tautochrone or isochrone.

Problem 3.4. Tllustrate the changes of the fixed point set of our testbed system (Fig. 2.1), which
was analyzed at the end of Sec. 3.2 of the lecture notes, on the so-called phase plane [ 6,0 ].

Solution: As was discussed in Secs. 2.3 and 3.1 of the lecture notes, the Hamiltonian function of
this system,

H=T,+U,, with T, =%R292, U, = —%Rza)2 sin® @ —mgRcoso, (*)

is conserved, so on the phase plane [, 8 ], the point representing the system’s state has to move along
the line of some constant H (determined by initial conditions). Each of the figures below, calculated
numerically from Eq. (*) for a specific value of the ring’s rotation speed @, shows the phase plane with
a few such lines corresponding to the specified

values of the ratio H/E,, where E,=mgR. /O =03
When examining these plots, remember that the H / E,=3

representation point always moves to the right

in the upper half-plane, and in the opposite g
direction in the lower half-plane. o)

If & is well below its critical value QO
= g/R (see, e.g., the figure on the right), the
lines near the origin are ellipses, describing 1
harmonic oscillations of the bead about its only \//
stable fixed point 8 = 0.3¢ As the system’s
initial energy (and hence H) is increased, the = ~05 0 05 1

0/ r

34 The bead’s coordinates s, x, and ¢ also oscillate with this amplitude-independent frequency, even though at
large amplitudes, their waveforms are different from the sinusoidal ones.

35 From Greek roots tauto and iso (meaning “same” or “equal”) and chronos (“time”). The same curve is also
called brachistochrone (from the Greek root brachisto, meaning “fast”) because it ensures the shortest time of the
particle’s slide between two given points under its weight. This fact has played an important role in the
development of the calculus of variations.

36 Note that the system is 2 z-periodic, so here and below, all statements about the angle € are correct mod[27].
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amplitude of the oscillations grows, and their shape deviates from the sinusoidal one. (This effect,
pertaining to the usual pendulum as well, will be discussed in detail in Chapter 5 of this course.) Finally,
as the initial energy of the system exceeds 2Ej, the bead swings over the top point of the ring (6= £n),
in the direction determined by the initial sign of it velocity.

However, at o’ ~ Q7 the near-origin topology of the pattern changes rapidly — compare the two
panels of the figure below, plotted for an equidistant series of H, with step AH = 0.001E). This change
(frequently called “bifurcation” — see Chapter 9) illustrates the transition from one stable fixed point &
=0 at & < O’ to two such points &= +cos™ (QY/a?) at &’ > Q*— see Eq. (3.20) and its discussion.

0.1 0.1

®/€Q=0.995 w/Q=1.005

0.05 0.05

Ol

=
=)

0.05 -0.05

-0.1 -0.1
~02 -0.1 0 0.1 02 -02 ~0.1 0 0.1 02

0/ ' 0/ rx

Finally, as the ring’s rotation speed o is —
further increased, the new stable fixed points H/E,=3 ®/£2=1.5

separate further, shifting toward their ultimate / L5 \

positions 772, now affecting even the global 0.1
structure of the phase plane trajectories — see the M O'M
figure on the right, plotted for the same ratio &/Q2 0
as the function U.{(0) in Fig. 3.2(d) of the lecture
notes.

-1
As the reader might see in this example,
the phase plane is a very convenient tool for a
vivid representation of motion in the systems -2 Y 5

described by nonlinear differential equations. It 0/ x
will be repeatedly used later in this course, especially in Chapters 5 and 9.

0l

0.5 1

Problem 3.5. For a 1D particle of mass m, placed into the potential well U(g) = ag™ (where o >
0, and 7 is a positive integer), calculate the functional dependence of the particle’s oscillation period 7°

on its energy E. Explore the limit n — oo.

Solution: Let us reduce the integral in Eq. (3.27) of the lecture notes, with H = E, m¢s= m, and
Uer=Ulg) = 0",

1/2 4

7 = z(ﬂj J‘L}/z’
2) 3[E-U(q)]
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to a dimensionless form. Using the problem’s symmetry with respect to the sign of ¢ (giving B =—-4),

we get
1/ 8 1/2 4 d 8 1/2 A 1 dé:
- (ﬁj 2.’. E aq 2 1/2 :(;mj lm:(gj ?!W,

where &= g/A4, and the oscillation amplitude A may be found from the classical turning point condition £
— ad™ = 0:

1

A= (E / a)ﬂ
Combining these two formulas, we get

l\)\»—‘

1
70cA1 "o E2n

For the particular case n = 1, i.e. for U(q) = ag’, we recover the result (3.29), i.e. the energy-
independent period of a harmonic oscillator, while for very steep potential wells with n — oo, the period
decreases with energy as ~1/E". Note that this analysis did not require working out the dimensionless
integral over & but if it is needed, it is given in MA Eq. (6.6a).

Problem 3.6. Two small masses m; and m, < m; may slide without friction over a horizontal
surface. They are connected with a spring with an equilibrium length / and an elastic constant «x;, and at ¢
< 0 are at rest. At ¢ = 0, the mass m; gets a very short kick with impulse P = [F(f)dt in a direction
different from the spring’s line. Calculate the largest and smallest magnitude of its velocity at ¢ > 0.

Solution: The Lagrangian function of this system has the same general form as for the planetary
problems discussed in Sec. 3.4:

m, ., m, .
LET—U(r):T'r12+72r22—U(r), r=r, -r,
where in our current case, U(r) = x(r — [)*/2. Hence, we may use the same approach to its solution,
making a transfer from the radius vectors r;, of the masses to the radius vector r of their mutual
displacement and the position R of their center of mass — see Eqs. (3.31)-(3.33) of the lecture notes:

+ .
REM, with M =m, +m,, and hence rl=R+ﬂr, r2=R—ﬂr. (™)
M M M
In these new coordinates, the Lagrangian function has the form (3.34)
L :%R2 +%1"2 —~U(r), where m = iy

The resulting Lagrange equation for the generalized coordinate R is very simple: R =0, just
confirming that the center of mass of this system moves as a free point:

R(t)=V()=V(0)=const,  R()=R(0)+V(0), for >0,

because after the short kick at # = 0, there is no net force exerted on the system. The constant V(0) in this
result may be obtained, for example, by integrating both sides of the 2™ Newton’s law (1.30) through
the time of the kick:
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. 1 P
=|Vlt)dt =— | Flt)dt =—.
[V =" [ru=
So, in our problem, the reference frame bound to the center of mass of the system (in which R =
0) is inertial, and we may use the Lagrangian function written in it,

L:Er -U(r)= (r +r2(p2)—§( —l)z, (**)

in a regular way. (The last expression uses the polar-coordinate representation of the radius vector r.) In
particular, calculating the generalized momenta (2.31) corresponding to the generalized coordinates r

and ¢,

8L oL
=mr, =— =mr’ , HoAk
P, =7 Py o0 @ (**%)

we may spell out the Hamiltonian function (2.32) of this system:
H=pr+ p¢¢ —L=mi" + mrng2 _{%(};2 + rngz )—g(r —l)z} = %(};z + r2¢2)+§(1/ —l)z‘.

Since the Lagrangian function (**) does not depend on time explicitly, according to Eq. (2.35), this H is
time-independent.3” Rewriting this first integral of motion in the form

mi K L -
H—2r +2(r Iy _2 2(r [ = const,

we see that the square v* =v* of the relative velocity v =¥ is the largest at the moments when the
oscillations 7(¢) of the distance between the masses pass through the equilibrium point » = /, turning the
second (potential-energy) part of H to zero. Hence we may write

where Hi,; 1s the initial value of H immediately after the kick. Since, according to the problem
assignment, at this moment » =/ and

2
v. =k =i -f) = [#(e)dt—0= ijF(z)dt L [ij ,

m, m, m,
SO0 Hipi = (m/2)(P/m1) and hence

Now we may return to the lab reference frame, and differentiate Eq. (*) for r; over time to
calculate the requested velocity of the first mass in that frame:

n =Y (FHE)
, .
v

37 Admittedly, this conclusion is almost evident from the form of Eq. (**). However, since that equality is only
valid in a specific (c.0.m.-bound) reference frame, we cannot be too careful. For example, the calculated H is
generally different from the full energy £ of our system measured in the initial (“lab”) reference frame.
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Now note that the initial kick induces not only the periodic (but generally not harmonic!) oscillations of
the length of the distance vector r = r; — r, about its equilibrium value /, but also its rotation around the
center of mass. (Indeed, according to Eq. (***), the generalized momentum p,, physically the angular
momentum L. of the system, is also time-independent, and conserves its initial value.) The vectors v and
hence ny follow this rotation. Since the angular velocity of the rotation is generally incommensurate
with the oscillation frequency, at the periodic moments when v = v, the mutual orientation of the unit-
length vectors np and ny varies; occasionally they become virtually aligned and on other occasions, anti-
aligned. At these moments, v, takes its extreme values

(). :£(1+&]_L(l+&jzi,
M m, m, +m, m, m,

(V) :i[ _&j= P m; —m,
1 /min *

M m, m +m, m

Note that this mass never moves faster than just after the kick, and that if m, = m,, there are
moments when it virtually stops. The reader is encouraged to prove that the last statement is also true for
any mp > m. (It is sufficient to analyze Eq. (***%*), which is valid for this case as well.)

Problem 3.7. Explain why the term mr>¢’ /2, recast in accordance with Eq. (3.42) of the lecture
notes, cannot be merged with U(r) in Eq. (3.38), to form the effective 1D potential energy U(r) —
L2/2mr*, with the second term’s sign opposite to that given by Eq. (3.44). We have done an apparently
similar thing for our testbed bead-on-rotating-ring problem at the very end of Sec. 3.1 — see Eq. (3.6);
why the same trick does not work for the planetary problem? Besides a formal explanation, discuss the
physics behind this difference.

Solution: Deriving the Lagrange equations in Chapter 2, we have made a commitment to treat the
generalized velocities (in the planetary problem, 7 and ¢) as variables independent of the generalized

coordinates (rand ¢). Expressing mr’p> /2 as L’ /2mr?, i.e. as a function of r in the Lagrangian
function before its differentiation, we would violate this commitment and as a result, would get wrong
equations of motion. On the contrary, affer the (correct) equations of motion have been obtained and/or

the system’s energy has been correctly calculated, we may make whichever substitutions we wish, as we
did in Sec. 3.5 of the lecture notes — see Eqs. (3.41)-(3.44).

Concerning the bead-on-a-rotating-ring problem considered in Sec. 3.1, there we indeed moved
the kinetic-energy term (m/2)R*e’sin’@ into the effective potential energy in the Lagrangian function L,
i.e. before obtaining the equation of motion. However, that term did not contain any generalized
velocity, and hence that operation was legitimate.

The physics behind this difference is that in the planetary problem, the particle is free to move in
all three directions (or in two directions, if we take into account the conservation of the direction of the
vector L) and the further reduction to the 1D motion is performed at conditions where this vector, and
hence L, and L?, are also conserved — see (3.39), while the instantaneous angular velocity ¢ is not fixed,
because  in that formula may change. On the contrary, in the bead-on-the-ring problem, the angular
velocity o of the ring’s rotation is fixed, i.e. is independent of the system’s dynamics.
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Problem 3.8. A system of two equal masses m on a light rod of a fixed
length / (frequently called a dumbbell) can slide without friction along a vertical
ring of radius R, rotated about its vertical diameter with a constant angular
velocity @ — see the figure on the right. Derive the condition of stability of the
lower horizontal position of the dumbbell.

Solution: This problem is a straightforward generalization of our testbed
problem (see Fig. 2.1 of the lecture notes) to two masses, so we may readily
extend Egs. (2.23) to write

T= %Rz(éz +®* sin’ 6)+%R2(6”2 +®* sin’ 6’),

U =—-mgR cos @ —mgR cos ' + const,

where @ and @' are the polar angles of the mass positions, with the polar axis directed down — see the
figure above. Since the difference o = @ — 8’ between these angles is fixed by the length / of the
connecting rod,

2Rsing =1,
2

ie. 9'=0- o, and @' =0, the system may be described by just one degree of freedom (say, 6), and its

Lagrangian,
2p2

L=T-U=md +22 R [sin2 0+sin2(<9—a)]+ mgR [cos 6 + cos(6 — )],

may be recast into a form similar to Eq. (3.5):

2p2
L=T,-U,, with T, =mR*0*, U, :_ma)zR [sin2 0+sin2(9—a)]—ng[cosé’+cos(@—a)],

so equilibrium positions of the system correspond to the extrema of the function U #). Calculating its
first derivative,

dU

do
we see that for any parameters of the system, the derivative always vanishes at the lower horizontal
position3® of the dumbbell, where € = /2, so sin(6 — &) = —sin(a/2) = —sinf , while cos(d — a) =
cos(a/2) = cosd. (This fact reflects the evident symmetry of the effective potential energy U with
respect to the angle swap, <> &)

= —mw*R*[sin O cos O +sin(0 — a)cos(6 — & )]+ mgR [sin 6 + sin(0 — )],

Now we need to establish the condition of this extremum being a minimum, i.e. of the second
derivative of function U.d ) being positive at this point. Rewriting the first derivative in an equivalent

form

2p2
da%f _ ma)zR [Sin 26 +sin 2(6’ - a)]+ mgR [sin0+ sin(0 - a)]

38 It is physically evident (and may be readily verified) that the upper horizontal position (with = — /2, 8 =+
a/2), is always an unstable fixed point of the system.
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2

2
= ng{— 2(;)2 [sin 20 + sin 2(0 — & )]+ [sin 6 + sin(6 - a)]}, with Q° = %,

we make the second differentiation elementary:
d’U, @’
£ P ng{_E[COS 26 +cos2(6 - a)]+ [cos 6+ cos(6 — a)] O=a/2

do’
*)

2
=2mgR —w—zcosa +cosg .
Q 2

By the definition of the angle « (see the figure above), 0 < o < 7, so cos(/2) is always positive,
and Eq. (*) shows that if cosa > 0 (i.e. a < /2, i.e. I/R < \2), the second derivative is positive (and
hence the lower horizontal position of the dumbbell is stable) only if the angular frequency @ of ring's
rotation is lower than the following critical value:

1/2 1/2
o, =0 {cos(a/Z)} E{gcos(aﬂ)} C fras<”. (*%)
cosa Rcosa 2

At aa— 0 (i.e. at [/R — 0, so the two masses are effectively merged into one), this value tends to
Q), in accordance with the conclusion of our testbed problem analysis at the end of Sec. 3.2 of the lecture
notes, providing a good sanity check of our current calculations. As the dumbbell becomes longer, @,
grows because the denominator on the right-hand side of Eq. (**) decreases faster than its numerator.
Moreover, if the rod is so long that //R > \/2, and hence a > 7/2, so cos a < 0, both terms on the right-
hand side of Eq. (*) are positive, and the lower horizontal position is stable at any .

The reason for this behavior may be most simply interpreted using the notion of the centrifugal
"inertial force", which has to be added to real physical forces if we want the 2™ Newton law to be valid
in a non-inertial reference frame3® — in this particular case, in the frame rotating with the ring. If the
dumbbell is short, the centrifugal force tries to push it out of the rotation axis, toward one of the nearly-
vertical parts of the ring — and at @ > @, it succeeds, by overcoming gravity forces. However, if [ is
larger, the rod keeps the masses high on the opposite nearly-vertical sides of the ring even in the absence
of rotation, and the centrifugal forces acting on the masses pull the dumbbell in opposite directions,
canceling each other at least partly.

Problem 3.9. Analyze the dynamics of the so-called spherical pendulum — a point mass hung, in
a uniform gravity field g, on a light cord of length /, with no motion’s confinement to a vertical plane. In
particular:

(1) find the integrals of motion and reduce the problem to a 1D one,
(i1) calculate the time period of the possible circular motion around the vertical axis, and
(ii1) explore small deviations from the circular motion. (Are the pendulum’s orbits closed?) 40

39 See Sec. 4.6 below. By the way, my recommendation to the reader is to return to this problem after reading
Chapter 4, and re-solve it (or rather re-derive the above expression for the Lagrangian function), working in the
rotating reference frame.

40 Solving this problem is a very good preparation for the analysis of the symmetric top rotation in Sec. 4.5.
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Solutions:

(1) This system is a just particular case of that considered in Problem 2.3, with no suspension
point’s motion, so we may reuse the Lagrangian function calculated in the solution of that problem, by
taking xo(¢) = 0:

ml?

2
where the polar angle @ is measured from the z-axis directed down — see the figure

on the right. Since in this case, the Lagrangian function does not depend explicitly
on time, and the kinetic energy 7 is a quadratic-homogeneous function of the

generalized velocities @ and ¢, the total mechanical energy,

L=T-U, with T= (6’2 +¢7 sin’ 9), U = —mgl cos0,

2
mzl (92 +¢° sin’ 9)— mglcos@, *)

E=T+U-=

does not depend on time, i.e. is an integral of motion. Another integral of motion may be derived from
the fact that L does not depend on its azimuthal angle ¢, so this variable is cyclic, and the corresponding
generalized momentum,

p(p Eg—fb=mlz¢ Sil’l2 9,
12

is constant. (Since /sin@ is the distance p= (x* + y*)"* of the mass from the z-axis, p o= mp’@, i.e. it is

just the z-component L, of the angular momentum — see Eq. (3.39) of the lecture notes.) Using this
integral to express the azimuthal velocity,
L

z
——,
ml* sin’ @

and plugging this relation into Eq. (*), we may represent the result in the form

Q=

ml*6’ L
E= +U_0), with U, =—F———mglcosf. ok
ef( ) ef Zmlz Sil’lz 9 g ( )
So, the problem has been reduced to an analysis !

of 1D motion, very similar to how this was done with
the planetary problem in Sec. 3.5 of the lecture notes —
cf. Egs. (3.43)-(3.44). 05

(i1) The figure on the right shows the function U,
Ue(6) on the physically relevant segment [0, 7], for m_gl
several values of its only dimensionless parameter A =
L2/m’Pg, which characterizes the initial “spin” of the
pendulum. For any value of A, the function has just one
minimum, at the point & that satisfies the equation
dUe/d 8= 0; for our case:

-0.5

L cos6, -1
——=———+mglsinf, =0.
ml* sin’ 6, g ’
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Instead of solving this equation for & at a given L., it is much easier to use it to express L via 6,

2 43 s 4 172
I _ m°gl”sin” 6, ’ (R
*10=6, cosd,
and then find the angular velocity ¢ corresponding to the point &:
L 1/2
. _ . Ee=6, g * ok k
%o (p‘ 0=0 " ml*sin® 6, (Zcos 6’0] ' )

The physical meaning of this result is very simple (see Fig. 3.5 of the lecture
notes and its discussion): if the pendulum’s initial energy E has the smallest value
(Uef)min possible at the given “spin” (L,), the system has to stay at the fixed point & —
see the lower arrow in the figure above. This corresponds to a circular motion of the
pendulum,*! with a constant polar angle & = €. This formula may be also obtained
in an easier “undergraduate” way by solving a simple system of two equations for
two Cartesian components of the 2™ Newton law for pendulum’s motion within a
horizontal plane — see the figure on the right:

ma =mlsin0,¢, =7 sin6,, 0=mg— cosb,.

The time period of this circular motion is

1/2
7, 52,—”= 27{100800J :
2 g

Note that in the limit of small polar angles & — 0, when cosé — 1, 7; coincides with the well-known

expression for the period of oscillations of the pendulum in a vertical plane. This is natural because, in
the small-angle limit, the sinusoidal oscillations in any two mutually perpendicular vertical planes have
the same frequency and are independent.*> Hence the 2D equation of the pendulum’s motion (which, in
this limit, is linear), may be satisfied with any linear superposition of such oscillations. In the particular
case when the amplitudes of these oscillations are equal, and phases are shifted by 772, we come back to
the circular motion with the same time period.

(ii1) If the energy E of the pendulum is slightly higher than (Uef)min = Ued 6), then according to
Eq. (**), the polar angle & has to oscillate between two points: Gax slightly higher than &), and G,
slightly lower than it — see the horizontal dashed line drawn for 4 = 0.1 in the second figure of this

41 Sometimes a pendulum performing this particular motion is called the conical pendulum because its cord
follows the surface of a round cone with a vertical axis.
42 The easiest way to prove this is to return to the Cartesian coordinates and, in the first nonvanishing
approximation in x//, y/l — 0, reduce the Lagrangian function to the following quadratic form:

m(., .,\ mgl m(., .o\ mgl{x* y°

L z—(x2 +y2)——g6?2 ~ —(x2 +y2)——g —2+y—2 ,

2 2 2 2 ! /
i.e. to the sum of the Lagrangian functions of two independent harmonic oscillators with the same frequency ay =
(D",
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solution. The time period of these small oscillations may be calculated by Taylor-expanding the function
U 0) at the point &, and keeping only the leading (quadratic) term:

14Uy
2 4o’
This differentiation, followed by the substitution of L, from Eq. (***), yields
d’U,
do’

Uy (9 ~ 0, ) —Ug (00 )

9:9052, where 8 =6-6,.

= czqsgéo (l+3cos2 60).

0=6,

With this replacement, Eq. (**) becomes the standard expression for the energy of a harmonic oscillator
with the frequency

1/2

g 2 Wy 2 5 |2

w, = 1+3cos” 6 , sothat —=|1+3cos” 4, .
’ Lcos@o( O)} ?, ( 0)

This means that the frequency of small oscillations of the polar angle is generally
incommensurate with the angular velocity of the azimuthal angle’s rotation — besides certain exact
values of & and hence of the pendulum’s energy. Hence, in contrast to the planetary motion in the
Coulomb field (3.49), the pendulum’s orbits that are different from the circular one are generally open —
see Fig. 3.6 of the lecture notes and its discussion. Two exceptions are the limits €y — 772 (which
requires infinite L, and hence infinite energy) and & — 0 (i.e. the limit of very small motions near the
equilibrium) when the above formula gives @, = 2¢,. The last relation describes the two increases and

two decreases of @ on the general elliptical trajectory of the pendulum, which may be represented as the
linear superposition of its oscillations in two mutually perpendicular vertical planes — see the discussion
in Part (ii) of this solution.

Problem 3.10. If our planet Earth was suddenly stopped in its orbit around the Sun, how long
would it take it to fall on our star? Solve this problem using two different approaches, neglecting the
Earth’s orbit eccentricity and the Sun’s size.

Solution: On one hand, the problem may be solved directly, by integrating the self-evident 1D
equation describing the Earth’s fall, following from the 2" Newton’s law and his gravity law:

GM M,

2
r

M i =—

After cancellation of Mg, this equation may be readily integrated once using the transformation used, in
particular, in Eq. (1.20) of the lecture notes:
L di _didr_ di_d (i)

"Sat T drdt | dr dr 2

2

giving

43 Actually, this is just the energy conservation law for the purely radial motion in the potential well (3.49) with «
= GMsM.
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The integration constant follows from the implied initial condition 7 =0 at » = ry, where ry is the
circular orbit’s radius, giving

(7")2 1 1 T d}" 1/27fall
DM ) gy o)
o 0 r—l/ro) o

where 7 is the time we are looking for. The integration of the right-hand side of this equation is

elementary, and that of its left-hand side may be carried out, for example, by using the substitution » =
rosin’&, so dr = 2rsiné cosE d& and (1/r — 1/re)"? = (1/sin® & — 1)1 = cosé& /ro'*siné, so

7o /2 /2
dr 3/2

= in2 _ 32 T s
gm—m £2s1n gdg =r; t|)‘(1—cos2‘§)d§_5,,0 _

So, finally, we have

3/2
o

S S
2 (2GMS)1/2 :

7—fall - (*)
Now we may avoid the need to plug in the experimental values of the three constants in the
right-hand part of this result, by comparing it with the period 7, of the regular rotation of the Earth
around the Sun, i.e. with one year (strictly speaking, the sidereal year, close to 365.24 days). For a
circular orbit, its radius 7y and the orbital velocity vy are related by the 2" Newton’s law in the form

2 1/2
GM M GM
MEV_‘):—S2 £, sothat voz( S] ; (**)
"o T T
and we may write
27Z7"0 7"03/2
7= =2r = -
Yo (GM)
Comparing this result with Eq. (*), we get
1
T =——=17 . = 64.6days. (**%*)

4\/5 rot

Another approach to the same problem is to use the general formulas for elliptic trajectories in
the Coulomb-type potential (3.49), which were discussed in Sec. 3.4 of the lecture notes — see especially
Fig. 3.7. Indeed, the straight fall of the initially stopped Earth on the Sun may be considered as one-half
of an ultimately elongated elliptical orbit (see the figure below), with b/a — 0.44

s 26 ] —

2a

Hence we may apply to it, in particular, the second form of Eq. (3.64b) with & = GMsMg and m = Mg:

44 Since, according to Eqs. (3.63), this ratio equals (1 — %), the eccentricity of this ellipse tends to 1, so the
distance a(1 — e) between the orbit’s perihelion and its focus housing the Sun is negligible in comparison with a.
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1/2

1 M
T ==7 =2 GMM E_

fa11_2 ) E 2|ET

The same formula is applicable to the period of the circular motion of the Earth:
1/2

ME

7~rot:7z-GMSME 3
2|E

rot
A comparison of these two formulas yields

1 |E 3/2
7= rot 7
fall 2 [|Efa“ j rot

What remains is to calculate the energy ratio on the right-hand side of this result. Since Efy is
conserved during the fall process, we may calculate it as the potential energy of the Earth on its orbit,
because its stoppage kills the kinetic part Ty of its full energy: Ery = Uro. But as it follows from the
virial theorem (see the solution of Problem 1.12),%5 for a circular orbit in the potential (3.49):

1
T, =——U

rot rot ?
2

E 3/2
| rot — l, SO 7-fall — l(lj 7_mt ,
|Em 2 212

i.e. the same result as in Eq. (***).

so £ =T

rot

1
+Urot :EU

rot *

and we finally get

Problem 3.11. The orbits of Mars and Earth around the Sun may be well approximated as
coplanar circles*¢ with a radii ratio of 3/2. Use this fact, and the Earth’s year duration, to calculate the
time of travel to Mars spending the least energy on the spacecraft’s launch. Neglect the planets' size and
the effects of their own gravitational fields.

Solution: As Fig. 3.5 of the lecture notes shows, for a bound motion in an attractive field
changing monotonically with distance 7, an increase of the 7.x/Fmin ratio requires additional energy, so
for the attractive field of our Sun, expressed by Eq. (3.49), the spacecraft energy minimum corresponds
to the elliptic trajectory with p/(1 — e) = ruvars and p/(1 + €) = rgarn — see Fig. 3.7 for the nomenclature.4
From here, we may calculate the required spacecraft orbit's eccentricity:

s 3 1+e

. 1
=—, iving e =—.
Teaw 2 1—e SIS 5

According to the last form of Eq. (3.64b), the time of the spacecraft’s travel between Earth and
Mars (evidently, half of the period 7 of motion along its elliptic trajectory) is

45 The same result follows from Eq. (¥*): Tyoe = Mevo™/2 = GMsMy/2r = —Uso/2.

46 Indeed, their eccentricities are close to, respectively, 0.093 and 0.0167.

47 Evidently, such a trajectory (called the Hohmann transfer orbit) may be used for travel only at the optimal
mutual position of Earth and Mars on their orbits, which is approximately reached once in several decades.
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while the Earth year’s duration*® is

where G is the gravity constant and Ms is Sun's mass. We may avoid using these constants by their
elimination from the last two relations, getting

3/2
At — 7Eanh ( a ] )
2 rEarth

But according to the first of Eqgs. (3.63) (see also Fig. 3.7) of the lecture notes, the ratio a/rgam is
uniquely defined by the spacecraft orbit's eccentricity:

a _p/(l—ez) 1
Vgarth B p/(l+e) l-e

3
4 b
so, finally,

7.. 5 3/2
At = ETM(Z] ~0.700 7., ~ 255 days.

Problem 3.12. Derive first-order and second-order differential equations for the reciprocal
distance u = 1/r as a function of ¢, describing the trajectory of a particle’s motion in a central potential
U(r). Spell out the latter equation for the particular case of the Coulomb potential (3.49) and discuss the
result.

Solution: Let us start by rewriting Eq. (3.48) of the lecture notes in the differential form:

Ld}" d}/' L2 1/2 L2 1/2
dp==* : , ie. —=xr? | E-U(r)-—= =
4 m)"*r?[E-U(r)-12 12mr?]" e { ) 2mr2} om) O

Now from the definition u = 1/r, we have r = 1/u and dr = —du/u’. Plugging these relations into Eq. (*)
and canceling (—u°) # 0, we get

d 1 L2 1/2 L2 1/2
L. E—U(j— =y’ =] (*+)
do u) 2m 2m

This is the required first-order differential equation for u as a function of ¢.

In order to get the second-order equation, let us differentiate both parts of Eq. (**) over ¢:

48 With the accuracy of this calculation (which is about a few percent, mostly because of neglecting the Mars
orbit’s eccentricity e ~ 0.1), we may safely ignore the much smaller differences between the genuine Earth's orbit
period (called the sidereal year) and other astronomical (tropical, anomalistic, etc.) years, and also various
calendar (Julian, Gregorian, etc.) years.
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2 2 2 1/2 P 1/2
Uy W) oL dul [ E—U(lj— = A
do do 2m do u) 2m 2m

Now using Eq. (**) to replace the square bracket in the denominator of the last expression with

F(L:22m) " duld p, representing dU(1/u)/de as [dU(1/u)/du]duldp and canceling du/dg in the numerator
and denominator, we obtain the requested second-order equation*’

2
do L du \u

The very idea of deriving the second-order differential equation from the known first-order one,
1.e. from its first integral, may look awkward because, in dynamics, we usually pursue the opposite way.
However, due to the very simple structure of Eq. (***), it may be convenient for some purposes. For
example, for the Coulomb field (3.49), U(r) = —a/r = —au, we have dU/du = —a = const, so Eq. (¥**) is
reduced to the well-known linear differential equation of an autonomous harmonic oscillator, with the
unit “frequency” and the equilibrium position at u = uo = ma/L,":
2~
db;+L7=0, Whereﬁzu—u():u—m—za.
do L

z

(****)

In the equilibrium point u, we may readily recognize the reciprocal radius ro = 1/ug = L.>/ma given by
Eq. (3.52) of the lecture notes for this particular field — see also the discussion following Eq. (3.60) of
the notes.

As we already know from the discussion in Sec. 3.4 of the lecture notes, the circular orbit
corresponding to the equilibrium of the “harmonic oscillator” (****) requires specific initial conditions,
striking the exact balance between the two integrals of motion: L, and E. If this balance is violated, Eq.
(****) describes sinusoidal oscillations of the reciprocal radius u (as a function of the angle ¢, not
time!), around the value uy, with a nonvanishing amplitude u,:

uElzuo tu, COS(§0_¢0)°
r

where ¢y is a constant also determined by initial conditions — as well as the amplitude u4. In this relation
we may readily recognize Eq. (3.59) of the lecture notes, describing (depending on the ratio e = u4/up)
either an elliptic, or the parabolic, or a hyperbolic trajectory of the particle in the Coulomb field.

Problem 3.13. For the motion of a particle in the Coulomb attractive field (U(r) = —a/r, with o>
0), calculate and sketch the so-called hodograph’® — the trajectory followed by the head of the velocity
vector v, provided that its tail is kept at the origin.

49 It may be also derived from the Lagrange equation corresponding to the Lagrangian function (3.38). Though
that way is longer, it still may be recommended to the reader as an exercise.

30 The use of this notion (in Greek, meaning “path writer”) for the characterization of motion may be traced back
at least to an 1846 treatise by W. Hamilton. Nowadays, it is most often used in applied fluid mechanics, especially
meteorology.
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Solution: Perhaps the conceptually simplest way to calculate the hodograph?! is to start with the
well-known relations between the Cartesian and polar coordinates in the plane of the particle’s motion:

X =rcose, y=rsing.

Differentiating these relations over time, we may express the Cartesian component of the velocity vector
via the time derivatives of the polar coordinates:

V. =X =FCcos@Q—r@sing, v, =Y =7sin@+rpcose. (*)

For the motion in a central field, the polar angle’s speed may be found from Eq. (3.39) of the
lecture notes, which expresses the conservation of the angular momentum L,:
: . L
(p=%, with ¢ =—. (**)
r m
In order to calculate 7, in the particular case of the Coulomb attractive field, we may use Eq. (3.59) of
the lecture notes. With the easiest choice of the polar angle’s origin, accepted in Fig. 3.7 of the lecture
notes, we have
r= N , (%)
l+ecosep

where the parameters p and e are given by Egs. (3.60). Differentiating Eq. (***) over time, and then
using Eq. (**) and Eq. (***) again, we get

) esin . esin c ec .
j=—2L ¢2¢= P (Dz—zz—sm(o.
(1+ec0sg0) (1+ecos¢) r 4
Now plugging this formula and Eq. (**) into Eqgs. (*), and then using v, o<l
Eq. (***) to eliminate » from the right-hand side of the result, we get v
surprisingly simple expressions: . Q
. c/
c . ec ¢ / < P
v, =——sing, v, =—+—Cos@. ‘o
P p p ec/p
These relations show that the hodograph is an exact circle (see the top
figure on the right), even if the particle’s trajectory (***) in the direct space is 0 Vs
strongly elongated (elliptic) or even open (parabolic or hyperbolic). The only
qualitative effect of the trajectory type on the hodograph is that for a closed, v )
elliptic orbit, with an eccentricity e below 1, the circle center’s offset from the g €=
origin, ec/p = e(L./mp), is smaller than the circle’s radius, ¢/p = L./mp, so the v \
velocity vector periodically sweeps all directions, as shown in the figure /
b @rccos(—l/ e)
above. R
In the opposite case of a hyperbolic trajectory, i.e. of e > 1, the circle’s /
offset exceeds its radius. In this case, according to Eq. (***), cose has to be v, AT
larger than (—1/e), so the velocity vector sweeps (just once!) only a certain e \[ - -
sector of the circle, limited by the vectors v.,, tangential to it — see the solid arc 0 v

X

31 There is at least one way to do this without using the Cartesian coordinates; finding it is a good additional
exercise left for the reader.
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in the bottom figure. (These limiting vectors represent the velocity of a free particle well before and well
after the time of its scattering by the attracting center.)

The parabolic trajectory, with e = 1, i.e. with the hodograph’s circle just touching the origin,

represents the borderline case, with all angles swept by the velocity vector, but only once, and with v
=0.

Problem 3.14. Prove that for an arbitrary motion of a particle of mass m in the Coulomb field U
= —q/r, the vector A = pxL — mom, (where n, = r/r) is conserved.3? After that:

(1) spell out the scalar product r-A and use the result for an alternative derivation of Eq. (3.59),
and for a geometric interpretation of the vector A;

(ii) spell out (A — pxL)* and use the result for an alternative derivation of the hodograph diagram
discussed in the previous problem.

Solution: Let us calculate the time derivative of the term pxL. As was repeatedly discussed in
the lecture notes, at the motion in any central field U(r), the angular momentum vector L is constant, so

d .
—(pxL)=pxL=px(rxp).

Also, in our case of a potential central force, the 2" Newton’s law gives p=F, with F = -VU(r) =
F(r)n,, where F(r) =—-dU/dr. As a result, we may write:

%(pr)z F(r)nr x(rxp)sz(r)nr x(rxi‘).
Now let us apply to the involved double vector product the well-known “bac minus cab” rule:33

%(pr): mF (e, -F)— i@, 1) = mF()r @, F)-ir].

In the last expression, the scalar product n, -r is just the component of the vector r, which is directed
along the vector r, i.e. 7, so

o) =m0 )ei—ir) = o)r? (2 <o (2 =),

This equality is valid for any central force; for the Coulomb field, in that F(r) = —ali?, it yields
dA
s
i.e. the vector A is indeed conserved. Since at the orbital motion, the angular momentum L is normal to
the orbit’s plane, the vector product pxL and hence the vector A as a whole lie in that plane.

%(pr):man, S0 %(pr—maﬂr)E 0,

(1) Let us consider the scalar product
r-A=r-(pxL)-mar.

32 This fact, first proved in 1710 by Jacob Hermann, was repeatedly rediscovered during the next two centuries.
As a result, the most common name of A is, rather unfairly, the Runge-Lenz vector.
33 See, e.g., MA Eq. (7.5).
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Using the operand rotation rule of vector algebra,>* the first term may be transformed as
r-(pxL)=L-(rxp)=L-L=1*=7,
SO
r-A=rdcosp=L —-mar,
where @ is the angle between the vectors A and r. Rewriting the last equality as
LZ

Y4

y=—
mo + Acosg’

we see that this is just another form of Eq. (3.59), with the usual choice of the polar angle’s reference:
: L
r=—2>"  with p=—% and o= (*)
1+ecos@ mo mo

Now looking at the plot of this equation in Fig. 3.7 of the lecture notes, we see that the constant
vector A is directed toward the orbit’s perihelion. Its length may be readily expressed in the terms used
in Sec. 3.4, by comparison of the last formula for e with Eq. (3.60):

A* =2mEL’> + m*a’.
(1) Since, by definition, A — pxL =-manm,, we get
(A-pxL)A-pxL)=m’a’n’ = m’a’
After the parentheses’ multiplication, this equality becomes
A +(pxL) —2A-(pxL)=m’a’. (**)

Since in the planetary problem, the vectors p and L are normal to each other, the second term is just
p°L*.55 Let us rewrite the resulting equality in the Cartesian coordinates, orienting the axes as in Fig. 3.7
of the lecture notes, so A = 4n,, L = L.n., p = p.n, + p,n,, and p2 = px2 + pyz. In this case

n, n, n,
A-(pr):Anx- p. D, 0 :ALan'(nxpy—nypx)zAszy,
0O 0 L

z

and Eq. (**) becomes
2 2

A? +L§(Pf +pi)—2ALZPy =m2a2, 1.€. vf +(vy _ALJ = (ﬁ] ,

m z

where v = p/m is the particle’s velocity. With the account of Egs. (*), this is the same circular hodograph
as was derived and discussed in the previous problem, with the radius o/L. = L./mp and the y-offset
AlmL, = aelL, = e(L,/mp).

z

The vector A is also convenient for the solution of some other problems of classical and quantum
mechanics, which are, unfortunately, beyond this series’ framework.

34 See, e.g., MA Eq. (7.6).
33 In this expression, p is the momentum’s magnitude rather than the parameter given by the first of Egs. (3.60).
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Problem 3.15. For a particle moving in the following central potential:
Uiry=-2+ L2
roor

(1) for positive e and f, and all possible ranges of energy E, calculate the orbit 7(p);

(i1) prove that in the limit f — 0, for energy £ < 0, the orbit may be represented as a slowly
rotating ellipse;

(111) express the angular velocity of this slow rotation via the parameters « and g, the particle’s
mass m, its energy £, and the angular momentum L..

Solutions:

(i) For this field, the effective 1D potential (3.44), Us(r) = U(r) +L.*/2mr*, may be represented in
the same form:

a L,
Uu(r) = _7+ 2mfr2

2

as for the Coulomb potential (with S = 0), the only difference being that the effective angular
momentum L¢s is now different from the actual momentum L,:

L, =L +2mp.
This is why the trajectory integral (3.48),
L, dr
me (2
r{@—Uﬂﬂ&
m

may be worked out exactly as was done in the lecture notes for the Coulomb case, giving

1% 2er2 "
p =_Ef, e:[l-{——efj . (*)

' lJrec:os[(Lef /Lz)(p]’ P ma ma’

The most important difference between this trajectory and the elliptical Kepler orbits is that at g
# 0, the ratio L.¢/L. is not an integer, so r is not a 2z-periodic function of ¢, i.e. the trajectory is not
closed even within the range of energies (corresponding to 0 < e < 1) in that » has a finite upper bound —
see Fig. 3.6 in the lecture notes.

(i1) The angle Ag of the orbit’s turn per one period of oscillation of the distance r, i.e. difference
of ¢ between two sequential perihelia (points with 7 = r;;), may be found as the difference between the
adjacent values of ¢ at which the cosine function in the denominator of the first Eq. (*) becomes equal
to +1. This condition yields

L, 2
Ap=2r——= R
Ly (1+2mpB/17)

At f— 0, this angle is very close to 2

5(/)5A¢)—27Zz—27z21—’8—>0,

2
z
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so the trajectory may be indeed considered as a Kepler ellipse slowly rotating with the following angular
velocity:
o
Q= M — 27[m_€’ ,

z

where 7 is the elliptic orbit’s period.

(i11) Since the small parameter £ 1is already taken into account in the last formula explicitly (in
the numerator of the right-hand side), the period 7 in the denominator may be evaluated using the

second of Egs. (3.64b), which corresponds to = 0, so the final result is

2
z

Q—)ai (8m|E|3)1/2, for 0.

(The condition of the quantitative validity of this result is Q7 << 1.)

Problem 3.16. A star system contains a much lighter planet and an even much smaller mass of
dust. Assuming that the attractive gravitational potential of the dust is spherically symmetric and
proportional to the square of the distance from the star,5¢ calculate the slow precession it gives to a
circular orbit of the planet.

Solution: According to the assignment, we may represent the potential energy of the planet with
mass m in the form
_ GmM N mQ’r?
r 2

where Q7 > 0 is a small constant,’” so the effective potential energy (3.44) is

U =

2

GmM  mQ*r? ) o
— + +

U lr)= =
ef( ) r 2 2mr’
and hence has the following derivatives:
dU L d*U L
«(r) = szj\l +mQ’r — = —eg(r) =-2 Gm3M +mQ’ +—3 T
dr r mr dr r mr

As was discussed in Sec. 3.4 of the lecture notes, these derivatives are sufficient to calculate the
angular velocity w, of the planet on its circular orbit, and the frequency @, of small oscillations of its
distance » from the star, due to a small perturbation of the orbit — in our case, due to the dust’s potential
with Q << @,. Since we need these results only to calculate the small angular velocity of the orbit’s
precession,>®

56 As may be readily shown from the gravitation version of the Gauss law (see, e.g., the model solution of
Problem 1.7), this approximation is exact if in the space between the star and the planet’s orbit, the dust density is
constant.

37 According to the solution of Problem 1.6, the Q so defined is the frequency of the slow oscillations the planet
would have moving under the effect of the dust alone.

38 If this expression is not clear, please revisit Fig. 3.6 and its discussion in the lecture notes (and possibly also the
model solution of Problem 10).
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w,, =0, ~-0,<<0,,

where the tilde signs denote small variations, it does not matter whether this analysis is carried out
assuming the constancy of the orbit’s radius or of the angular momentum L. at this perturbation. The
second option gives a bit more physical insight, so let us assume that L. is independent of Q2.

Let us start with finding the radius 7 of the circular orbit, requiring that

2
ddUef (7)= G’iM +szf——L_Z3 = 0. *)
r r mr

Mostly as a sanity check (but also to have all basic formulas handy), at (2 = 0, this equation yields

GmM L> . I
> =—Z3 , Le.r,=—"— =, (**)
7, mr; GMm

where 7y is the radius of the unperturbed orbit. Since, according to Eq. (3.39) of the lecture notes,
L, = mr’ @, this result immediately gives the unperturbed frequency (3.53) of the planet’s rotation:

3

- lé m

W, =@ = mrz = (GM)Z[L_] . (***)
0

z

At small Q # 0, the planet’s radius, at the same L., is only slightly different from #o:
r=r,+7r, with |7| <<r,, so Eq. (*) becomes

GmM 5 - L
e mQ(r, +F)———=——=0.
+7) (+7) m(r, +7)

Expanding all terms on the left-hand side of this equation to the Taylor series in small Q% << @y” and
7 oc Q°, and keeping only the terms of two leading orders in these small parameters, we get

~ Lz ~
GmZM(l—2Lj+szro— z (1—3LJ=0.

3
7, ¥y mr; ¥y

With the account of Eq. (**), this equation for 7 becomes linear and yields a very simple result:
r Q’ Q°

no oMLy @

So, the gravitational attraction of the planet to the dust results (at fixed L.) in a small shrinkage of its
orbit — and hence to a proportional increase of its rotation frequency:

(****)

~

~ L L @ 7 ?
0, =0,+0,= - ~ (1—21} sothat—‘”:—2L:ZQ—2<<1.

4
~\2 2
In(n)+—r) mr, "y @, 7 a,

_ What remains is to calculate the frequency @, of infinitesimal radial oscillations
7= r(t)—l7 about this average radius, in the same (linear) approximation in Q. This may be done, for
example, by Taylor-expanding Eq. (3.44) for the planet’s energy

-2
mr

E = +U,(r)
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in small 7 , keeping only the leading terms of this expansion:

mp -\ 1d°U,
+Uef(r)+§ drzf

and noticing that besides the background energy U (17 ) of the average orbit, this is the usual expression

E =~

) ) —2
I, forr- <<r~,

r

for the energy of a 1D harmonic oscillator with frequency @,, where>®

1d°U 1 M 3L
a)rz - Zef r=r=rA+F _2GL~3+mQZ+—Z~4
m dr A m (r0+r) m(r0+r)
~ L2 ~ L2 ~
z_sz? 1-35|+Q2 + 3224 -4 |z} + Q% -6 = 2 +7Q%.
7, 7, m°r, 7, mr, 1,

Since all our analysis is only valid for Q* << a’, we may rewrite this result as

~ 1/2 7Q°
o, =0, -0, :(a)(f +7Qz) N

2

2 w,
so, finally, the requested orbit precession frequency is

O =0, —0,=-—=2—=——<<0,.

Problem 3.17. A particle is moving in the field of an attractive central force with the potential

U(r)=—in, where an > 0.
r

For what values of 7, the circular orbits are stable?

Solution: According to the discussion in Sec. 3.5 of the lecture notes, a circular orbit with radius
rp corresponds to an extremum of the effective potential energy U.i(r) defined by Eq. (3.44), and has the
orbital stability®? if this extremum is a minimum — see Fig. 3.5. For our current case,

LZ
Uef(r)z_i—l— 22 b
r' 2mr
so these conditions take the following form:
dUu L
iy = =5 =0, *)
dr v, mr,
d*U 3L
—2ef r=r, =" Om(Z:_ 1) + Z4 >0. (**)
dr 7, mr,

Solving Eq. (*) for ry, and plugging the result into Eq. (**), we may reduce the latter condition to the
following form:

39 The last two steps of this calculation make use of Eqs. (*¥*)-(****),
60 Note that here the term “orbital” is used in the sense discussed in Sec. 3.2 of the lecture notes.
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L2
r=r, =m—;04(2—n)>0.

d’U,
dr?

Since the fraction before the parentheses is always positive, this condition is equivalent to
n<2.

This means that stable circular orbits about an attracting center exist both in potentials with
growing |U(r)| (with n < 0 and « < 0), such as the 3D oscillator’s potential U(r) = man’r*/2 (n = -2 < 2),
and also in potentials with decreasing |U(r)|, but only if the potential’s magnitude drops with distance
slower than the second term of the effective potential energy Ue. (The most important example is the
attractive Coulomb potential (3.49), with ¢ >0andn=1<2))

Problem 3.18. Determine the condition for a particle of mass m, moving under the effect of a

central attractive force
r r
F=-a—expi——,
= p{ R}

where o and R are positive constants, to have a stable circular orbit.

Solution: As was discussed in Sec. 3.5 of the lecture notes, the radius 7y of a circular orbit is the
position of the minimum of the effective potential U.(r) given by Eq. (3.44), i.e. is the solution of the

following equation:
du, au(r) L
- r:r05|: ()_ 3} =0. ()
r=t,

dr

dr mr
0

Since for a central force F = F(r)n,, the scalar function F(r) may be represented as —dU(r)/dr, in our case
we may write

du,; L «a r| L
o= —F — Z_ = —eX _— = z , sksk
dr mr’  r? p{ R} mr’ 9
so the condition (*) gives the following transcendental equation for r:
LZ
ar, eXp{— r—o} ==, (***)
R m

Before analyzing this equation, let us use Eq. (**) to calculate the second derivative of the
effective potential at point ry, which determines the circular orbit's stability — see Fig. 3.5 of the lecture
notes and its discussion:

AUy (L2 1 aexpl—— +£=L —[2+Z |arexpl- = +3Li
dr* > r’R P R mr* R P R m |

so at » = ry, using Eq. (***), we get
d’U 1 3| 1 o3| 1L
2ef r—r =_4 — 2+r_0 a’ﬂoexp _r_o +—= =_4 — 2+r_0 Z 4z 5—4 z _r_O )
dr L A R R m r, R)m m r, m R
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Since r04, Lzz, and m are all positive, the second derivative is positive (and hence the circular orbit is
stable) if ) < R.

Now returning to Eq. (**%*), let us notice that its left-hand side is a smooth, positive function of
ro > 0, turning to zero at 7y = 0 and rp = o, and having one maximum, at o = R, equal to aR/e. Hence,
Eq. (***) has two roots, one of them with ry < R, corresponding to a stable circular orbit, if

2 2
aR L .. Le
—>—=, re.if R>—.
e m am

This condition is always satisfied for the attractive Coulomb potential (3.49), which corresponds to our
current case in the limit R — oo.

Problem 3.19. A particle of mass m, with an angular momentum L., moves in the field of an
attractive central force with a distance-independent magnitude F. If the particle's energy E is slightly
higher than the value E.;, corresponding to its circular orbit, what is the time period of its radial
oscillations? Compare the period with that of the circular orbit at £ = Epjp.

Solution: Any force F(r) depending only on the particle’s radius vector r equals —VU(r), where
U(r) is the corresponding potential energy. According to MA Eq. (10.8), for an attractive central force
F(r) = —F(r) n, we have U = U(r) with F(r) = dU/dr. In our particular case, F(r) = const, so U(r) = Fr +
const. By ignoring the inconsequential constant, from Eq. (3.44) of the lecture notes, we get the

following effective potential energy:
2
Uef(r) =Fr+ L
2mr

5.

According to the discussion in Sec. 3.5, the circular orbit corresponds to the minimum of this function,
so its radius 7y and the corresponding energy E.i, are easy to calculate:

dU % " )% (2"
of =F-—=0, soroz( ZJ and E_ = 22+U(r0)25( ZJ :

I'=r,
dr 0 mry; mF 2mry m

Alternatively, this expression for ) may be found from the combination of the 2nd Newton law,
mvoz/ro = F, and the expression L, = mwry for the angular momentum, valid for a circular orbit. The
solution of this system of two equations gives us not only the above expression for 7y but also the
velocity vy of the circular motion and hence its time period:

1/3 1/3

L FL 27, mL

vy =—= =( ;j , 7, = °=27z[ zzj . *)
mr m v, F

Now if E is only slightly larger than E.,,, the particle’s radius » oscillates around the value ry
with a small amplitude — see Fig. 3.5 of the lecture notes and its discussion. In order to find the period of
these oscillations, we may use the Taylor expansion of the function Uef(r) at the point ry, and keep,
besides the constant U(ry), only the leading, quadratic term of this expansion:

AU, 3D (mF“ jl”

K <> ~ _ _ z
U,(r~r)=U,(r,)+=7*, where F=r-r,, and k= =, T =3 T
2 dr mr, L
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Within this approximation, Eq. (3.43) of the lecture notes becomes just the well-known expression for
the energy of a 1D particle of mass m driven by an elastic spring with the spring constant x and the

equilibrium at point 7o. Such a system performs harmonic oscillations with frequency @ = (x/m)"?, i.e.

with the time period
1/2 173
7 =2 oM J2EfmL )
10 K \/5 F

Comparing this result with Eq. (*), we see that the period of radial oscillations is by a factor of
V3 ~ 1.732 shorter than that of the particle's angular rotation (which, in the limit £ — E,;,, does not
differ from the period 7; of the circular orbital motion). Since this factor is an irrational number, i.e. the

periods 7, and 7, are incommensurate, the orbit is not closed — see Fig. 3.6 and its discussion.

Problem 3.20. A particle may move without friction, in the uniform
gravity field g = —gn,, over an axially-symmetric surface that is described, in \--------9--------
the cylindrical coordinates {p, ¢, z}, by a smooth function Z(p) — see the figure
on the right. Derive the condition of stability of circular orbits of the particle l
around the symmetry axis z, with respect to small perturbations. For the cases g
when the condition is fulfilled, find out whether the weakly perturbed orbits
are open or closed. Spell out your results for the following particular cases:

(1) a conical surface with Z = ap,
(ii) a paraboloid with Z= xp*/2, and 0 P
(iii) a spherical surface with Z* + p* = R?, for p<R.

Solution: In the cylindrical coordinates, the kinetic energy of a particle of mass m is
_m(., ) ) mi(., 2.2 .2
T=E(r1 +7, + 7 ):E(p +p 9" +zZ )
so if it is confined to move over a surface with z = Z(p), then

1=t epot 4 27) <Zl1ez7)pt 0

where Z’ = dZ/dp. Since neither T nor the potential energy U = mgZ(p) depend on the azimuthal angle ¢
explicitly, this angle is a cyclic generalized coordinate, so the corresponding generalized momentum,
oL :
Lz = _. = mp2¢ 2
9
is an integral of motion, whose value is determined by initial conditions. Expressing ¢ from this
relation and plugging it into 7, for the total mechanical energy £ = T+ U of the point we get

2

2
Ez—me;(p ) 74U (o) with my(p)=m(1+27) and U, (o) - sz +mgZ(p)- (%)
m

This expression is generally (though not in detail) similar to Egs. (3.43)-(3.44) of the lecture
notes for the motion in a central potential field, ¢! and may be used similarly. Namely, for any given L.,

61 See also the solutions of Problems 9 and 17-19.
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the circular orbit radius py corresponds to the minimum of the function U p), which may be found from
the usual condition dU.¢/dp = 0. For our function (*),
dU, L

_ 7'(p),
i et (o)

so py satisfies the following equation:
2

L
—=p.Z(p,). (*%)
m-g

Since the effective mass participating in Eq. (*) is always positive, the condition of radial stability of the
circular orbit is d*Usd/dp* > 0 at p= py; since for our system
d’U, 3L
= =—=4+mgZ"(p),>
o gt T (0)

the stability condition is
2

3L
L pi27(py)> 0,
mg

where Z” = d*Z/dp’. By using Eq. (**), this condition may be represented in a simpler form:
3Z(py )+ Py Z"(5)> 0. (**%)

If a stable orbit is slightly perturbed, i.e. the particle’s energy is slightly higher than the
minimum of Uy, its radius has a small time-dependent part
p(t)=pl6)-p,,  with | 5| << p,.
To describe its time evolution, we may expand both parts of Eq. (*) into the Taylor series in small ,5(t),

and leave only the first nonvanishing terms:

mef(pO)N'*Z ldtef ~2
B P +2 dpz ( 0) :

Comparing this result with Eq. (3.10) of the lecture notes, we see that ,B(t) performs harmonic

EEE_Uef(IOO)z

oscillations with frequency (3.15); according to the above formulas, in our case, this frequency is

37 1/2
a)p=|: g72 (—+Z”J:| ,
1+Z2"°\ p,

where both derivatives of the function Z(p) have to be evaluated at point py.

As was discussed in Sec. 3.4 of the lecture notes, the corresponding orbit p(¢) is closed if this
frequency is commensurate with the angular velocity of the particle’s motion around the symmetry axis
z,i.e. with 0, =@ =L, /m p; . Using Eq. (**), this frequency may be represented as

7 1/2
Po

so for the frequency ratio, we get a formula that does not include g explicitly:
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’ 1/2
&:L 122(3#’022 ﬂ . (rr%)
[0 +7Z' '

4

Naturally, this expression gives a real value only if the expression in parentheses is positive, i.e. if the
stability condition (**%*) is fulfilled.

Now we are ready to discuss the given particular cases:
(1) For Z=ap,ie. Z’= aand Z” =0, Eq. (***) reads
3a >0,

i.e. circular orbits exist and are stable only on a conical surface with its apex down. In this case, Eq.

(****) is reduced to
&_( 3 JI/Z
o l+a*)

4

so the orbits are closed only at certain exact values of the slope — for example, when o = \2 (giving W, =
w,), a= 12 (giving @, = 2w,), etc.

(ii) For Z = kp/2, i.e. Z’ = kpand Z” = K, Eq. (***) yields
4xp, >0,
so orbits in a round-parabolic cup exist and are stable only if its bottom looks down — very naturally, and
similarly to example (i). In this case (x> 0), Eq. (****) yields

o, 2

1/2°
o, (1+x"p;)
so for any orbit very close to the origin, @, /@, — 2, i.e. it is virtually closed.

This fact should not be too surprising, because if the motion in such a quadratic potential does
not involve the z-component of the kinetic energy (as it happens asymptotically at Z* — 0), it is a linear
superposition of two independent harmonic oscillations along two other mutually normal Cartesian
coordinates x and y, with the same frequency (gx)"?. The particle’s trajectory corresponding to a
superposition of such oscillations with arbitrary amplitudes and phases is an ellipse centered at the
origin, so the particle’s distance p from it oscillates twice each rotation period.

(iii) For Z = +(R* — p")"?, with Z" = Fp/(R* — p")"* and Z” = FRY/(R* - p*)*”, Eq. (**) shows that
circular orbits may exist only on the lower hemisphere, described by the lower sign in the above
formulas. For such orbits, the stability condition (***) takes the form

3p PR’
T

so it is fulfilled for any py < R, while the frequency ratio (****) is

SRR

1/2
) 2
—p=£4—3%] E(l+3c052 6’0)1/2, where @=sin”

@,
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This result®2 shows that the ratio is commensurate not only at certain special exact values of o
(such as (7/12)"R, giving w,/w,= 3/2), but also asymptotically in the limits py - R (when o, /w,— 1)
and po/R — 0 (when @, /@w,— 2). According to Eq. (**), the former of these limits, where Z’(py) — o,
corresponds to very high values of the angular momentum and hence of the kinetic energy of the
particle, while the latter limit, on the contrary, corresponds to very low kinetic energies when the
particle moves at the very bottom of the surface, where it may be well approximated with a paraboloid:
2 _ ,0_2 x* 4+ Y ’

2R 2R

p=0 P 2

Zle"
2

similar to the previous case (i1) with k= 1/R.

Problem 3.21. The gravitational potential (i.e. the gravitational energy of a unit probe mass) of
our Milky Way galaxy, averaged over interstellar distances, is reasonably well approximated by the

following axially symmetric function:
2

¢(r,z) = len(r2 + azz)7

where r is the distance from the galaxy’s symmetry axis and z is the distance from its central plane,
while V and a > 0 are constants.®3 Prove that circular orbits of stars in this gravity field are stable, and
calculate the frequencies of their small oscillations near such orbits, in the 7- and z-directions.

Solution: In the “vertical” (z) direction, the given potential evidently has a minimum at z = 0, so
any circular orbit may only lie within this central plane. Thus, despite the generally 3D character of
motion in this field, for a particle (say, a star) moving in the plane, we may use the 2D effective
potential energy given by Eq. (3.44) of the lecture notes:

L L
Uef(r)=m¢(r,0)+2 - =mV?Inr+—==+const,

2 2
mr 2mr

where m is the particle’s mass. According to the discussion in Sec. 3.4 of the lecture notes (see, in
particular, Fig. 3.5), the orbit’s radius ry, for a given L, (which is a constant of motion, determined by
initial conditions), may be calculated from the requirement 0U,¢/Or = 0 at r = ry, giving
mV?: L’ .
-—==0, 1e. ry, = .
r,  mr, mV

4

The angular velocity of this motion is
vy, L my?

0)0 = — = > = .

r, mr, L

For small deviations 7 =7 —7, from this orbit in the radial direction, we may expand the
effective potential energy in the Taylor series, truncating it after the second nonvanishing term:

62 Actually, it was already derived in the solution of Problem 9, whose subject was the spherical pendulum, i.e.
the same system as our current case (iii), but which was solved using spherical rather than cylindrical coordinates.
63 Just for the reader’s reference, these constants are close to, respectively, 2.2x10° m/s and 6.
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K, ~ dZUe mV 3L§ mVZ 2
U, (r)=U,(r)+==7, where x, =—< o ==+ —==2m .
2 dr v,  mr, L.

Since x. > 0, the circular orbits are stable with respect to small radial deviations, which obey the
standard equation of a linear (“harmonic”) oscillator with frequency

P 1/2 V2
a)}ﬂ:( ”j =\/§mL—E\/5a)O.

To analyze small deviations z from the central plane (with |z | << r), we need to restore the z-
dependence of the potential energy, but since the deviations take place at » = r,% we may expand only

the actual potential energy:
82U(r0,z) mV:  (mV? ’
—— |, ==« 7 :

2
Oz 7, i

U(ro,z)zm¢(r0,z)zU(r0,O)+%zz, where x, =

Since «; > 0, the circular orbits are stable with respect to small z-deviations as well, and these deviations
also oscillate sinusoidally, with the frequency

1/2 5
_| K _oamV ),
o, = =a'"——=a'"w,,

m L

z

different from both @y and @, (For our Sun, with 7y ~ 2.5x10”° m, the corresponding periods are,
respectively, 87, 225, and 160 million years.)

Problem 3.22. For particle scattering by a repulsive Coulomb field, calculate the minimum
approach distance 7, and the velocity v, at that point, and analyze their dependence on the impact
parameter b (see Fig. 3.9 of the lecture notes) and on the initial velocity v, of the particle.

Solution: Due to the energy conservation during the motion, we may write E(r = ) = E(r = Fiin).
The first of these values equals mv../2, while, according to Fig. 3.5 of the lecture notes, the second one
equals Ue.f(rmin), Where Ue(r) is the effective potential energy defined by Eq. (3.44), so the energy

conservation condition takes the form

LZ
)+ —5
2mr

min

2
my
oo:U
5 (

rmin

With the account of Eq. (3.49) for the Coulomb potential (with the opposite sign for our case of
repulsion, i.e. U(r) = a/r), and the relation L, = mv..b (see Eq. (3.66) of the lecture notes), the condition
becomes

2 242
mv, o mv_.b
B 2
2 rmin 2rmin

Solving this quadratic equation for rmin, we get the following expression for its physically meaningful
root #min > 0:

64 Such independence of small z- and r-deviations results from the fact that for the given potential, at z = 0,
& Poroz=0.
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1/2

2
a a )
Voo = 2+[( zj +b] ,
mv, mv,,

which shows that (for the repulsive interaction only!), ryin 1S always larger than b, gradually approaching
it as the initial velocity v, of the particle is increased.

The easiest way to calculate vy, is to equate the expression L, = mVpyin/min (e€vident from looking
at Fig. 3.9) for the nearest approach point, to the expression L. = mv,b already used above. This equality
yields the following result,

b b

r — Vs 2 PR 2
min b +(a/mvm) +a/mv,

2

showing that v, 1s always lower than v.,, approaching this value only at » — oo, and vanishing (as it
should) in the opposite case of a purely head-on collision with & = 0.

Problem 3.23. A particle is launched from afar, with an impact parameter b, toward an attracting
center creating the potential

U(r)=—=, withn>2 and a >0,
r

(1) For the case when the initial kinetic energy E of the particle is barely sufficient for escaping
its capture by this attracting center, express the minimum approach distance via b and ».
(1) Calculate the capture’s total cross-section and explore its limit at n — 2.

Solutions:

(1) Though, formally, the full mechanical energy of the particle in this problem is conserved, its
infinitely close approach to point » = 0 would lead to an infinite growth of its velocity, and to an
inevitable energy loss by this or that inelastic mechanism, and hence to particle’s capture by the
attracting center. Hence, the given escape condition means that £ is

smaller than, but virtually equal to the maximum of the effective Ut (r )
energy of the radial motion,
el L2 LZ (Uef )max
a
U.(rn=0r+——=——-+—"=——,
er (1) ) 2mr® r' 2mr?
— see the sketch in the figure on the right. With the account of Eq. 0
(3.606) of the lecture notes, this formula turns into
a Eb’
Uef (V) = T + 2 (*)
r r
Now 7y may be found from the equation dU.¢/dr = 0. Differentiating Eq. (*), we find that
1 2
na \r2 2ED* 2 ,n—2
r, = , U =U_.(r)= Eb? . **
0 (2Eb2j ( ef)max ef( 0) [ no j n ( )

From here, the condition £ = (Ukf)max becomes
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no n—2

2
2 \n-2
(ZEb] "y (R4

Solving this equation for E, and plugging the result into the first of Egs. (**), we finally get

1/2
7, :b(n;ZJ s

so for any n > 2, ry is always less than b — a natural result for an attracting center.

(i1) The total cross-section of the capture may be found as

o = b>

min

where by 1s the smallest value of the impact parameter that allows the particle to escape (at the given
energy). For n > 2, by, may be readily found from Eq. (***):

2/n
JZ”W(%) , forn > 2.

In order to explore the limit » — 2, one may use the following mathematical fact:65
. (n-2) | _1: & _
lim _, [(n—Z) ]:hmg_)o[g }—1,
giving
a—)n%, forn — 2. (FH**)

The last result may be also obtained in a simpler way. At n = 2, the effective potential is

a Eb’
Uef(r) :_l”_2+ l"2

= Lz(Eb2 —a).
r

Evidently, the capture is avoided if the effective potential is positive, Eb> > ¢, i.e. if 7b* > na/E, thus
giving Eq. (***%*) again.

A sanity check: the larger the particle’s energy, the smaller o, i.e. the smaller the chance of its
capture at random b.

Problem 3.24. A small body with an initial velocity v., approaches an atmosphere-free planet of
mass M and radius R.

(1) Find the condition on the impact parameter b for the body to hit the planet’s surface.
(i1) If the body barely avoids the collision, what is its scattering angle?

Solutions:

65 If you have any doubt in this fact, consider the function In(&’ ) = ¢ Ing At &£ — 0, the logarithm is a much
slower function of its argument than the linear factor before it, so In(&”) — 0, and & = exp{In(&’)} — exp{0} = 1.
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(1) The requested condition is b < bpax, Where bayx 1S the impact parameter’s value corresponding
to the equality rmin = R, where 7, is the lowest point of the small body’s orbit. To find 7, we may use
the conservation of the body’s angular momentum L, and its mechanical energy £ — which may be
expressed by Egs. (3.43)-(3.44) of the lecture notes:

) 2
MUy Ug(r)=U()
2mr

E =

5 -

Applying the energy conservation law to the lowest point of the orbit, 7 = ryin = R (where 7 =0), and
the initial point » — oo (where E = mv,>/2), we get
2 2 2
my L my
U R)=—=, ie. UR)+——=—2=. *

In order to spell out the potential energy, we may use the fact (which was discussed in the model
solution of Problem 1.9) that a spherically-symmetric sphere produces, outside it, the gravity field
similar to that of a particle of the same mass, located in the sphere’s center, so U(R) = GMm/R. Using
also Eq. (3.66) in the form L, = bmv.,, we may rewrite Eq. (*), for b = byax, as

max

GMm b mv: mvl
- +

R 2R* 2
From this equation, we readily get
1/2
2GM
me:R(H Ifj . (%)

For very large initial velocities, va> >> GM/R, byax tends to the planet’s radius — as it obviously should.

(ii) Plugging Eq. (**) into Eq. (3.69b) of the lecture notes with &= GMm and E = mv.,’/2, we get

6] oM GM /v?R
tan— =

2 Vb [1+@GM /12 R)]

/2"

This result shows that while for a very high initial velocity, the scattering angle is very small, as
the velocity is decreased well below GM/R (that is just the 1* space velocity for this planet — see the
solution of Problem 1.6), the right-hand side of this relation, and hence tan(|£|/2), tends to infinity, so
the argument |@|/2 tends to 772, and hence the scattering angle |#| tends to 7 — the perfect
backscattering.

The fact that the scattering angle may be arbitrary (within the [0, 7] interval) even for a planet of
a substantial radius, is widely used for spacecraft trajectory manipulation and enables very complex
interplanetary missions (such as the famous Voyager program), with almost no additional rocket fuel
burns.

Problem 3.25. Calculate the differential and total cross-sections of the classical elastic scattering
of small particles by a hard sphere of radius R.

66 See, e.g., http://voyager.jpl.nasa.gov.
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Solution: From the simple geometry of such scattering,
shown in the figure on the right (whose plane is selected to
contain both the initial trajectory of the particle and the center of
the sphere), we immediately see that the impact parameter » and
the incidence angle ¢y are related as

b:Rsin¢O:Rsinﬂ ERCOS%,

so Eq. (3.72) of the lecture notes for the differential cross-section
yields
do b
dQ  siné

, for

ﬁ| _ R cos(0/2)|dcos(¢9/2)| _R
do do

- Sz, le.forany0<é@<r.
sind 2

Integrating this simple result over the full body angle 4z, we get the total cross-section of scattering:

2 2
o= Id—GdQ=R—IdQ=R—4ﬁEﬁR2.
1.dQ 4 7 4

So, in classical mechanics, the total cross-section of a hard sphere is just the area of its geometric
cross-section — the fact that could be readily predicted in advance, even without calculating do/dQ.

Problem 3.26. The most famous confirmation®’ of Einstein’s general relativity theory has come
from the observation, by A. Eddington and his associates, of star light’s deflection by the Sun, during
the May 1919 solar eclipse. Considering light photons as classical particles propagating with the speed
of light, vo — ¢ =~ 3.00x10*m/s, and using the astronomic data for the Sun’s mass (Ms ~ 1.99x10*’kg)
and its radius (Rs ~ 6.96x10°m), calculate the non-relativistic mechanics’ prediction for the angular
deflection of the light rays grazing the Sun’s surface.

Solution: Given the effect’s smallness (confirmed a posteriori by the result — see below), we may
use Eq. (3.69b) of the lecture notes in the limit || << 1, getting

| | = M
Eb’
and also take b = Rs — see the figure below. (Note that this result may be recast just as |@| = U(Rs)/E.)

67 It was not the first confirmation, though. The first one came four years earlier from A. Einstein himself, who
showed that his theory might explain the difference between the rate of Mercury orbit’s precession, known from
earlier observations, and the non-relativistic theory of this effect.

Problems with Solutions Page 65



Essential Graduate Physics CM: Classical Mechanics

With the values a = —GMgm (resulting from the comparison of cf. Eq. (1.15) and (3.49) of the
lecture notes) and E = mv*/2 (where m is the assumed photon’s mass), we get an expression
independent on m:
2GM

=
Rgvy

6]= *)
Note that this expression might be also readily obtained without the theory of scattering

discussed in Sec. 3.5 of the lecture notes, but just from elementary arguments. Indeed, as the figure

above shows, we may calculate |# | << 1 as the ratio |v,|/vo, where v, is the transverse velocity

component acquired by the photon due to the normal component F'; of the Sun’s attraction force, as
described by Eq. (1.15):68

|PL| 17 1 'FGM gmr, ¢ dt 2GM ¢ dé 2GM
|VL| m m_J;J L| t m_'[o r t SRS_‘[;(RSZ +v§l‘2)3/2 Rqv, !)‘(1+§2)3/2 Rqv, ’

thus returning us to Eq. (*).

With the astronomic values given in the assignment, and the gravitational constant G =
6.67x10"" ST units, Eq. (*) yields
16|~ 4.25x107°,

so the deflection angle is indeed very small (less than one arcsecond!), thus justifying the assumptions
made at its derivation. However, the same smallness makes the experimental observation of this effect,
and the distinction between the calculated classical value of @ and the (twice larger) value predicted by the
general relativity, rather difficult. Indeed, the 1919 Eddington’s observation results had been only twice as
far from the classical value as from the relativistic value, and the issue was not finally settled until the
1960s.

Problem 3.27. Generalize the expression for the small angle of scattering, obtained in the
solution of the previous problem, to a spherically symmetric but otherwise arbitrary potential U(r). Use
the result to calculate the differential cross-section of small-angle scattering by the potential U = C//”,
with an integer n > 0.

K I'n/2+1/2
Hint: You may like to use the following table integral: ILW =7 M
t égn-*—l(é;Z _1) nr(n/Z)
Solution: Acting just as at the second approach to the solution of the previous problem, but with
the force F = -V U(r) = —n,dU/dr, we may write:

SO PO (LN S LY .
m> m=>\ dr)r dx mv, * dr r

where x is the direction along the initial straight trajectory of the particle. The approximate signs
indicate the steps at that, just in the solution of the previous problem, we are neglecting its deviation
from this trajectory during the scattering event (see the figure below) and the change of its speed. In the
same approximation, we may take

68 For the involved table integral, see, e.g., MA Eq. (6.2b) or (6.5b).
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dx_ﬂ_ dr

r’=x>+b", so rdr =xdx, ie —=—="—"—17+, F
rooXx (rz_bz) m

and since the function under the last integral in Eq. (*) is an even function of 7, ,:'i Yo
for the small scattering angle & we get the following result,%® valid in the first r E b
approximation in & I
gL b 2TdU dr z_ﬁTdU dr —
Vo mvé ) dr (rz—bz)l/z - Eb dr (rz_bz)l/z' 0 X
In particular, for the potential U = C/r", we may use the integral provided in the Hint to get
0 o0
ezﬁj cn1 dr . Cn f dé g [(n/2+1/2) C | (%)
Eyr™ (2 _bz) Eb" 1 g7 (g2 —1) [(n/2) Eb"

As a sanity check, since I'(1) =1 and I'(}%) = 72,70 for the gravitational field, i.e. for C =—-GMm and n =
1, this formula is reduced to that of the previous problem, with Ms = M and Rs = b:
QZ_GMm E_U(b)
Eb E
To calculate the differential cross-section of such small-angle scattering, we may use a
simplified version of Eq. (3.72), valid for | 6 | << 1:

db

do _,| db
dQ 0do|

Combined with Eq. (**) solved for b, it yields the result

do 1| 7"T(n/2+1/2) |
_G:_ T niZ+ L ~2-2/n ()
aQ n r(n/2) E
By using Eq. (**) again, it may be represented in a very simple form:
do _ ¥’
aQ  n6*

However, in typical particle-scattering experiments, the impact parameter b cannot be explicitly
measured, and the initial form (***) of the result is more relevant.

For the Coulomb field (3.49) with n = 1 and C = —¢, it yields the small-angle limit of the
Rutherford formula (3.73):
do_(a) e
aQ \E '

On the other hand, for the fields with n >> 1, the differential cross-section approaches the n-independent
functional form do/dQ oc 7.

69 This result may be also obtained from Eq. (3.68) in the first approximation in U(r) — the additional exercise
highly recommended to the reader.
70 See, e.g., MA Egs. (6.7¢) and (6.7¢).
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Chapter 4. Rigid Body Motion

Problem 4.1. Calculate the principal moments of inertia for the following uniform rigid bodies:

(i) (iii) (iv)

e

(1) a thin, planar, round hoop, (i1) a flat round disk, (iii) a thin spherical shell, and (iv) a solid sphere.

Compare the results, assuming that all the bodies have the same radius R and mass M, and give
an interpretation of their difference.

Solutions:

(1) Due to the axial symmetry of the hoop, one of its principal axes of inertia has to coincide with
the (say, z-) axis normal to the body’s plane. The calculation of the corresponding moment of inertia is
very easy, because all points of the hoop are at the same distance p = R from the axis, so

I,=Y mp*=R*> m=MR".
(Here and below, as in Chapter 4 of the lecture notes, the implied-index summation is over all

elementary masses of the body, so Xm = M.)

For the rotation about any of two other principal axes, which lie in the
loop’s plane and pass through its center 0, we need an (easy) integration. For

example (see the figure on the right), V0--- R dm
2z 2 '
. dm dm¢ . dm (7AW
I =3 my?*=|y*dm=|(Rsing) =—dp=R>=— |sin’ pd =R*—r,
=2my =]y l( ?) 5 dq)! pdp =R 5 ;

where, for a uniform hoop, the mass per unit angle (dm/d¢) is a constant that
may be readily related to its total mass M :

M = Zm jdm j =—277

do

so dm/dep = M/2 7 and the above result for /, (and hence for /, as well) may be expressed as

I, =1, - L,
2

A way to make this and most following calculations more compact is to calculate the ratio //M
from the very beginning, noticing that the functions under the corresponding integrals differ only by o7,
where p is the distance of the elementary mass dm from the rotation axis. For example, for the hoop:
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2 2
] p dm y dm 2z 2z
—"=I =I =R2J.sin2g0d(/) J.d(/)=lR2.
M I dm I dm 0 0 2
(i1) With the solutions of Task (i) on hand, the simplest way to make calculations for a flat disk is
to reuse them by representing the disk as a set of many thin hoops of radius 7, thickness dr << r, area d4
= 27rdr, mass dm = (dm/dA)dA = (dm/dA)2mrdr, and the principal moments of inertia dI. = r*dm =
1(dmldA)2mrdr and dI, = dI, = (1/2)r*dm = (1/2)r*(dm/dA)2zrdr. For a uniform disk, with dm/dA =
const, the corresponding integrations yield”!
R
rdr
1 . ! . 11, I
A/zlz.[dmzR—:ER’ M M [ 2%
j rdr I rdr
0 0

1 Ja,

(i1i1)) Due to the spherical symmetry of the spherical shell, all its three z
principal moments of inertia are equal: [, = [, = I, = I, and it is sufficient to dm
calculate one of them, for example, Z.. For that, we may represent the shell as a
set of elementary thin hoops (in the plane normal to the z-axis), each with the 17
radius p = Rsin@ (see the figure on the right), the shell’s surface area

koo

dA = 2mpRd 0= 2 7Rsin@ Rd O, the mass dm = (dm/dA)dA = (dm/dA)2 zRsin O Rd 6, 0
and the moment of inertia dI. = pzdm = (Rsin@)*27Rsin@ RdO. As a result, for a
uniform shell, with dm/dA = const, we may write72

V4

in® 0d0
Lzlzzfdlzszgjm e d3 2,
MM [dm [sinoao 23

0

(iv) For a solid uniform sphere, I, = I, = I. = I, and we can reuse the first of the results of Task
(i1), representing the sphere as a set of elementary flat, uniform disks of the radius p = Rsiné (see the
figure above again), the mass dm = (dm/dV)ﬂ'pde = (dm/dV)n(Rsinf)’d(Rcos0), and the moment of
inertia dI. = (1/2)p°dm = (1/2)(Rsin® )*(dm/dV)a(Rsin® Y’ d(Rcos6). As a result, for a uniform sphere
with density dm/dV = const, we get’3

71 Note that the results for 7, and 7, in Tasks (i) and (ii) might be also obtained by combining the axial symmetry
condition /, = [, with the equality /. + I, = I. satisfied by any planar distribution of masses. (Indeed, for all of them
z=0, so Eq. (4.24) of the lecture notes yields 7, = Zmy”, I,= Ymx*, and L = Em(x* +%) = I, + 1)

72 These two (and the following two) integrals over @ may be readily worked out by the following variable
substitution &= cos6, so sin@d@=—d¢&, cos* 6 = 1—sin’0=1— &, and sin’ dd0=—(1 — &)dé&..

73 Note that the same final answer may be obtained, perhaps even easier, by reusing the result of Task (iii):
representing the solid sphere as a set of spherical shells with the radius 7, the mass dm = (dm/dV)d4A =
47(dm/dV)’dr, and the principal moments of inertia dI, = dI, = dI. = (2/3)?dm = (2/3)4n(dm/dV)r’dr =
(87/3)(dm/dV)r*dr, and then integrating the two last results over r, from 0 to R.
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.5
I '[dlz J(l/2)(Rsin6’)4d(Rcos0) sin”0d0

1
M M jdm - j(Rsin@)zd(Rcosﬁ)

_R*16/15 _ 2 o

T2 4/3 5

sin® 0d0

Sty o=y

These results show that the increasing dimensionality of a uniform body, from the round hoop to
the round disk and from the spherical shell to the solid sphere, makes the moment of inertia (for the
same M and R) smaller because the elementary masses dm are, on average, closer to the rotation axis.

Problem 4.2. Calculate the principal moments of inertia for the rigid bodies shown in the figure

below: , . ..
(1) (ii) (iii)

a a a

(i) an equilateral triangle made of thin rods with a constant linear mass density z,
(1) a thin plate in the shape of an equilateral triangle, with a constant areal mass density o, and
(ii1) a tetrahedron with a constant bulk mass density p.

Assuming that the total mass of all three bodies is the same, compare the results and give an
interpretation of their difference.

Solutions:

(1) Due to the symmetry discussed in Sec. 4.2 of the lecture notes, the moments of inertia for the
rotation about any in-plane axis passing through the center mass are equal, and we can calculate just one
of them, e.g., for the rotation about the r;-axis —see the figure below:

+al2 a
I, =1,=u J.rlzafr1 +2,uJ.r12dZ,
-al2 0

where /s the coordinate along the triangle’s side.

From trigonometry:

R="L, n="12

V3 243

=M =R—(R+h)- =L _ 3
/_rz ry ( )a/2 \/5 n
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The first integral is elementary, while in the second one, ; = /sin(77/6) = [/2. As a result, we get

al2 a 3 2
1, =1,=2u J.rlzdrl+2ﬂ.[(l/2)2dl:ﬂ:Ma ,
0 0

4 12

where M = 3 ua is the total mass of the triangle.

The third principal moment of inertia (for the rotation about the axis normal to the triangle’s
plane) is different from 7, », and may be calculated, for example, as the tripled contribution from the rod
shown horizontal in the figure above:

+a/?2 3 2
M
I, =3u J.(r12+h2)dr1:’u;l =22

-al2

(i1) Due to the similar symmetry, for the uniform plate we may write

al2 1"

2

I, =1, :afnzdzr:2aj dr, Jdrzn .
0o L
2

Using the lower and higher limits of integration over , for 7; > 0, marked in the figure above, we get

al? a/\/g—\/grl 2
]1=]2=ZGI dr, J.drzrlzzﬁou“:Ma
0 —a/23 96 24

3

where M is the full mass of the triangle,

NE

M =04= Jl(R-i-h)a =——ou’.
2 4

Similarly,
a2 15" a2 1"
I, = O'J.(r]2 +r22)d2r =20 I dr, jdrznz +20 I dr, jdrzrzz .
o0 o0

The first integral is just the /; calculated above, while the second integral is /> = /;. Hence,

2
I, =21, 3 e Ma®
48 12

Note that for each of the three bodies based on the equilateral triangle (the one solved in Sec. 4.2

of the lecture notes, and Tasks (i) and (ii) of this problem), the ratio I5/I; = I3/, is the same. In hindsight,

this is natural, because each of the bodies considered in parts (i) and (ii) may be represented as a system

of many troikas of particles equally separated from the center of mass — like in Fig. 4.3 of the lecture

notes. Note also that the results of Tasks (i) and (i1) satisfy the more general relation /; + I, = /3 that is

common for all thin planar bodies whose plane is normal to the r3-axis — see a footnote in the previous
problem.

(i11) A little bit counter-intuitively, this task is the easiest one because due to its symmetry, all
principal moments of inertia are equal (the tetrahedron is the “spherical top”) and we may calculate just
one of them, e.g., that for rotation about the vertical axis:
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I, =1 =1 Elzpj(r2+r2)d3r5p[fdr 13(7”3)
1 2 3 / ) 0 3—0_ ,

where I3(r3) is the moment of inertia of the equilateral triangle that is the horizontal cross-section of the
tetrahedron at height 73 < H over the base plane (see the figure below), with the side a’=a —r/H=a —
(3/2)"rs.
r3
From trigonometry:

H

A\ R=al\3,

_ 1/2

» H=a(2/3)"?,

J& Apase = (V3/4) a*
0

r

r

Using the result of Task (ii), we get

LB BY 2 Ma?
I:p'[dr34—8[a— 3J S =
0

2

~240™ T o0

2

where M is the total mass of the tetrahedron as a triangular pyramid:

V2

0
M==4 =—pa’.
12pa

base
3

H

Comparing the results of Tasks (i)-(iii), we see that with the growth of the body’s
dimensionality, its rotational inertia drops (at a fixed total mass M), because its points, on average, are
closer to the rotation axes.

Problem 4.3. Calculate the principal moments of
inertia of a thin uniform plate cut in the form of a right
triangle with two 774 angles.

Solution: For any flat thin body, one of its principal
axes (say, m3) is normal to its plane, passing through its
center of mass C. Due to the evident symmetry of the plate,
two other axes are directed as shown in the figure on the
right, also passing through point C, so let us start by finding
the c.0.m.’s position — namely, its distance /# from the long
side of the triangle. For the given geometry, the y-
component of Eq. (4.13) of the lecture notes reads

_dam’t
M dd 3

2 |

al/y2 a
(‘xmax - xmin )ydy = [

-
=y
=
S
o Il
&

a’/?2
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Now we may readily calculate /5 by using the axis shift theorem (4.29) relating it to /3’, the
moment of inertia for rotation about the parallel axis passing through the origin 0, which evidently has
the same /3/M ratio as the square of side a:

2 2 2
I, =1/ - M’ :Ma——M(Lj _Ma
6

32 9

The moment /; is even easier to calculate, because for a uniform square plate with side a, with its I, = I,
= Ma*/12, any axis passing through the c.o.m., including the m,-axis in the figure above, may be
considered principal. Discarding the half of the square below the x-axis evidently does not change the
I/M ratio, so

B Ma*
12
Finally, the moment /; may be readily calculated by a direct (Ilengthy but elementary) integration:
dM +a\/7 2 H-x M al\2 a/\/g—x a 2 Ma>
I, = Idx J-dy V- h) 5 J.dy(y—?j 36 "
—a/ \/5

As a sanity check: since
Ma? N Ma® _ Ma®
366 129

our results satisfy the relation I, + /, = I valid for any thin body confined to the [x, y] plane — see the
solutions of the two previous problems.

b

Problem 4.4. Prove that Egs. (4.34)-(4.36) of the lecture notes are valid for the rotation of a rigid
body about the fixed z-axis, even if it does not pass through its center of mass.

Solution: For rotation about a fixed z-axis, we may take
®=n0_,

Selecting the coordinate origin somewhere on the rotation axis, let us represent the radius vector of an
arbitrary point of the rotating body as

r=n.x+n,y+nz=n,p+zn_,

where p is the length of vector p = nwx + n,p, i.e. the distance of the point r from the rotation axis, and
n, is the unit vector in the direction of the vector p, by construction normal to n,, so n,n. = 0. Then Eq.
(4.9) of the lecture notes becomes

V=00, ><(np,o+znz):a)z,onZ xn,.

Plugging these expressions into the general formula for the total angular moment of the body, we get

LEermv:Zma)zp(npp+znz)x(nz xnp)s a)ZZmp[pnp x(nz xnp)+znz x(nz xnp)].
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Now applying the “bac minus cab” rule’* to each of the double vector products in the last expression, for
the z-component of the momentum we get

L = a)ZZmp(pnz —znp)z =w, Y mp’ = Cz)zZ:171()c2 +y2),
i.e. exactly the combination of Egs. (4.34) and (4.35).7>

Similarly, the general expression for the kinetic energy of the body’s rotation becomes

TEZ%VZ =Z%(a)zpnz ><np)2 =’ Z%pz(nz ><np)2 :

Since, by definition, the unit vectors n. and n, are normal to each other, their vector product is also a
unit vector, so the last parentheses squared are equal to 1, and we get the following result:

TEC()ZZ z%pZ :a)ZZ z%(xz +y2)’

which is clearly equivalent to the combination of Egs. (4.35) and (4.36) of the lecture notes.

s/
Problem 4.5. Calculate the kinetic energy of a right circular cone with ,
height H, base radius R, and a constant mass density p, that rolls over a i
horizontal surface without slippage, making f turns per second about the :
vertical axis — see the figure on the right.

Solution: The key to the solution of this problem is the realization that
the instantaneous axis of the cone’s rotation is the line of its contact with the supporting surface.
(Indeed, all points of this straight line have zero instantaneous velocity, and according to Eq. (4.9) of the
lecture notes, this is only possible on the line with @xr =
0, i.e. on the line of the vector w itself.) This means that
on the cone’s vertical cross-section containing this line
(shown in the figure on the right), the vector ® is
horizontal. (Its direction to the left corresponds to the
rotation direction shown in the figure of the assignment.)
This means that ® may be represented as the sum of two
mutually perpendicular components directed along the
principal moments of inertia of the cone, with the lengths

o, =wsina and @, =wcosa,

where « is half of the cone’s aperture: tana = R/H. Hence the kinetic energy of the cone may be
calculated from Eq. (4.14) of the lecture notes as

74 See, e.g., MA Eq. (7.5).

75 Note that for an arbitrary body and an arbitrary selection of the origin on the rotation axis, the sum Xmp z does
not necessarily vanish, so the angular momentum vector generally has other components than L, — see also
Problem 13 and its solution.
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r=My: +I—'(a)sin05)2 +I—3(a)cosa)2, (*)
2 2 2
where V is the linear velocity of the cone’s center of mass C, and /; and /5 are its principal moments of
inertia about that point. Both /" and @ may be expressed via the constants provided in the assignment by
writing the condition that the c.o.m.’s horizontal and vertical coordinates C,, and C, (see the figure
above) have zero instantaneous velocities:”®

V=0p=QCcosa, V=wh=wCsina,

where Q = 2 zf, while C = OC is the distance of the cone’s center of mass from its vertex. Note that the
angular velocity @ may be obtained from these two relations even without calculating C:

a):QcotaEQE.
R

z
What remains is to express the constants M, C, I, and /5 via the given H R

dimensions R and H of the cone and its mass density p. For that, let us redraw Ce
the axial cross-section of the cone as shown in the figure on the right. The mass zzzzfz=z=@ [z
of a thin horizontal layer of the cone, with thickness dz and radius p = z tane, is E
evidently o/

dm = npp’dz = mp(ztana ) dz, ' p

0 Ztana

while its moments of inertia for the rotation about its center (not about the
c.o.m. of the full cone!) have been calculated in the solution of Problem 1 (ii). In our current notation,

dl, = i(z tana )’ dm = %p(z tanr)’ dz, dl, = %(z tana )’ dm = %p(z tanar) dz .

Integrating the relation for dm over the cone’s height, we get the well-known result for its mass:
z=H H P P
M = Idm = zmptan’ aJ-zzdz = g,otan2 aH’ = ngzH :
z=0 0
A similar integration with the additional weight z yields the c.0.m.’s position — see Eq. (3.32) of the

lecture notes:

mptan’ o IJ{z3dz _mptan’a H* 3

7 = ==

1 z=H
C=— szm:
M -, M 4 4

0

To calculate the total /3 (for the rotation about the cone’s symmetry axis), we may just integrate
dI; over the z-axis:

z=H H
V4 V2 V4 3
I,= |dl,==ptan*a|z'dz=—ptan* a H> =—pR*H =—MR".
ZJ;O 2 ;[ 10 10 10

76 Let me hope that the font difference between the letters p (denoting the distance from the vertical axis) and p
(the mass density) is sufficient to avoid confusion.
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However, when integrating dI;, we have to remember that in Eq. (*), we need the moment of inertia for
the rotation about the c.0.m. point C. According to Eq. (4.29), this means that each dI; quoted above
needs to be complemented with the axis-transfer term (z — C)’dm = 7o (z tana)’(z — 3H/4) dz:

H 2
1 4 2 3 s( 1 4 1 2
I, =mp —(ztana) +(ztana) (z——H] }dz:ﬂpH (—tan a+—tan" o
-([{4 4 20 80

=7 oreH Rl =2 R L),
20 4 20 4

Plugging all these results into Eq. (*), we finally get

3

2 2
T:%MH2(1+5cosz a)r =T O R

— R*H’Q.
20° H R

4.6. External forces exerted on some rigid
body rotating with an angular velocity ®, have zero
vector sum but a non-vanishing net torque t about
its center of mass.

Satellite

Left wheel planetary 8 . zRightwheelplanetary

(i) Calculate the work of the forces on the
body per unit time, i.e. their instantaneous power.

(i1) Prove that the same result is valid for a
body rotating about a fixed axis and the torque’s
component along this axis.

(iii) Use the last result to prove that at Left axle shaft
negligible friction, the gear assembly shown in the Satellite
figure on the right distributes the external torque,
applied to its satellite-carrier axis to rotate it about  Figure from G. Antoni, Sci. World J., 2014, 523281
the common axis of two axle shafts, equally to both ~ (2014), adapted with permission. Both satellite gears

shafts, even if they rotate with different angular =~ Mmay rotate freely about their common carrier axis.
velocities.

Right axle shaft

<« Satellite-carrier axis

Solutions:

(1) Let us consider one component F of the external forces, applied to the body at a point with a
radius vector r, as measured from the center of mass O. Since the net force equals zero, any reference
frame centered at point O (but not rotating with the body) is inertial, so in that frame, we may use Eq.
(1.21) of the lecture notes for the elementary work of the force on the body: d/ = Fxdr; hence, its
instantaneous power is

p_ A2 _¥dr o

T At dt
Since, according to Eq. (4.9), in this reference frame, v = @xr, we get’’

#=F-(oxr)=o-(rxF).

7T Here the second step uses the operand rotation rule MA Eq. (7.6).
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But according to Eq. (1.34), the vector product in the last parentheses is just the torque T = rxF of the
force F, we get a very simple final result:

L=0-T. *)

Since the angular velocity  of a rigid body is the same for all its points, the summation of this result
over all force components shows that the net power of the forces and their net torque are also related by

Eq. (*).

(11) For a rigid body rotating about a fixed (say, z-) axis, we may get the same result even simpler
in another way. If the body is not under the effect of any other forces (besides those contributing to the
net torque 1), the power & we need may be calculated from the work-energy principle (1.21), as dT;o/dt,
where T 1s the rotational energy (4.36):

. dT 1.0}
’(y — rot — i 2z a)z — IZZ a)z a')z i
dt dt 2

But according to Eq. (4.38), in this case, the product /__ is equal to the applied torque’s component

7,. So we arrive at a result similar to Eq. (*), but this time, for just the Cartesian components of these
vectors:’8
P=wr,. (**)

(ii1) With this general result on hand, the analysis of the differential gear assembly” is simpler
than one might expect from the first glance at its picture. Indeed, let us fix the satellite-carrier axis’
direction first. Then, regardless of the relation of the diameters of the planetary and satellite gears (but
only if they are the same for each pair), the device obviously guarantees that the axels may only rotate
with the same angular speed, but in opposite directions:

W, =-0y =-0,

where all angular velocities are along the common symmetry axis of both axle shafts. Now if, in
addition to the mutual rotation of the axels, the satellite-carrier axis is rotated about the same axis,
rotating the whole device with it, it just adds this angular velocity (say, ) to those discussed above, so

W, =-0+Q, W, =0+

(In most practical applications, | @| << |Q |, so @, or = Q.) Eliminating @ from this simple system of
two equations, we get the basic kinematic relation describing the differential assembly:
o, +o, =2Q. (**F)

Now let QQ be due to the torque 7 of external forces — in typical applications, provided by the
engine of the machine — say, of a car whose driving wheels are attached to the left and right axels. Then,

78 Note also that in this case, the requirement for the net exerted force to vanish may be dropped because this
force, as well as two other Cartesian components of its torque, are canceled by the reaction of the support system
keeping the body’s rotation axis fixed.

79 This keystone device (also called either differential gearbox, or automotive differential gear, or just
differential), without that not only cars/trucks but also many other mechanical systems would be impracticable,
was apparently known already in Ancient Greece, then re-invented in China in the 3 century AD, and then again
in Europe — by J. Williamson in 1720 and by O. Pecqueur in 1827.
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according to Eq. (**), the power input from the engine is & = Qt, while the power outputs from the
gearbox are, respectively, /. = @7 and #r = ar 7. But if the power losses (i.e. the energy dissipation)
inside the box are negligible, the energy conservation requires & + Sr = &, i.e.

W, T, + Ty =Q7.
But for arbitrary ax, and ag, this relation is compatible with Eq. (***) only if 71 = m» = 7/2.

The last equality ensures the usual function of the differential gearbox: to distribute the engine-
produced torque equally between two axles even if they rotate at different speeds — say, when a car
makes a turn, or if one of its wheels is stuck in mud.

Problem 4.7. The end of a uniform thin rod of length 2/ and mass m, 21
initially at rest, is hit by a bullet of mass m’ flying with a velocity vo _j . ,
perpendicular to the rod (see the figure on the right), which gets stuck in it. m C v X
Use two different approaches to calculate the velocity of the opposite end of OI m'

the rod right after the collision.
Solution:

Approach 1. In the standard approach to collision problems, we make all calculations from the
point of view of the center of mass of the whole system (rod plus bullet). Immediately before and
immediately after the collision, the center is located on the axis of the rod, closer to its bullet-hit end,
and its distance xcom from the rod's center C may be found from Eq. (3.32) of the lecture notes, in this
case taking the following form:

m'l

xcom M

b

where M = m + m' is the total mass of the system. One more length we will need is the distance of the
bullet from the center of mass:
I-x,. =1(1—ﬂj 1.
M

M

Now we may write the laws of conservation of the total linear and angular momenta of the
system at the collision®? as

=1_w,

m ,VO = Mvcom > m 'VO (l B 'xcom ) com

where Iom 1s the system's moment of inertia for rotation about the axis passing through the center of
mass of the system, and @ is the angular velocity of the rotation resulting from the hit. To calculate /¢,
we have to account for the rotational inertia of both the bullet and the rod. The latter may be calculated
either by direct integration or using the axis shift theorem (4.29), giving

Y + 1. +mx; (*)

com ?

I ,=m'(l-x

com

where /¢ is the moment of inertia of the rod alone about its geometric center C. For a uniform rod, an
elementary integration yields

80 The mechanical energy is not conserved at this “inelastic” collision.

Problems with Solutions Page 78



Essential Graduate Physics CM: Classical Mechanics

tdm tm o, ml*
1 =2I—x dx=2|—x"dx =
TNl ) 21 3

Plugging this formula and the above expressions for xqom and (/ — xqom) into Eq. (*), we get

2 2 2
[ ml ml m'l 1 m'
I, =m'|—| + +m|— | =ml’| —+—|,
M 3 M 3 M

so the angular momentum conservation law yields

a):m'vo(l—xcom):v_o 1 Vo 1
I I1+M/3m" [ 1+(1+m/m")/3

com

**)

Now it is straightforward to calculate the velocity of the opposite end of the rod as
V= vcom - O)(l + xcom )
Plugging in the values of x.om and @ found above, we get

V_—EV !
3 "1+ (l+m/m!)/3

This result shows that the opposite end of the rod starts moving, after the hit, in the direction
opposite to that of the bullet, at any mass ratio m/m’, with the magnitude raging from vo/2 if m <<m'(a
relatively heavy bullet) to (2m /m)vy — 0 in the opposite limit.

This is all very straightforward, but the reader should agree that the calculation has been
unpleasantly bulky for such a simple problem.

Approach 2. Surprisingly enough, the calculation becomes much easier if we continue to
consider the bullet and rod as two different bodies even after the collision, related only by the following
kinematic condition for the bullet's velocity after the collision: v' = v¢ + [w, where vc 1s the velocity of
the rod's (not of the full system's!) center C. In this approach, the laws of momenta conservation at
collision take the form

m'v, =mv. +mv’, myl=1.0+m"'l.
Solving this system of two equations, and using the already calculated value of /¢, we get the same Eq.
(**) for @, plus the following result for vc:
Vo 1
Ve =— :
31+(1+m/m')/3

(***)
(This velocity ranges from vy/4 for a relatively heavy bullet, m << m’, to (m’/m)vy — 0 in the opposite
limit.) Now the velocity of the opposite end of the stick may be calculated as

v=v.—-al,

immediately giving, with Eqs. (**) and (***), the same result as in Approach 1. This is a good
illustration of how useful it may be to be flexible at solving a physical (or any other :-) problem, though
if there is any doubt in the validity of a special approach, it is prudent to follow the well-beaten path.
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Problem 4.8. A ball of radius R, initially at rest on a horizontal
surface, is hit with a billiard cue in the horizontal direction, at height 4
above the surface — see the figure on the right. Using the Coulomb
approximation for the kinetic friction force between the ball and the surface
(|F¢] = wN), calculate the final linear velocity of the rolling ball as a
function of 4. Would it matter if the hit point is shifted horizontally
(normally to the plane of the drawing)?

A
|
|
|
|
|
|
|
|
|
|

Hint: As in most solid body collision problems, during the short
time of the cue hit, all other forces exerted on the ball may be considered negligibly small.

Solution: Per the Hint, integration of the 2™ Newton’s law for the ball’s center of mass (see Eq.
(4.44) of the lecture notes) over the time interval A of the hit shows that it acquires the following
horizontal linear momentum:

P=[F()at,

where F(t) is the force exerted on the ball during the hit. According to Eq. (4.33), the resulting angular
momentum of rotation about the center of mass 0 is directed normally to the plane of the drawing and its
magnitude is

L=Ajr(z)dz=AjF(z)(h—R)dz:(h—R)P.

As a result, immediately after the hit, the ball has the following c.0.m.’s and
angular velocities (the directions accepted positive are indicated by arrows in
the figure on the right):

P L P
—, ol0)=—=(h—-R)—,
L
where M is the ball’s mass, and [ is its moment of inertia. (Note that the
rotation’s actual direction depends on whether the hit point is above or below
its center of mass.) Hence the initial velocity of the ball’s point A contacting the horizontal surface is

1 (0)=V0)-0l0)R = | 1 (- R4

If va(0) > 0, which happens if8!
{1 —(h- R)@} >0, ieif h<h = R(l +;2j
! MR

then the lower side of the ball slips along the c.0.m. velocity, and the kinetic friction force Fr = pMg
exerted on the contact point by the surface is directed against it. This force decelerates the ball’s linear
motion, while its torque 7z= FR accelerates the ball’s rotation:

7(0)=

—V(O0)— ot =L _ HMER | _ gy p\E o HMER
V(t)—V(O) gt v; ugt, a)(t) a)(O)+ 7 t (h R)]+ 7 t.

This process continues until the velocity va(¢) = V(¢) — aXt)R vanishes, i.e. until the moment 7y when

81 For a uniform ball, 7 = (2/5)MR’ (see, e.g., the solution of Problem 4.1), so the critical height /. = (7/5)R.
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[ﬁ_mgfoH(h_R)%%to}o.

t =i(l—£} for h<h,.
LMg h

At t = t,, the ball’s slippage stops, and it continues to roll with the c.0.m.’s velocity

This equation readily yields

C

Fy=1) =t *)

C

which is lower than 7(0). In the game of billiards, such a cue hit (with 4 < A,) is called the low shot.

In the opposite case of a high shot (h > h.), the lower side of the ball slips to the side opposite to
the c.o.m.’s velocity, and the kinetic friction force is exerted in the direction of V(¢). Hence the force
accelerates the linear motion of the ball while decelerating its rotation. Since in the Coulomb
approximation, the magnitude xMg of this force does not depend on the slippage velocity, we may use
the above formulas for ¥(¢), a(t), and va(?) with the opposite sign before the coefficient . For the
rotation stoppage time ¢, this sign reversal yields

t :L[i—l} for h>h_,
HMg \ h,

and for the eventual pure roll velocity, the same Eq. (*), now giving Vo> V(0). In the borderline case 4 =
he, we get tp = 0, i.e. the ball starts the pure roll immediately after the hit.

In the game of billiards, very low cue hits (with 4 < R) are also called draw shots, because they
may be used for the following trick. If a ball hits another similar ball, initially at rest, centrally and
elastically, it transfers to it (completely) its linear momentum, but does not affect the angular one. As
our analysis has shown, just after a draw shot, the initial (“cue”) ball rotates in the direction opposite to
its eventual no-slippage roll — in the figures above, counterclockwise. Hence if it hits another ball before
this initial rotation has changed its direction, the cue ball starts rolling backward after it.

Finally, a horizontal shift of the hit point does not change the initial value of the linear
momentum P but gives the initial vector L a vertical component, i.e. causes an additional rotation of the
ball about its vertical axis. However, this rotation does not affect the velocity of the contact point A, and
hence any of the above results.

Problem 4.9. A round cylinder of radius R and mass M may roll, without slippage, over a
horizontal surface. The mass density distribution inside the cylinder is not uniform, so its center of mass
is at some distance / # 0 from its geometrical axis, and the moment of inertia / (for rotation about the
axis parallel to the symmetry axis but passing through the center of mass) is different from MR?/2,
where M is the cylinder’s mass. Derive the equation of motion of the cylinder under the effect of the
uniform vertical gravity field, and use it to calculate the frequency of small oscillations of the cylinder
near its stable equilibrium position.

Solution: The equilibrium position of the cylinder obviously corresponds to its center of mass C
right above the point A of its contact with the surface, i.e. right below the geometric center O. If the
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cylinder has already roll-shifted by angle ¢ from that position without
slippage, the horizontal distance between the current location of the contact
point A and its equilibrium position equals the length of the arc AAy, i.e. Rp
— see the figure on the right. Hence the only (horizontal) component of the
velocity Vo of the geometric center O of the cylinder’s cross-section, as
observed from the lab reference frame, is (— R¢ ). As the same figure shows,
the horizontal distance of the center of mass C from the vertical line OA is
Ising, so the horizontal component of its velocity V¢ is

V., =V, +%(lsin(p): —Rp+Ilcosp = —(R —ZCOS(p)(p,
while the vertical component of the velocity 1582

v, = /zc :%(—lcos¢+const)zlsin(p Q.

Hence, according to Eqgs. (4.14) and (4.36) of the lecture notes, the kinetic energy of the cylinder is

T :%Vg +§a)2 =%[(R—ZCOS¢)2 +(lsingo)2](p2 +§¢2 E%(Clz +R*+17 —2Rlc0s¢)(p2,

where the constant a is defined by the equality 7 = Ma®. (For a uniform cylinder, we would have a =
R/N2.) With the evident expression for the potential energy of the cylinder in the uniform gravity field,

U = Mgh. = Mg(~Icosp+ const),
we get the following Lagrangian function:
M .
L=T-U-= 7(a2 +R*+17 —2Rlcosgo)(p2 + Mgl cos ¢ + const .

Using this function to spell out Eq. (2.19) for the only generalized coordinate of this system, the angle ¢,
we obtain the following equation of motion:

%[(az +R*+17 —2Rlcosg0)(p]+Rlsin(ogb2 +glsing =0.

For small oscillations near the equilibrium position ¢ = 0, in the linear approximation in ¢ — 0,
we may take cos@~ 1 and ignore the term proportional to sinp¢”, so the equation is reduced to

(@®> +R*+1* —2RI)$ + glsinp =0,

1.e. to the standard equation of motion of a linear (“harmonic”) oscillator with the frequency

1/2 1/2 1/2
a)z( - 2g12 j = M—glz | M8 here 1, =1+ M(R -1V
a’ +R* +1> 2RI I+M(R-1) I,

According to the shift theorem (4.29), /5 so defined is just the moment of inertia for the rotation about
the axis passing through the contact point A, so our result formally coincides with Eq. (4.41).

82 The vector V¢ as a whole is tangential to the trajectory of point C — a curate trochoid.
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Problem 4.10. A body may rotate about a fixed horizontal axis — see
Fig. 4.5 of the lecture notes, partly reproduced on the right. Find the
frequency of its small oscillations in a uniform gravity field, as a function
of distance / of the axis from the body’s center of mass 0, and analyze the
result.

Solution: As follows from the discussion at the beginning of Sec.
4.3 of the lecture notes and in the solution of Problem 4, all equations of
rotation about a fixed but arbitrary axis coincide with those of the free-
body rotation about a principal axis. In particular, the axis shift theorem
(4.28) may be used in its simplified form (4.29). As a result, for our current problem (with the horizontal
rotation axis passing through point 0 ), we may write

I'=1,+Ml*,

where /) is the moment of inertia about the axis with a parallel (i.e. also horizontal) direction, but
passing through the center of mass 0. Plugging this expression into the first form of Eq. (4.41), we get

1/2

I

o :A?l T Aﬁ\iﬁ Eﬁllg 2 112’ v L E(_Oj |
0 0 “m

The second fraction in the last formula for 7, as a function of the distance / between the rotation
axis and the center of mass (at a fixed /,, i.e., a fixed /y), has its maximum at / = /,,, so the oscillation
frequency is the largest at this distance.

Note that, a bit counter-intuitively, Q does not depend on the axis location at fixed / (say, would
be the same for small oscillations about the parallel axes 0’ and 0" shown in the figure above), though it
may depend on the axis direction (via the magnitude of /).

Problem 4.11. Calculate the frequency, and sketch the mode of
oscillations®3 of a round uniform cylinder of radius R and the mass M, that
may roll, without slippage, on a horizontal surface of a block of mass M.
The block, in turn, may move in the same direction, without friction, on an
immobile horizontal surface, being connected to it with an elastic spring —
see the figure on the right.

Solution: A convenient choice of generalized coordinates of this system are the horizontal
positions of the centers of mass of the bodies (say, X for the cylinder and X’ for the block), as measured
in the lab reference frame. In these coordinates,

L=r-U=M iy Lo My Ky
2 2 2 2
where [ is the cylinder’s moment of inertia, and w is its angular velocity. From the kinematic no-

slippage condition, we have

83 The term mode usually refers to the spatial pattern of oscillations; it will be repeatedly discussed in later
chapters.
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X -X

X =X+wR, ie w=
R

(*)
Using this relation, and the well-known result / = MRZ/Z, to eliminate w, we get

L= Mg (M My Moo Koy
4 2 4 2 2

The differentiations prescribed by Eq. (2.19) of the lecture notes give the following Lagrange equations
of motion:

S -Mi_o e k-Lii, (+#)
2 2 3
[M,—F%JX,_%X—FKX’:O' (%)

Plugging the last form of Eq. (**) into Eq. (***), we get
(M'+%jX’+KX'= 0.

This is the usual differential equation of a linear (“harmonic”) oscillator, with the frequency

1/2
K
o=|——| .
(M’+M/3j

For the oscillation mode, Eq. (**) immediately gives the following first integral of motion,34
MX — %X' = const.

The constant in this relation has the physical sense of the linear momentum of the cylinder’s free roll
over the surface of the block. If we are not interested in such a roll, we may set that constant to zero, and
immediately get

3X(t) = X'(t) + const',

where the new constant describes the equilibrium position of the cylinder on the block. This result
means that the amplitude 4’ of the block oscillations (as
measured in the lab frame) is three times larger than that (4)

of the oscillations of the cylinder’s center of mass — see the 4, g@
figure on the right. The amplitude 4, of the cylinder’s rotation
angle follows from this result when combined with the no- —
slipping condition (*):

7 R R’ equilibrium

84 Another first integral of motion for this system is given by the conservation of its full energy £ =T + U.
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Problem 4.12. A thin uniform bar of mass M and length / is hung on a light thread
of length [’ (like a “chime” bell — see the figure on the right). Derive the equations of the
system’s motion within a vertical plane passing the suspension point.

Solution: From Eqgs. (4.14) and (4.36) of the lecture notes, the Lagrangian function
of the system is

L= U= +7)+ Lo Mgy,

2 2

where / is the moment of inertia of the bar relative to its center of mass O (whose
Cartesian coordinates are X and Y), and @ 1is the instantaneous angular velocity
of the bar’s rotation within the plane of the drawing. Just as in a very similar
Problem 2.1, the best choice of the generalized coordinates are the angles ¢ and

@’ indicated in the figure on the right, because X, Y, and @ may be simply
expressed via them:

X=l’sing0’+ésin(p, Y=—l’c05(p’—écos¢, w=¢.

With these expressions, the Lagrangian function becomes

1=

2
5 {I’z(p’2 +(é) @’ +ll’cos((p—(p’)gbgb':l+égb2 +Mg[l’cosgo’+écosgp].

From here, the Lagrange equations of motion are:
L0 Na I . . 1Y
IA(0+M§Z cos(go—gp)(o +M§l s1n(go—gp)gogo +Mg§sm(p:0, with I, =1+M >
2. [ . [, . . .
MI""¢'+ le’cos((p - (p')(p —MEl'sm(go - (/)')(p(/)’ + Mgl'sing' =0,

where, according to Eq. (4.29), I, is just the bar’s moment of inertia for its rotation about the suspension
point A. (An elementary integration yields = MI*/12, so In = M /12 + M(I/2)* = MI*/3.)

An analysis of these equations will be the task of Problem 6.3.

Problem 4.13. A uniform round solid cylinder of mass M can
roll, without slippage, over a concave round cylindrical surface of a
block of mass M’, in a uniform gravity field — see the figure on the
right. The block can slide without friction on a horizontal surface.
Using the Lagrangian formalism,

(1) find the frequency of small oscillations of the system near the equilibrium, and
(i1) sketch the oscillation mode for the particular case M’ = M, R’ = 2R.

Solutions:

(1) Using Eq. (4.36) of the lecture notes, the Lagrangian function of the system may be written as
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M!

L:T—U:TX” M2 M

M My Ly — MgY ,

2 2 2
where X is the (horizontal) coordinate of the block, while X and Y are the Cartesian coordinates of the
cylinder’s center of mass (all in the lab reference frame), @ is the cylinder’s angular velocity, and / is its
moment of inertia for rotation about the symmetry axis. With this X~ and the angle ¢ defined as shown

in the figure above, as generalized coordinates, we may use Eq. (4.48) to write
R'—R

w=- o, X=X'+(R’—R)sing0, Y=—(R'—R)cosqp,

and then spell out the Lagrangian function as

' r_ 2
L= M R - Rypeosol + (R - Rygsing] + L[ E=R6 | + Mo(R - Rycose.

2 2 2 20U R
The standard procedure of differentiation of L, together with the well-known formula 7 = MR*/2 (which
may be derived by an elementary integration), gives us the following Lagrange equations of motion:

d [M+M' )X"+ M(R' = R)gcos o] =0

di{M(R’—R)X’cosgo+%M(R’—R)ng} +M(R'— R)X'¢sing+ Mg(R'— R)sing = 0.
t

Note that the first of these equations immediately yields one first integral of motion,

Dy = 68)?' (M+M’)X’+M(R’ R)pcosp =const.

(This fact could be noticed directly from the Lagrangian function’s form because L does not depend
explicitly on the coordinate X’, so the corresponding generalized momentum pyx is conserved.
Physically, this is just the x-component of the total momentum of the system, which is conserved
because both external forces (gravity and the horizontal surface’s reaction) are vertical.8%) This means
that if we are not interested in the common uniform motion of the system, we may assume that we are
working in the center-of-mass reference frame, in which px- = 0, so the system has just one “oscillatory”
degree of freedom.

Linearizing the equations of motion for small deviations from the equilibrium (with our
assumptions, reached at X' = o= 0), we get

(M +MYX'+M(R'-R)p =0,
X +B/2)R' -R)p+gp=0.
Let us express X' from the first equation:

. M
X=- R'—R)}, *
M i ©)

and plug it into the second equation. The result may be recast in the standard form

85 Another first integral of the system’s motion is its full mechanical energy £ =T + U.
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3 M
5+0%0=0, where Q’=2_, [ =R -R)|>-—2"1|>0
Pp+Q¢ o ( )2 IYENY:

This is of course the equation of a linear (“harmonic”) oscillator with frequency Q — see Eq. (3.12) and
its discussion. We see that the small oscillation frequency of the system coincides with that of a point
pendulum of the length /. specified above.

(i1) For sinusoidal oscillations of frequency Q, the double differentiation over time is equivalent
to the multiplication by (—Q?), so Eq. (*) immediately gives us the following relation between the

oscillation amplitudes:
M
=— R'-R)A,. ok
M +M'( 4, 9

X

Note also that for small oscillations, the amplitude Ay of the horizontal displacements of the cylinder’s
center from the center of mass of the system equals

Ay = A, +(R'-R)A4,,

so according to Eq. (**), the Ax/Ay ratio
4, M

2

A, M
does not depend on the ratio R ’/R.

For the particular given case, M’ = M and R’ = 2R, these N\
relations yield Ay'=-Ax=(R/2)A, This oscillation mode 1is N
sketched in the figure on the right. c.0.m.'s position

g

(1) there is no friction between the sphere and the horizontal
surface;

Problem 4.14. A uniform solid hemisphere of radius R and mass
M is placed on a horizontal surface — see the figure on the right. Find the »
frequency of its small oscillations within a vertical plane, for two ultimate l -
(i1) the static friction between them is so strong that there is no slippage.
0 }

cases:
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Solutions:

(1) In the vertical, equilibrium position, shown in the figure
above, the center of mass 0 of the hemisphere is located on its vertical
axis, at a certain distance a below the geometric center 0 of the initial
sphere. Let us consider a small deviation & from the equilibrium position
— see the figure on the right. The deviation leads to a rise of the center of
mass by

2

h=a(l—cos€)za%, (*)

and hence to increase of its potential energy by
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2

U = Mgh zMga%.

To calculate the kinetic energy we may notice that due to the absence of friction, no horizontal
force is exerted on the hemisphere, and hence its center of mass cannot oscillate horizontally. As a
result, it is sufficient to take into account only the kinetic energy of the body’s rotation about the center
of mass, with the instantaneous angular velocity @ = d@/dt:3¢
1 =tor _tog
2 27
where [ is the moment of inertia of the hemisphere for its rotation about the horizontal axis passing
through its center of mass (point 0). Now composing the Lagrangian function for small oscillations,

we see that its functional form (and hence the Lagrange equation of motion) coincides with that of the
usual linear (or “harmonic”) oscillator with the frequency

M 1/2
Q, :[ g“J .
IO

Note that this formula is similar to the solution of Problem 9. It also has the same structure as Eq. (4.41)
of the lecture notes for a physical pendulum but with a different meaning of the two participating
constants (/y and a).

(i1) If there is no slippage, the center of mass of the hemisphere moves horizontally as well: X, =

Xo'+asind = —R@ — asind. In the linear approximation in small €, Xo = —(R — a)6, so the c.o.m.’s
horizontal velocity is ¥y = —(R — a) @, giving a substantial contribution to the total kinetic energy:
r=togr My Loge Mg g =Lyen,
2 2 2 2 2
where
I,=1,+M(R-a). (%)

This expression is similar to that for 7} (with the replacement 7, — Ir), while the potential energy is
exactly the same as in Task (i). Hence the small oscillation frequency in case (ii) is

M. 1/2
QZZ( gaJ s
IR

Note that the last formula may be also obtained just Eq. (4.41) for a physical pendulum, by
writing the equation (4.38) for rotation about point C, induced by the torque 7= Mgasin® of the vertical
gravity force Mg applied to the center of mass 0. This should not be surprising, because the rotation axis
shift theorem (4.29) tells us that the /x defined by Eq. (**) is just the moment of inertia for rotation

i.e. is always lower than Q.

86 Per Eq. (*), the center of mass has the vertical velocity V, = dh/dt as well, but at @ — 0, this velocity d(a6
%/2)/dt is proportional to 6°, so the kinetic energy Mv,”/2 of this motion scales as &, and is negligible in
comparison with the terms O(6?) contributing to the small-oscillation frequency.
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about a horizontal axis passing through point R, in the small oscillation limit equal to that for rotation
about the axis passing through the contact point C.

What remains is to calculate the constants a and /y (and then /r). The first calculation may be
readily done by integrations over the hemisphere’s volume V, using the constancy of its density p.

R R
M = !pdSF = p!ﬁ(Rz —zz)dz = pzTﬂR3, a :ﬁlpzaﬁr :ﬁ£ZE(R2 —zz)dz :%ﬁR4 =§R.

(Here z is the distance of an elementary disk of thickness dz, normal to the symmetry axis of the
hemisphere, from the geometrical center 0 of the full sphere, so the disk’s area is AR — zz).)

While I, and Iz may be calculated by similar integrations, it is easier to find them by applying
the shift theorem (4.29) again, now to the axes passing through the center of mass (point 0) and point 0

I, =1,+Ma’,

because [y’ is evidently just half of that of the full sphere, and is hence similarly expressed via the
hemisphere’s mass: /> = (2/5)MR2. From here,

2
1,=1,—Ma’ _Zmr? —m[2R =§MR2,
5 8 320

2
]R=10+M(R—a)2=ﬁMR2+M(R—§RJ =£MR2.
320 8 20
Using these expressions, we finally get
172 1/2 1/2 1/2 1/2 1/2
o, - | Mea :(@Ej z1.202(§j o, =| M {E% zo.%o[ij ,
I, 83 R R I, 26 R R

so the oscillation slowdown caused by the static friction is rather substantial.

Problem 4.15. For the “sliding ladder” problem started in Sec. 4.3 of the
lecture notes (see Fig. 4.7, reproduced on the right with additions), find the critical
value . of the angle « at that the ladder loses contact with the vertical wall,
assuming that it starts sliding from the vertical position, with a negligible initial
velocity.

Solution: From Egs. (4.51)-(4.52) of the lecture notes, the system’s
Lagrangian is

A\

1

1 .
LET—Unglzdz—EMglsma. mg
It gives the following Lagrange equation of motion:
0'Z+3—gcosa=0. (*)
21

By using the standard transformation (see, e.g., Sec. 1.2 of the lecture notes),
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. . . .2
5 da _dada _da  _1d(a’)
dt dao dt da 2 da
the equation is brought to the form

b

d(d2)+3—gcosa =0,
da

and may be readily integrated once over «, giving

. 30 .
a’ +Tgs1na = C = const.

(Actually, this is just the conservation of the energy given by Eq. (4.53) of the lecture notes.) For our
specified initial conditions (¢ = 0 at « = 7/2), the constant in the integral is

C:{d2+3—gsina} =3_g’
! a=rn/2,a=0 !
so the integral becomes

022+3Tgsina=37g. (**)

Now looking at the problem again (see the figure above), the horizontal component of the 2nd
Newton law says that the (horizontal) force Fyy exerted on the ladder by the wall is

. 2 M, .
Fy =MX=Md—2(£cosa =—Z(—c'isma—d2 cosa).
dt”\2 2
The ladder separates from the wall when this force vanishes, i.e. in the moment when

asina+a’cosa=0.

Plugging the & expressed from Eq. (*) and the ¢ expressed from Eq. (**) into the last formula, we get
the following algebraic equation for the threshold angle e:

Z—‘?sin o, cosa, —3Tg(l—sin a,)cosa, =0, i.e.(%sin a, —ljcosat =0.

As o increases from 0, this equation is first satisfied at
a, = arcsin(2/3)~ 42°.

At this angle, the ladder separates from the wall, due to the horizontal motion’s
inertia accumulated during its initial slide.®”

Curiously, all this solution is also valid for a different problem: a falling
ladder with its lower end in the corner — see the figure on the right. Indeed, due to
Egs. (4.50), which are evidently valid for this new problem as well, the Lagrangian
functions and hence the equations of motion of both systems are exactly the same.
(In the new problem, Fy; and Fy are the Cartesian components of a single force F.)

N

87 A useful additional exercise: find out whether sometime after this moment, the lower end of the ladder
would separate from the floor, due to its rotational inertia.
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Problem 4.16. Six similar, uniform rods of length / and mass m are
connected by light joints so that they may rotate, without friction, versus each
other, forming a planar polygon. Initially, the polygon was at rest, and had the
correct hexagon shape — see the figure on the right. Suddenly, an external force
F is applied to the middle of one rod, in the direction of the hexagon’s
symmetry center. Calculate the accelerations: of the rod to which the force is
applied (a) and of the opposite rod (a’), immediately after the application of
the force.

Solution: In an inertial reference frame (e.g., in the Cartesian
coordinates [x, y] shown in the figure on the right), the system may be v
described by the Lagrangian function

L=T-U, with U=-Fy,

where T is the sum of the kinetic energies of all six rods, and y is the
coordinate of the “bottom” rod (to whose middle the force F is applied).s8
To calculate the kinetic energies of the rods, we may notice that due to the
problem’s symmetry, even after the application of the force, the polygon
still sustains its mirror symmetry about the lines x = X and y = Y, so its
geometry is uniquely determined by just two scalar generalized
coordinates — for example, the lower rod’s coordinate y and the angle ¢
shown in the figure on the right (where the solid points denote the centers
of mass of each rod). In particular, the key coordinates indicated in the figure may be expressed as

- +

V. =y+(2i1)ésin<0, y’=y+4ésin(p, X, =Xié(1+605(ﬂ)‘

According to Eq. (4.14) of the lecture notes, the kinetic energy of each rod is the sum of the kinetic
energy of its center of mass,

_m(., .2 )
71(:0m _E(X’-com +ycom

and its rotational energy, in our particular case equal to zero for the two rods parallel to the x-axis, and

similar for all four side rods:

1 . 1
T.,=—¢°, where [ =—ml”.
2 12

Summing up all these contributions, we get
L=3my> +6mlpycosp+ 2m12(p2G +2cos’ (p} +Fy.
Now writing the Lagrange equations (2.19) for our two generalized coordinates, y and ¢, we get

%(6171)'/—% 6mlgbcosgo)= F,

%{6mlycosgp+4mlng(%+ 2cos’ gpﬂ =0.
t

*)

88 This U is essentially the Gibbs potential energy of the system — see, e.g., Sec. 1.4 of the lecture notes.
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In the first of these equations, we may readily recognize Eq. (4.44) for the motion of the center
of mass of the whole system, with the total mass M = 6m and coordinates®

X =const, and Y =y +/sing, sothat V = n, di(y +lsin(/)) = nv(j/ +l(/)cosgo).
y )
After performing the differentiation, that equation becomes
V+1pcosp—1g° sin(o:%. (%)

On the other hand, the zero on the right-hand side of the second Eq. (*) reflects the fact that ¢ is
a cyclic coordinate, because, with our choice of the generalized coordinates, it does not affect the
potential energy of the system. So, taking into account that at the initial moment both first derivatives
participating in that equation equal zero, we may write the corresponding first integral of motion as

Zycosgo+§lgb(%+2cos2 (ojzo. (%)

The general solution of the system of two nonlinear differential equations (**) and (***) is still
not very simple. However, we are only asked about the accelerations immediately after the application
of the force F, i.e. when the rod’s coordinates and velocities have had no time to change yet. Hence in
the above equations, we may take

(ng (i.e. cosg0=%), ¢—>0, y—0.

In this limit, the equations are much simplified:

1. F 10 10
i+ lp=——, J+—lp=0, ie j+—1p=0,
Jrglp=—rs I+ lo yHglo

and may be readily solved for the second derivatives:

. 20F . 18 F
y= /

“um T M
so the requested accelerations of the rods parallel to the x-axis are
a="—§£—££ a'="'—d—2( +2/sin X —"+l"—££—L£
M e T T Pheosg=112,=0 =X 2 =10 T35
It is rather impressive how small the latter acceleration is: it just 1/10 of that of the rod to which
the force is directly applied. (Indeed, with no torque transferred by the joints, a’ is different from zero
only due to the inertia of the side rods.)

Problem 4.17. A uniform rectangular cuboid (parallelepiped) with sides a;, a», and a3, and mass
M, is rotated with a constant angular velocity @ about one of its space diagonals — see the figure below.
Calculate the torque T necessary to sustain this rotation.

89 We could of course write this equation directly from the 2" Newton law, i.e. without using the Lagrange
formalism, but this formalism is the easiest way to derive the second of Egs. (*), so we needed to calculate L
anyway.
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Solution: Let us introduce the reference frame with the origin in the 7 ? [0)
cuboid’s center-of-mass 0, and the axes r; (j = 1, 2, 3) parallel to the q 4 i >
corresponding sides (edges) — see the figure on the right. In this frame i 4
(rotating with the body, and hence non-inertial one), Cartesian components of 0 oA I I
the angular velocity vector o are time-independent: 4 L’Z,f e -

s~ N
W, = &a) = 4 w *)
"od (az+az+az)”2 ’
1 2 3

where d is the space diagonal’s length. Since, due to the body’s symmetry, the axes r; are the principal
ones, Cartesian components 7; of the necessary torque may be

readily found from the Euler equations (4.66) with @, =0: Vi
‘ a,
t= (Ij” —Ij,)a)j,a)j,,, (*%) 2
where the indices j, j’, and j " are all different and follow in the Ty
“right” order: {1, 2, 3}, etc. u 0 u
. y
What remains is to calculate the principal moments of — o a. +7
inertia ;. This is simple to do — see Eq. (4.24) of the lecture '——7]—'

notes and the figure on the right:

M +aj/2 +aj,/2 +aj,,/2
2 2 3., 2 2 _
j(rj, +75 )d r= drj Idrj, J.drj,, (rj, +7; ) =M

a,a,a
v 19258 —a; /2 —a,/2 —a,/2

2 2
a,+a;

12

oM
14

With this result and Eq. (*) on hand, Eq. (**) yields

Mao? a.a.. 5 X
Tj=(1j,,—lj,)a)j,a)j,, = — " 2(aj,—aj,,).
12 a; +a; +a;

Note that for a cube (a; = a; = a3), all components of the necessary torque vanish, i.e. the whole
vector T equals zero. This is natural, because for any spherical top, including a uniform cube, any axis
passing through the center of mass is a principal one, and a rotation about it does not require torque. For
any other relation of cuboid dimensions, t # 0.

Note also that the calculated vector T is constant only in the reference frame rotating with the
body, while in the lab frame, it rotates about its rotation axis, with the same angular velocity w.
Superficially, it looks like such a rotating torque is a hard thing to arrange, but actually, any hardware
axis fixed in the lab frame does the job automatically! As a sanity check, per Eq. (4.36) of the lecture
notes, such a rotation does not change the body’s kinetic energy and does not require any external work.

Problem 4.18. A uniform round ball rolls, without slippage, over a “turntable”: a horizontal plane
rotated about a vertical axis with a time-independent angular velocity 2. Derive a self-consistent
equation of motion of the ball’s center, and discuss its solutions.

Solution: The vertical forces of gravity and of the support by the turntable’s surface, exerted on
the ball, do not create any torque t relative to its center. Such torque, however, is created by the
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horizontal friction force F. This force is applied to the ball’s lowest point, which contacts the turntable’s
surface and is located right below the center, at the distance R from it, where R is the ball’s radius.
Hence, directing the z-axis vertically up, we may use Eq. (1.34) of the lecture notes to write T = —Rn,xF.
Also, due to the ball’s spherical symmetry, we may represent its angular momentum just as L = /o,
where @ is its angular velocity and / is the (only) moment of inertia.””

As a result, for our ball, Eqgs. (4.33) and (4.44) of the lecture notes (valid in any inertial reference
frame) have the form _
Io =—Rn_xF, MV =F,

where V is the linear velocity of the ball’s c.0.m, and enable a ready elimination of F, giving
I =-MRn_xV.
Integrating both parts of this equation over time, and multiplying them by the ratio R/, we get

Ro=—1n_ xV+C, *)
a

where o = I/MR® is a numerical factor (for a uniform ball, equal to 2/5), while the integration constant C
1s some time-independent vector.

This relation is valid regardless of the ball-to-surface contact type. Now let us combine it with
the given no-slippage condition, i.e. the requirement that the net velocity of the ball’s lowest point
equals to that of the contact point of the turntable. Using, for both these velocities, the main kinematic
relation Eq. (4.10), we get

V+(o><(—nZR):Q><p, (**)

where Q = QOn., while p is the horizontal component of the contact point’s (and hence of the ball
center’s) radius vector, with the origin at the turntable’s axis.”! Now plugging the product R given by
Eq. (*) into Eq. (**), and taking into account that for any horizontal vector V, the double vector product
(n,xV)xn; equals simply V, we obtain the result that may be rewritten as

V:Q’x(p—po), where Q’ELQ, while p, ELanz. (**%*)
I+a l+a

(For a uniform ball, the fraction in these expressions equals 2/7. Also note that since both vectors V and

p are horizontal, the vector constant po may also have only a horizontal component.)

Since V = p, the first of Egs. (**%*) is the self-consistent differential equation of motion we were
looking for. It may be easily solved by several elementary methods (say, in Cartesian coordinates), but
by comparing it with Eq. (4.10), we may immediately say that it describes a circular motion of the ball’s
center with the angular velocity (2°.92 The amplitude and phase of this rotation, as well as its center’s
position py, are determined by the initial values of the vectors p and V.

90 As was calculated in the solution of Problem 1(iv), for a uniform ball I = (2/5)MR?, where M is its mass.

91 Note that instead of p, we could formally use the whole radius vector, just as we are still keeping the whole
angular velocity vector @, but vertical components of these vectors are time-independent and have no effect on the
dynamics of other degrees of freedom of the system.

92 Several nice videos of experimental demonstrations of this counter-intuitive effect may be found online.
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Problem 4.19. Calculate the free precession frequency of a uniform thin round disk rotating with
an angular velocity @ about a direction very close to its symmetry axis, from the point of view of:

(1) an observer rotating with the disk, and
(i1) a lab-based observer.

Solution: As we know from the solution of Problem 1, the principal moments of inertia of such a
disk are related as I} = I, = [3/2, where n3 is its symmetry axis. (Since the relation is valid for each
elementary thin round fragment of the disk, it is valid for a disk with an arbitrary axially symmetric
mass distribution.)

(1) For an observer rotating with the disk, we may use Eq. (4.68) of the lecture notes, giving
Qpre =0; =0,
because according to the assignment, the vectors w; and ® are almost aligned.

(i1) The above result means that since for the lab-based observer, these two rotations add up, then
a)pre ~ Qpre+ 0o=20.

This conclusion may be confirmed by using Eq. (4.59): since in our case, the vector L is almost exactly
aligned with the symmetry axis n3;, we may write L = I3 = 30, so this formula yields

1
w.~20=20.

pre
1
By the way, in his memoir, Richard Feynman writes that he was dragged into studying physics
by observing a manifestation of exactly this relation in a university cafeteria: a dinner plate tossed up by
a student was “wobbling” twice faster than it was spinning.

An additional useful exercise: redraw the diagrams of Fig. 4.8 of the lecture notes for this case.

Problem 4.20. Use the Euler equations to prove the fact mentioned in Sec. 4.4 of the lecture
notes: free rotation of an arbitrary body (“asymmetric top”) about its principal axes with the smallest
and largest moments of inertia is stable, while that about the intermediate-/; axis is not. Illustrate the
same fact using the Poinsot construction.

Solution: Let the vector @ be very close to the /™ principal axis, i.e. | |, | W] << @y = @. Then
in the linear approximation in small @ and -, in the Euler equations (4.66) for free rotation (t = 0), we
may ignore the product @ @;~ in the equation for @y, because this product is of the second order in small
@; and| @;». Hence this equation is reduced to just

o, =0, giving ® = @, = const. (*)

However, the similar products in the equations for @ and @;~are linear in these small perturbations, and
cannot be ignored, so the only simplification we may make there is to use Eq. (*) for

Lo, +(I,-1,)ow, =0, I.,+(1,-1,)oo,=0. (*%)
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At time-independent @, this is a system of two linear equations, which may be readily solved, for
example, by differentiation of one of them over time and then plugging the second one into the result.
The resulting equations of motion are similar for both small components of the vector ®; for example:

(1./ _]j")(lj _1./')602
1,1, '

&, +Q0, =0,  with Q* = (F#%)

This equation shows that if both parentheses in the numerator of the last fraction have the same
sign (as they do if J; is either the largest or the smallest one of all principal moments of inertia), i.e. if o’
is positive, then small initial deviations @, and @~ just oscillate around zero. (Equations (**) show that
the phases of these oscillations are shifted by +77/2, so the vector o rotates around the /™ principal axis,
staying close to it.) However, if /; is the intermediate one of the three moments of inertia, then Q7 is
negative, and Eq. (***) describes an exponential growth of some linear combination of @ and @y in
time, 1.e. the fixed point @;= @ is unstable.

This conclusion may be illustrated using the Poinsot L,
construction. Let us represent Eq. (4.60) of the lecture notes for
L* as a sphere in the Cartesian coordinates aligned with the
principal axes n; of the body, Eq. (4.61) as an ellipsoid in the
same coordinates, and then draw the lines of their intersection L,
for several values of Ty The figure on the right shows a typical
sketch of this construction for a case with I} < I, < [5. (Its
topology does not depend on the exact values of the moments /;.)

Since at free rotation, both L? and T, rot are integrals of
motion even in this non-inertial reference frame, the vector L in
it may move only along one of these curves. (The directions of
such motion, shown by arrows in the figure, follow from the
Euler equations, but are unimportant for our discussion.) The Figure from Prof. Douglas Cline’s
figure clearly shows that if the initial direction of the angular ~page at https://phys.libretexts.org;
momentum L slightly deviates from the principal axis nj, this ~adopted under the CC BY-NC-SA 3.0
vector continues to move close to this direction, around it. The  license.
same is true for the axis ns. So, the alignments with L|jn; and L|jn; are “orbitally stable” — see Sec. 3.2
of the lecture notes. However, as the same figure shows, the alignment L|n, is unstable because its
minor violation at # = 0 leads to very substantial deviations of these vectors at larger times.

Problem 4.21. Give an interpretation of the torque-induced o,
precession, that would explain its direction, by using a simple system Mg
exhibiting this effect, as a model.

Solution: Let us consider the well-known bicycle-wheel
demonstration of the precession — see the figure on the right. A wheel,
rotating fast about its horizontal axis by inertia, is supported, against the A
wheel’s weight, at a pivot point A offset from the wheel’s center by
distance /. According to its definition (1.34), the torque t of the vertical
support force —Mg is perpendicular both to the force itself and to the
wheel’s axis — and hence to the dominating part of the wheel’s orbital
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momentum L. As a result, according to the basic Eq. (1.33), the vector L evolves in that direction, i.e.
the wheel performs the torque-induced precession in the horizontal plane, with the angular velocity
given by Eq. (4.72).

In order to interpret this counter-intuitive effect, let us think of the wheel as a system of many
discrete masses — say, those located at the ends of its spokes — see the solid points in the figure above.
The torque 7 is transferred to these masses via spokes, which try to rotate the system in the same
direction as the support force — see, e.g., the arrows showing the forces Fy and Fy. exerted on the points
that are at the highest and the lowest positions at the considered moment of time. These forces push the
masses, respectively, from and toward the pivot point. However, due to the fast rotation of the wheel,
these points do not follow the force directions but just slightly deviate from the initial rotation plane —
along the trajectories sketched with dashed arrows. As the figure above shows, these deviations result in
the wheel’s turning horizontally, exactly in the direction predicted by the formal theory of torque-
induced precession.

It is easy to verify that this handwaving explanation also gives correct predictions of the major
dependencies given by Eq. (4.72). For example, the forces Fy and Fp (and hence the precession’s
velocity) are proportional to the torque Mgl. Also, the deviations of particle trajectories from the initial
rotation plane, caused by these forces, during a certain time interval are the smaller the faster the wheel
rotates — just as described by the @y ¢ 1/axr relation given by that formula.

Problem 4.22. One end of a light shaft of length / is

firmly attached to the center of a uniform solid disk of radius R ia) R,M
and mass M, whose plane is perpendicular to the shaft. Another @ ( \'\
end of the shaft is attached to a vertical axis (see the figure on " _____ U
. . . e Y At
the right) so that the shaft may rotate about the axis without o ' L l
friction. The disk rolls, without slippage, over a horizontal ~""="===""""" g

surface so that the whole system rotates about the vertical axis with a constant angular velocity .
Calculate the (vertical) supporting force N exerted on the disk by the surface.

Solution: The instantaneous angular momentum L of the disk consists of two mutually
perpendicular components: the time-independent vertical component L. = Lo, and the horizontal
component of magnitude L3 = 5302, directed along the instantaneous position ns of the shaft. Here Q is
the angular velocity of the disk’s rotation around the shaft, and /5 is its moment of inertia about this
principal axis. An easy integration (see the model solution of Task (ii) of Problem 1) yields I3 = MR*/2,
while Q may be calculated from the no-slippage condition /o — RQ =0, so L3 = MRlw/2.

In the lab reference frame, the axis n; rotates about the fixed vertical axis with the angular
velocity @, so the vector dL/dt is horizontal, perpendicular to n3, and has the following magnitude:

: MRlw’
L|=L0= S N- Mg
The figure on the right shows the view of the disk and most vectors Q=lo/R
important for the problem from the instantaneous direction n3 of its shaft y L,
(so the vertical rotation axis is behind the plane of the drawing). The figure < %Y >
shows that due to the system’s kinematics, the vector L is directed Q E / V=lo
normally to the plane of the drawing, from the viewer, while the vector |
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L lies within that plane and is directed to the left. Per Eq. (1.34) of the lecture notes, the torque T created
by the balance (N —Mg) of the vertical forces applied to the disk equals Ix(N — Mg), where the vector 1 is
directed from the rotation axis toward the point of the force application, i.e. normally to the plane of the
drawing, toward the viewer. As a result, if the difference N — Mg is positive, the vector product Ix(N —
Mg) is directed to the left, i.e. has the same direction as L. Hence, in our case, we may write the key
equation L =t of rotational dynamics in the following scalar form:

2 2
@z(N—Mg)Z, giving N=M(g+ R;) J

The fact the N does not depend on the sign of ® implies that it is unaffected by the direction of
the system’s rotation — the fact that is easy to verify directly.”®> Hence the rotation of the system,
regardless of its direction, always increases N, i.e. presses the disk more to the supporting surface.

Problem 4.23. A coin of radius r is rolled over a horizontal surface,

without slippage. Due to its tilt &, it rolls around a circle of radius R — see the 0 E
figure on the right. Modeling the coin as a very thin round disk, calculate the gl 2r i
time period of its motion around the circle. \

0 R

Solution: Let us solve this problem in a reference frame moving around
the circle together with the coin, but not rotating with it about its symmetry axis, so the frame rotates
only around the center of the circle with the angular velocity @ = 2777, where 7 is the period we are

looking for. In this non-inertial reference frame, the angular momentum L of the coin does not change in
time, so Eq. (4.65) of the lecture notes takes the simple form

oxL=1, *)

where 7 is the net torque of the forces exerted on it, about its center of
mass C.

In order to spell out this equation, it is convenient to select the
orientation of the axes as shown in the figure on the right, where the
ny-axis is directed out of the plane of the drawing, toward the viewer.
With this choice, all these axes are principal, ensuring a simple relation
between the corresponding Cartesian components of the angular
velocity and the angular momentum — see Eq. (4.38).

In our current case, the angular velocity of the coin is the sum
of the vertical vector m and the vector Q of its rotation about the symmetry axis:

®=omn, :a)(cos¢9n1+sin0n3), Q=-0n_,

z

so the coin’s angular momentum is

L=/lwcosén, +I,(wsind—Q)n,,

93 In the figure above, the change of the rotation’s direction alters the direction of vector L but not of L=r.
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where /; and /5 are the corresponding principal moments of inertia. Since these two angular velocities
are related by the no-slipping condition Rw = rQ, the expression for L. may be rewritten as

. R
L =171,wcosfn, + I3a)(51n¢9——jn3 ,
r

so the vector product participating in Eq. (*) has only one (horizontal) component:

n, n, n, R
oxL=| wcosd 0 wsin @ =w’cosf| 1, sin@—[{sin@——j n,.
Lwcos® 0 Lo(sind-R/r) d

What remains is the spell out the right-hand side of Eq. (*), i.e. the net torque exerted on the coin
about its center of mass C. There is only one force giving a nonvanishing contribution to such torque,
the surface’s reaction applied to the contact point A, at distance » from point C. Because of the absence
of vertical acceleration in our situation, the vertical component N of the force has to be equal to —-Mg,
while its horizontal component, the friction force Fy, has to provide the proper centripetal acceleration of
the coin’s c.0.m. toward the circle’s symmetry axis z:

F, = Ma=Mw*(R—rsin ).
As a result, with our choice of coordinate axes, the torque also has only one Cartesian component:
T =[Nrsin@— F,rcosfn, = [Mgr sin @ — (R — rsin )r cos 6?]n2 ,
so the vector equation (*) has only one nontrivial scalar component:
@* cos O[1,sin @ — I,(sin @ — R/ r)]= Mgrsin @ — w* (R — rsin)rcos @,

immediately giving us the final answer:

1/2
I I 1
QRN PR U T R S Y (**)
0] gsin@ Mr Mr=  Mr

As we know from the solution of Problem 1(i1), if the disk is uniform (which is a very reasonable
model for a usual coin), then I;/Mr* = Y and Is/Mr* = ', so the expression inside the square brackets is

R+l 14l Llsing=2r-2rsino= (6R —5rsin @),
2 2 4 2" 4

1
4
but Eq. (**) is valid for a thin disk with any radial (i.e. axially symmetric) mass distribution. For

example, for a very thin hoop (with I,/Mr* = Y, I/Mr* = 1), the expression inside the same square
brackets becomes

R(l+1)—r[1+l—%)sin9 = 2R—%rsin05%(4R—3rsin9),

while for a very light wheel with a heavy hub (with I,/M7*, I/Mr* << 1) it is simply
R—rsind.

In the limit of a very small tilt, § — 0, Eq. (**) reduces to a simple formula,
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1/2
. 27{1&(1”3 /Mrz)} G

g6

which may be readily derived using other methods, for example, the notion of the Coriolis “force” (see,
e.g., Sec. 4.6 of the lecture notes) — the additional task highly recommended to the reader.

In the opposite limit, & — 772, the predictions given by Eq. (**) should be treated with caution
because to be valid, they may require an unrealistically high static friction coefficient y, to avoid disk
slipping. Note also that if the expression in the square brackets of that formula becomes negative, it
gives a negative result for o, indicating that the disk’s roll motion becomes unstable.

Problem 4.24. Solve the previous problem in the limit when the coin tilt angle #and the ratio 7/R
are small, by simpler means, using

(1) an inertial ("lab") reference frame, and
(i1) the non-inertial reference frame moving with the coin's center but not rotating with it.

Solutions:

(1) Rolling along a circle of radius R with velocity V" gives the coin's center of mass the angular
velocity o, directed vertically, with magnitude @ = V/R. As a result, the horizontal component L,, of the
coin's angular momentum has to rotate, in the horizontal plane, with the same angular velocity, so

L, =on xL_,

where n; is the unit vertical vector — see, e.g., the figure on the right showing the L,
view of the coin from the top. At r << R and 8 <<, | L,, | may be approximated as [ .

IQ, where Q = V/r is the angular velocity of the coin's rotation about his symmetry v L,
axis, and / is the corresponding moment of inertia. Per the solution of Problem 1 ;
(i1), for a uniform disk, / = Mi?2, where M is the coin's mass. With these '

expressions, the above kinematic relation becomes

_KMFZKZMVZV
R 2 r 2R

‘L = wlQ)

: (*)

xy

with the direction of that vector shown in the figure above (for our direction of the coin’s tilt).

The torque t necessary for this time evolution of the vector L, is provided by the
external forces acting on the coin (see the figure on the right): the vertical gravity force
Mg, the equal and opposite reaction N = —Mg of the surface, and the horizontal static
friction force Fy directed to the circle's center and providing the centripetal acceleration
Aep = 2/R of the coin, so Fr= Mac, = M VIR, Relatively to the center of mass of the coin
(point 0), the torque of the first force vanishes, while the torques created by the two
remaining forces evidently have opposite directions, so the net torque t has the following
magnitude:

2
7= Nrsin@ - F;rcos@ ~ Mgrf — My r .
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Now requiring, in accordance with the basic Eq. (1.38) of the lecture notes, the expressions (*)
and (**) to be equal, we get®*
3

g=="1_ sk
) ke (%)

Note that & does not depend on the coin’s mass M, and (more counter-intuitively) on its radius . %

(i1) In the reference frame moving with the coin's center-of-mass but not rotating about its axis,
the coin rotates with an angular velocity Q of magnitude 2 = V/r, but since the magnitude and the
direction of this velocity are constant in this frame, the net torque of all forces has to equal zero.
However, since this reference frame is not inertial, this net torque Tz = 0 has to include contributions of
the inertial "forces" given by Eq. (4.92) of the lecture notes, exerted on each elementary mass dm of the
coin.

The first of them is —dm agjin 1an; for our reference frame, agji, 16 1S just the centripetal acceleration
of the coin's center of mass, directed toward the center of the circle the coin rolls over, of magnitude
/R. Since at r << R, such forces have virtually the same direction for each elementary mass dm of the
coin, they do not produce any net momentum about its center of mass. The second component, which
describes the centrifugal force, is —dm wx(wxr), where ® is the reference frame's rotation vector
(directed vertically), of magnitude @ = V/R, and r is the elementary mass' radius vector — as observed
from the moving frame. For the thin-disk model of the coin, the vector r virtually coincides with the 2D
radius vector p — see the figure on the right, whose plane coincides with the plane of the coin. The
vectors of these elementary "forces" also lie in the plane of the coin (and are directed from the axis ),
and due to the coin’s symmetry also do not produce any net torque.

However, this is not true for the third term® of Eq. (4.92), dFc = —2dm oxv, describing the
Coriolis forces. Here v is the velocity of the elementary mass dm, as observed from the moving
reference frame, so v = Qp = Vp/R. As the figure on the right shows, all these
elementary forces are directed normally to the coin's plane but their magnitudes
depend on the positions p of the elementary masses:

dF. = -2dmavsin ¢ = —2dm%Qsing0,
r

so the elementary torques about the horizontal axis passing through the center of
mass (shown with the dashed line in the figure just on the right),

2

dr. =dF.psing = —ZV—p2 sin® ¢ dm ,
Rr
do not cancel at the summation over the coil area 4 = 7, giving the following net Coriolis torque:
V? V? dm V:M
t.=|dr. =2—|p’sin*pdm=-2—|p’sin’ p—d’r=-2——| p’sin’ pd’r
¢ '[ ¢ Rrjp ¢ Rrjp quA Rr A-[p ¢

A A A

94 As a reminder, this expression is valid only if its right-hand side is much smaller than 1.

95 This is true only if rsin@ << R — see the solution of Problem 23.

96 The fourth term of Eq. (4.92) equals zero in this problem because @ does not change in time. For an example of
when this term is essential, see Problem 35.
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V: M., [ V:M ot MV
=-2——|sin” @d ‘dp=-2—"—g1—=— )
Rr m? 7 ¢ (p'([p p Rr m? 4 2R

Adding this inertial-force torque to that of real physical forces, given by Eq. (**), and requiring the sum
to equal zero, we get the following equation:

0,

MV? MV?
Tz:r+TC=[Mgr6— FJ— 2Rr:

which immediately yields the same result (***) for the coin's tilt.

Let me hope that the reader enjoys, as much as I do, this amazing feat: in the reference frame
where the angular frequency of the coin does not change in time, and hence its moment of inertia /
should apparently be irrelevant, the Coriolis force finds its way to smuggle the factor 7 = Mr/2 into the
result!

Problem 4.25. A symmetric top on a point support (as shown see, e.g., Fig. 4.9 of the lecture
notes), rotating around its symmetry axis with a high angular velocity @, is subjected to not only its
weight Mg but also an additional force also applied to the top’s center of mass, with its vector rotating in
the horizontal plane with a constant angular velocity @ << @ Derive the system of equations
describing the top’s motion. Analyze their solution for the simplest case when @ is exactly equal to the
frequency (4.72) of the torque-induced precession in the gravity field alone.

Solution: According to the assignment, directing the z-axis up (again as in Fig. 4.9), we may
represent the external force applied to the top as

F(r)= Re[A(nx + iny)e_iwt] — Mgn_.

Generally, the magnitude A4 of the horizontal force may be complex, its argument representing the
force’s rotation phase. However, we may always select the time origin to make that phase equal to zero,
so we may take

F()=Acoswtn, + Asinwtn, — Mgn_.

(If @ > 0, the force’s vector rotates in the x-y plane counterclockwise, but this formula and all latter
calculations are valid for the opposite case as well.)

Assuming the strong inequality @y, @ << @, we may (as was done at the beginning of Sec. 4.5
lecture notes) attribute the angular momentum L of the top to @y alone, ignoring the contribution due to
the precession: L = larons. As a result, the torque of the force F(¢) (relative to the top’s support point)
may be expressed via L:

()=, xF(t) =1

i x(Acosa)tnx+Asina)tny—Mgnz).
o,
3

Tot

As a result, the basic equation L = 1 of the angular dynamics (in the inertial reference frame) gives the
following self-consistent differential equation for L:
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n n n

X y z

L=/ X(Acosa)tnx +Asinwin, —Mgnz):a)pre L, L, L,
Lo .

rot acoswt asinwt -1

= a)pre[nx(— L_asin ot —Ly)+ ny(Lza cos ot + Lx)+ nZ(an sin ot — L, acos a)t)]

where @y = Mg/ and a = A/Mg. This is the system of three scalar equations:
L = @, (— Lasinot-L, ), Ly =0, (Lacoswt+L,), L. = O, (an sinwt — L acos a)t). )
As a sanity check, in the absence of the rotating force (a = 0), these equations are reduced to
L.=-o,L l;y:a) L. L =0, (**)

pre"y? pre ' x,

and are easy to solve:

L, =Lsin Gcos(a) t+ (0), L, =Lsin Gsin(a)pret + (p), L= Lcos@ = const, (*%*)

pre

where the real constants & and ¢ are determined by initial conditions: L, €, and ¢ are just the spherical
coordinates of the vector L at # = 0. This solution describes the torque-induced precession of the vector
L (and hence of the top’s symmetry axis n3) around the z-axis with the constant frequency @, — see Eq.
(4.72) of the lecture notes. (If @y and hence @y are positive, the horizontal component L., of the
vector L rotates counterclockwise, as shown in Fig. 4.9 of the lecture notes.)

However, at a # 0, Egs. (*) are inconvenient for analysis h%
because of the oscillating terms on their right-hand sides,. In this y'\ ,
situation, the solution (***) gives us a hint of how the equations may ,
be simplified: let us introduce the coordinate system {x’, y’, z’} \
rotating about the common axis z’ = z together with the applied force — \
see the figure on the right. As the figure shows, in this rotating frame, —, \
the vector L has the following components: : wt 3

L, =L, cosat+ L, sin o, L, =-L sinwt+L cosat, L, =1L._. -

Differentiating these relations over #, then plugging Egs. (*) into the
right-hand-sides of the results, and finally the same relations again, we get

L. =L, coswt+ L'y sin ot + a)(— L sinawt+ L, cos a)t)

=0, (- L.asin et - L, )eos ar + o,.(L.acoswt + L, )sinot + oL, = (- O, )Ly :

Ey = _Lx sin @t + Ly coswt — a)(Lx coswt + L sin a)t)

=-,, (— Lasinwt—L, )sin ot +o, . (L.acosot+ L, )cosot — oL, = —(a) -0, )LV +o,.aL,,

pre

L =L =0, (an sinwt — L acos a)t)z —o,.aLl .

The right-hand sides of these equations do not depend on time explicitly, facilitating their
solutions — especially in the resonance case when the external force’s frequency w is very close to @pre.
As the equations show, in this case, the rotating field with even a small amplitude,
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may significantly change the top’s dynamics. In the simplest case of an exact resonance, @y = @, these
equations become very simple,

L, =0, L‘ =wal_, L, =-wal,, (k)

and completely similar to Eqgs. (**) of the “usual” torque-induced precession — besides the axes
replacement (now the precession is around the x-axis), and a different frequency: @y = a® = a@pre <<
. Hence, for the observer rotating with the field, the angular momentum vector and hence the top’s
symmetry axis perform a slow rotation in the [y’, z] plane. Naturally, for the observer in the inertial
(“lab”) frame, this rotation takes place within the plane rotating around the z-axis with frequency @y —
which also has to be much lower than @ for this theory to be quantitatively valid.

This effect may be used for angular momentum manipulation. For example, as Eqs. (****) show,
if at = 0, the vector L. was directed vertically, along the z-axis, a weak ac force’s pulse of duration 7" =

m2wma (the so-called 7/2-pulse) turns the vector slowly to align with the rotating y’-axis, thus
maximizing the amplitude of its much faster precession in the gravity field. Moreover, increasing the
pulse length twice, to become the 7pulse with 7= 7/wa, we may (the top’s support arrangement

permitting) orient it vertically again, but in the opposite direction.

In mechanical systems, the rotating force assumed in the assignment may be implemented, for
example, by rotating the symmetric top’s support point with angular velocity @ in the horizontal plane.
However, the main motivation for this problem is that according to quantum mechanics (see, e.g., QM
Sec. 5.1), the dynamics of the average magnetization M of a system of many similar non-interacting
spins in an external magnetic field is quantitatively similar to the analyzed dynamics of L of a fast-
rotating classical top.%7 In particular, the high sensitivity of the nuclear spin magnetization to a small
external ac magnetic field of frequency w = @y, and hence the possibility of its manipulation, is called
magnetic resonance. This effect is broadly used in chemistry, biology, and medicine — in magnetic
resonance imaging (MRI) systems. In this case, the rotating magnetic field may be readily induced by
two phase-shifted ac currents passed through magnetic coils with their symmetry axes perpendicular to
each other and to the direction of the basic, high dc magnetic field. (Technically, the same coils are
often used for the magnetization precession signal’s pick-up.)

Problem 4.26. Analyze the effect of small friction on a fast rotation of a symmetric top around its
axis, using a simple model in that the lower end of the body is a right cylinder of radius R.

Solution: As was discussed in Sec. 4.5 of the lecture notes, the term AN
“fast rotation” means that both vectors @ and L are virtually aligned with
the top’s symmetry axis n3, so we may take L = z®. Generally, this axis is
tilted relative to the vertical z-axis — see the figure on the right. Then the
vertical support force N = Mgn, that counter-balances the top’s weight Mg
= —Mgn., applied to its center of mass C, results in the torque 1, = IxN

97 See, e.g., QM Sec. 5.1 and Problem 7.13.
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directed normally to the vector N and also to the vector 1 connecting point C with the top-to-support
contact point. (In the figure on the right, the vector 1, is normal to the plane of the drawing, and directed
toward the viewer.) This vector is, at each moment, perpendicular to the angular momentum’s vector L.
Hence, according to the basic equation of rotational dynamics, L =7, it cannot change the L’s
magnitude but causes its rotation about the vertical axis z, i.e. the torque-induced precession that was
discussed in Sec. 4.5 of the lecture notes. Note that in our current case, due to a nonvanishing radius R
of the body’s lower end, the frequency of this precession is somewhat different from the one given by
Eq. (4.72), making it, in particular, dependent on the tilt angle. (If R is small, this difference is small as
well.)

The same nonzero radius R # 0 causes the lowest point of the top to keep slipping on the surface
with the linear velocity v = @R, resulting in a friction force Fr directed oppositely to the velocity vector
v. In the case shown in the figure above, this force is normal to the plane of drawing and directed toward
the viewer. This force causes an additional torque tr = IxF; residing in the common plane of the vectors
L and n., and directed from the former to the latter. If the force is small, it does not affect the top’s
precession directly but causes a decrease of its amplitude with time. In the simplest Coulomb model of
the frictional force, at v # 0, its magnitude Fy= uN = pMg does not depend on v and thence on @ and L,
so the magnitude of z; is also independent of L. Hence, at small tilt angles, the magnitude of the L’s
horizontal component, L, (see Fig. 49b of the lecture notes) decreases at a nearly constant rate:

d

ELW ~ -1, & —uMgl,
so the top straightens up to the vertical position of its symmetry axis?® during a finite time interval

AL Lo
. Mgl
: : . : . n;, Lo

(Getting an exact formula for Az is not difficult if the position of the top’s 4
center of mass C is given.) Comparing this expression with Eq. (4.72), we R R

see that apAf ~ 1/4 1.e. the visible torque-induced precession may last
for many periods only if the friction coefficient is low: x<<1.

As soon the top has reached its vertical position, other points of the 1
body’s bottom come into contact with the surface, and the friction forces dF,
exerted on its parts become axially symmetric — see the figure on the right,
which shows just the lower part of the top, and only two elementary dt,

friction forces and their torques. Due to the nonvanishing deviation of the
vectors 1 from the vertical direction, each of such torques dtr = IxdFf now
has a downward vertical component, so the net torque vector t¢ is directed down, i.e. opposite to L. As a
result, friction leads to a gradual decrease of L and hence of the rotation frequency @w. When @ drops to
the threshold value (4.85), the top loses its rotation-enabled stability, so if R is very small, it may fall on
a side because of some unavoidable minor asymmetry.

As was mentioned at the end of Sec. 4.5 of the lecture notes, this time hierarchy of the friction
effects on a top (its straightening up followed by a rotation slowdown and then by the fall) is common

98 Note that this straightening up increases the top’s potential energy in the gravity field, at the cost of some
reduction of the (much higher) kinetic energy of its rotation.
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for any symmetric top regardless of the exact shape of its lower end, provided that this tip is small
enough.

Problem 4.27. An air-filled balloon is placed inside a water-filled container, which moves by
inertia in free space, at negligible gravity. Suddenly, force F is applied to the container, pointing in a
certain direction. What direction does the balloon move relative to the container?

Solution: The force F causes the container’s acceleration a in the direction of the force. In order
to use the 2" Newton law in the non-inertial reference frame bound to the container, we should add the
inertial “force” —m;a to all container’s components including the water and the air balloon, to the real
physical forces acting between components of the system. (The situation is completely equivalent to
placing the system into a uniform gravity field g = —a.) In particular, the inertial forces acting on the air
balloon are very small because of low air density, while those applied to the surrounding water create a
substantial pressure gradient in the direction opposite to a (and hence opposite to F). In turn, this
pressure gradient would result in the oppositely directed buoyant force. As a result, the balloon starts
moving (relatively to the container) in the direction of the force F — until it reaches one of its walls. This
means that relative to an inertial system, the balloon accelerates even somewhat faster than the container
as a whole.

Problem 4.28. Two planets are in a circular orbit around their common center of mass. Calculate
the effective potential energy of a much lighter body (say, a spacecraft) rotating with the same angular
velocity, on the line connecting the planets. Sketch the radial dependence of Ur and find out the number
of so-called Lagrange points in which the potential energy has local maxima. Calculate their position
explicitly in the limit when one of the planets is much more massive than the other one.

Solution: Let us consider the small body’s motion in the non-inertial reference frame rotating
with the planets, with the origin in their center of mass — see the figure below. (Note that with this
choice, the body’s Cartesian coordinate x on the line connecting the planets may be either positive or

negative.)
®

m, T m,
O O
A
r

- of

Since in this problem, the angular velocity ® is fixed, the appropriate effective potential energy
is given by Eq. (4.96b) of the lecture notes, with the genuine potential energy being the sum of the
gravitation potentials of two planets. Since in our case, the vectors ® and r = n.x are mutually
perpendicular, we get

U, =U-20x =
2

_Gmm  Gmym m , ,
|x+n||x—g| 2

The figure below shows the function U.«(x), in the units of U; = Gmm,/r, plotted for two values
of the my/m ratio, taking into account that its three parameters r, r,, and @ are not independent but are
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bound by two relations, for example, by the 2™ Newton law spelled out for the circular motion of each
planet:®®

m.m m.m
ml,,laf :G1—22, m2r2w2 = GI—ZZ.
(”1+”2) (”1"”’2)
0
—h X=r __
L, L,

0.2
0 2 4 6 8 10 ~100-8 -60-40 —20 0 20 40 60 80 100
x/n x/n

As the plots show, the function U.f(x) has maxima in three Lagrange points'? corresponding to
the radial equilibrium of the small mass. If the planet masses m, ; are comparable, the points’ distances
from the origin are of the order of the inter-planet distance (»; + r;). However, if the masses are very
different (as they are, for example, for the Sun-Earth and Earth-Moon systems), one pair of Lagrange
points, traditionally called L; and L,, are close to the lighter planet and are on virtually the same
distance 7y (called the Jacobi radius) from it. In such a limit, say if m; >> m;, the radius may be
calculated from the above three relations by a straightforward differentiation of the function Ue(x) = Uer
(r, £ ry) over r, neglecting r; in comparison with the much larger distance r, = (m/my)r;:

2
1 dU(r,tr) d {_ m__m +r)z}~i[_L_@_ﬂ(r _{_r)z}
= 2+ 1 ~ s U+
Gm dr, dr,| n+rtr, 1n 2G dr,| ntr, 1, 2n
m m, _m m ) omy, _m r m m
SR LY PN _{1124} ;i—itli—ljs——gj+—22,
(r2 tr J) r, on r r, r,on r, r N

and then requiring this derivative to equal zero. The result is

1/3 2 \!/3
;]2 j]1
rR r, = 7 for m, <<m
2 1> 2 1>
3m, 3m;

so 1] <<ry;<<r, —see, e.g., the right panel in the figure above.

The Lagrange points are frequently used in space research practice, in particular because placing
a spacecraft near one of these points enables fuel savings while making multiple observations from
virtually the same position. The first example of a space mission using such a point (the L; of the Sun-

99 Multiplying and dividing these two relations, we may represent these two formulas in the equivalent form of
two other relations: first, the condition of the center-of-mass being in the origin: mr = myr,, and second, o =
G(my + my)/(ry + )’ — essentially the 3 Kepler law (3.64).

100 Actually, these three points had been first calculated by L. Euler, a few years before J.-L. Lagrange carried out
a general analysis of the problem, finding one more pair of such equilibrium points (L4 and L;), also in the plane
of planets’ motion, but in contrast with L;-L;, off the line connecting them — see the next problem.
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Earth system) was the International Sun-Earth Explorer 3 (ISEE-3) launched in 1978. Starting from
2010, the point L, of the Sun-Earth system, about 1.5x10° km from the Earth, has become even more
popular, because it is located in our planet’s shade. Its recent but already famous tenant is the James
Webb Space Telescope launched in 2021. Another example is the L, point of the Earth-Moon system,
some 65,000 km behind the Moon, used since 2018 by the Chinese satellite Queqiao to relay
communications between the Chang-4 robot on the Moon’s back side and its Earth-based controllers.

Problem 4.29. Besides the three Lagrange points L;, L, and Ls
discussed in the previous problem, which are located on the line
connecting two planets on circular orbits about their mutual center of
mass, there are two off-line points L4 and Ls — both within the plane of
the planets’ rotation. Calculate their positions.

Solution: The figure on the right shows the forces and radius
vectors of interest on the planets’ rotation plane. (The radius vectors are
referred to the center-of-mass 0 of the system.) Here m << m;, m, is a
very small mass of a “probe” body placed into one of the Lagrange
points, and r is its radius vector. Using this notation, we may write the
following condition of equilibrium of the probe body as the equality to
zero of the net force exerted on it, in the non-inertial reference frame in
that the planets are at rest:

; +Gmmzrz—r3+ma)2r20. (*)
v, —r| r,-r

r
Gmm, —

Here the first two terms represent the real gravity forces F; and F,, while the last term describes the
centrifugal “force” F.r (4.93) directed from the rotation axis (normal to the plane of our drawing) and
depending on the angular frequency @ of the planet rotation, that was calculated in the previous

problem; in our current (vector) notation:
m, +m,

> =G - (*%)

|r1—r2|

Plugging Eq. (**) into Eq. (*), carrying over all terms with r in their numerators to its right-hand
side, and then canceling the products Gm in the resulting equation, we get

I r, m, m, m, +m,

1 3 3 3 3 3"
|rl—r| rz—r| |rl—r| |r2—r| |rl—r2|

Here comes a simple but very powerful argument. Both vectors r; and r», and hence their linear
combination on the left-hand side of this equation, are directed along the line connecting the planets (see
the figure above), while the vector in its right-hand part is directed along r. Hence there are only two
ways to satisfy this equation for a vector r # 0: either to have it directed along the same line (this
opportunity is used by the Lagrange points L;, L,, and L; calculated in the previous problem) or to have
both sides of the equation equal to zero. So, for the off-line Lagrange points L4 and Ls, we need to have
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T r m m m, +m
1 +m, 2 _-0, 1 AL 2
|r2—r|

— skskok
1 3 3 + 3 3 T ( )
v, =] [r=r[ = |-
The first of these equations is compatible with the c.0.m.’s definition m;r; + myr, = 0 only if the
denominators in its terms are equal, i.e. if

|r1—r|:|r2—r

2

i.e. if the Lagrange point is at the same distance from each planet — see the figure above again. On our
plane, there are evidently two such points, called L4 and Ls — one on each side of the line connecting the
planets. The distance of these points from the line may be calculated by plugging the last result into the
second of Egs. (***). Denoting these equal distances as R, we get a very simple equation

m, mz_m1+m2 -0 ie m1+m2_m1+m2
—+t—=———=0, e. =

3 3 3 3 30
R R |r1 _rz| R |l‘1 —r2|

with the evident solution
R=|r -1,

So, rather surprisingly, the result is extremely simple: each of the off-line Lagrange points L4
and Ls forms, together with the two planets (more exactly, with their individual centers-of-mass), an
equilateral triangle, with all inner angles equal to 773 = 60°.

Note that the above result is exactly valid for an arbitrary m,/m; ratio; if the ratio is either very
small or very large (as typical for star-planet systems), it may be recast into an even simpler form: both
Lagrange points of a planet are virtually on the same orbit around the star as the planet itself, one
(traditionally called L4, or Greek camp) moving at the angle 7/3 before it, and its counterpart (Ls, or
Trojan camp) trailing the planet at a similar angle.!0!

Problem 4.30. The following simple problem may give additional clarity to N
the physics of the Coriolis “force”. A bead of mass m may slide, without friction, @
along a straight rod that is rotated within a horizontal plane with a constant angular m
velocity @ — see the figure on the right. Calculate the bead’s acceleration and the
force N exerted on it by the rod, in: O

(1) an inertial (“lab”) reference frame, and
(i1) the non-inertial reference frame rotating with the rod (but not moving with the bead),

and compare the results.

Solutions:

101 These names stem from the fact that if the planet mass ratio is larger than ~24.96, the motion of a small body
on a so-called halo orbit around the points L4 and Ls is stable. As a result, small celestial objects, such as dust
particles and asteroids, gradually accumulate in the vicinities of these two points, forming two opposite “camps”,
reminiscent of Greeks and Trojans in Ancient Greek mythology. The camps of Jupiter (the largest planet of our
solar system) are especially populous, with more than a million objects larger than one kilometer in size in each of

2, <&

them, while only two Earth’s “trojans” of such size have been found so far.
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(1) Let us use Cartesian coordinates {x, y} with the origin at the rotation center O, so with the
proper choice of the time origin, the bead’s position at moment # is

x(¢) = r()cos e, y(t)=r(t)sinwt |
where r is its distance from point O. Differentiating these relations over time twice, we get
¥=7#Fcosat —2Frwsinwt —ro’ coswt,  y=isinwt +2rwcosot —ro’ sin ot . (*)

In the absence of friction, the force N exerted on the bead by the rod has to be normal to it, so its
Cartesian components may be expressed as

N, =-Nsinot, N, = Ncosar.
Hence the Cartesian components of the 2" Newton’s law are 102
m (f cos @t — 2rwsin ot — ra* cos a)t) = —Nsin wt,
m (,'; sin @t + 2Fwcos ot — rw” sin a)t) = N cos at.

Rewriting these equations as
m (r —re’ )cos wt = —(N = 2mi-w)sin o,
m (r —ro’ )sin wt = (N —2mi-w)cos o,
we see that they are compatible only if both terms in the parentheses equal zero. Hence we get the
requested results:
iP=rw*, N=2mio. (**)

(If needed, the first of these equations may be readily integrated, showing that both » and 7, and hence
the force N as well, may be represented as sums of two terms proportional to exp{twr}, with pre-
exponential coefficients determined by initial conditions.)

(i1) Directing one axis (say, X) of the rotating reference frame along the rod, we immediately get
Y(#) = 0, so we need to write the equation of motion only for the coordinate X — which, at the appropriate
choice of its origin, coincides with the distance ». However, according to Eq. (4.92) of the lecture notes,
writing the 2" Newton’s law in this non-inertial frame, we have to add, to the real physical force N
exerted on the bead, two fictitious “inertial forces”: the centrifugal force (4.93) and the Coriolis force
(4.94):
ma=N-mox(oxr)-2moxv. (%)

Taking into account that at our choice of coordinates,
O=n,0, r=n,r, vV=n,r, a=n,r, N=Nn,,
and performing the vector multiplications on the right-hand side of Eq. (***), we get

. _ 2 .
mim, =Nn, +mo°m, -2morn,.

102 The equation of motion for the only degree of freedom of the bead, its distance » from the rotation center, may
be obtained even simpler by using the Lagrangian approach discussed in Chapter 2 of the lecture notes, but by
construction, it excludes the motion-constraining force N, while our assignment explicitly requests it.

Problems with Solutions Page 110



Essential Graduate Physics CM: Classical Mechanics

Now the requirement that each Cartesian component of this equation is satisfied separately, immediately
yields the same results (**) as the first approach.

Hence, the Coriolis “force” is just a physical representation of the mixed radial-angular term in
the purely geometric expressions (*) for the Cartesian components of a point’s acceleration in a rotating
system. Admittedly, Eqgs. (*) are just a particular case of the general Eq. (4.90) of the lecture notes, but
their derivation is elementary, (hopefully :-) making them more transparent.

Problem 4.31. Analyze the dynamics of the famous Foucault pendulum used for spectacular
demonstrations of the Earth’s rotation. In particular, calculate the angular velocity of the rotation of its
oscillation plane relative to the Earth’s surface, at a location with a polar angle (“colatitude”) ®. Assume
that the pendulum oscillation amplitude is small enough to neglect nonlinear effects, and that its
oscillation period is much shorter than 24 hours.

Solution: The Foucault pendulum may be described as the usual point pendulum, with the
oscillation decay time!9 long enough to notice the rotation of its oscillation plane due to the Earth’s
rotation. In the absence of this rotation, it is just the spherical pendulum, which was the subject of
Problem 3.9. Since now we are interested only in its small oscillations, with the angular deviations from
the vertical position satisfying the condition |#| << 1, we may approximate its potential energy in the
Earth’s gravity field as

2
U =-mglcosf = —mgl(l —%) ~ %(}C2 + y2)+ const,

where x = [ sinfcosp = [fcosp and y = [ sinfsing =~ [Gsing are the 2D Cartesian coordinates of the
pendulum in the locally-horizontal plane. In these coordinates, the kinetic energy of the pendulum is
also very simple,!04

T :%(xz +57),

so it makes sense to use them for our analysis.
According to the above expressions for 7 and U, the Lagrange equations of motion of these two
degrees of freedom are linear and independent of each other:

m-%:_%x, my:_ﬁya

[

each describing sinusoidal oscillations with the same frequency Qy = (g//)
one equation for the 2D radius vector p = {x, y}:

2 and may be merged into

mp = -mQ3p. *)

The resulting pendulum’s trajectory on the x-y plane is generally an ellipse, but at special initial
conditions (if the pendulum is launched, from some point py, with an initial velocity aligned with this
radius vector), this ellipse degenerates into a straight line, which retains its spatial orientation.

103 For a discussion of such a decay, caused by energy dissipation (“damping”), see Sec. 5.1 of the lecture notes.
104 In the limit |@| << 1, the contribution to 7 from the velocity’s z-component, z = —/sin@ 8 =~ -6 8, is of the

order of 0%, i.e. is negligibly small.
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To consider the effect of the Earth’s rotation, we need to account for the fact that the Earth-
bound reference frame is non-inertial. In order for the 2™ Newton’s law to be valid in it, we need to add,
to the actual (physical) forces described by the right-hand side of Eq. (*), two fictitious (inertial)
“forces”: the centrifugal force (4.93) and the Coriolis force (4.94), in our current case with the vector ®
= wg directed along the Earth’s polar axis, with the magnitude!5 g ~ 27/24x60x60 ~ 0.727x10° s In
typical implementations of the Foucault pendulum, its swing times are of the order of a few seconds, i.e.
Qo ~ 1 5. This means that o << Q, so the centrifugal force, proportional to maop-A (where A4 is the
amplitude of oscillations) is much smaller than the Coriolis force, proportional to mawgv ~ mweQoA, and
may be ignored.!06

Moreover, for our problem, Eq. (4.94) for the Coriolis force also may be simplified. Indeed, let
us recast it as

F. =-2mo, xv=—2m(mp +a)znz)><(p+z'nz)z—2m(mp Xzn, +®,xp+w.n, xp).

Here the vector ®,, with the meridional direction within the locally horizontal [x, y] plane, has the
magnitude @, = oesin®, where O is the polar angle (“colatitude”) of the pendulum’s location on the
Earth’s surface, while its z-axis counterpart is

@, = @, cosO. (**)
In the final expression for F¢, the vector product involving Z is negligible because of the smallness of

this velocity component at small oscillations (see a footnote above), while the product @  xp is a

vector directed along the z-axis, and the force’s component it describes causes only a minor change of
the pendulum’s support force. As a result, we may keep only the last product, changing Eq. (*) into

mp = -mQip—2ma, (0, xp). (**%)
Using the fact that

n_xp=n, x(nx)'c+nyy)z nx-n.y,
we may return to the Cartesian coordinates {x, y}:

FoOlt205  §e Q20 ()

Since these differential equations are linear, we may look for their general solution as a linear

superposition of particular solutions a,e ¥, y = aye”Q’ — see, for example, Eq. (3.13) with A =—-iQ. The

resulting homogeneous algebraic equations,
2 2 . 2 2 .
-Q%a, =-Qpa, -2iw.Qa, -Q%a, =-Qua, +2i0.Qa,,
are compatible only if the determinant of their system equals zero:

Q-0 2iw.O

. . 2
“2inQ 02 -Q =0, ieif (}-Q') - (20.0) =0.

105 The first sign ~ reflects the fact that the time of the Earth’s rotation in the (nearly) inertial reference frames
bound to the Sun and the stars, is slightly (by ~0.3%) shorter than 24 hours.

106 Actually, its account would result not in any qualitatively new effects, but only in a very small renormalization
of the oscillation frequency.
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This is an easily solvable quadratic equation for Q7; in the limit @. << Qq (again, our Eq. (***) is valid
only in this limit), it gives a very simple result:

Q=1Q,, where Q, =Q, tw_,

so the general solution of Eqs. (¥**%) is
x(l‘):Z:a;r exp{_ iQit}a y(t):zaj exp{—iQit},

where the four coefficients a,” and a,” are determined by the initial position and velocity of the
pendulum. The reader should not worry about the apparently complex nature of these formulas for the
real functions x(¢) and y(7); for any real initial conditions, they always give real results for any ¢. For
example, for simple initial conditions

x(0)=4, x(0)=0, y(0)=0, (0)=0,
these formulas yield
x=AcosQt cosm,t, y=—AcosQtsinw,t.

Since @, << €, this means that the oscillation trajectory on the [x, y] plane is virtually linear,
but this line (i.e. the locally-vertical plane of the pendulum’s oscillations) slowly turns with the angular
velocity equal to —@. = —wg c0s®.197 For example, on the North Pole (® = 0), where @. = g, the
oscillation plane turns exactly with the angular speed of the Earth’s rotation, in the opposite direction.
This fact looks very natural from an inertial reference frame that does not rotate with the planet: for the
observer in this frame, the pendulum’s oscillation plane retains its initial orientation — the result very
natural given the fictitious nature of the Coriolis “force”. However, for any ® but 0 and 7, Eq. (**) is
somewhat counter-intuitive: it shows (and experiment confirms) that in 24 hours, the pendulum’s
oscillation plane does not return to its initial orientation, rotating by less than 27z In particular, a
pendulum on the Earth’s equator (® =7/2) oscillates without any rotation of its plane — as observed from
the Earth-bound reference frame.

Problem 4.32. A small body is dropped down to the surface of Earth from a height & << Rp,
without initial velocity. Calculate the magnitude and direction of its deviation from the vertical line, due
to the Earth‘s rotation. Estimate the effect’s magnitude for a body dropped from the top floor of the
Empire State Building.

Solution: The Earth’s rotational effects are relatively weak, Rpws” << g, so we can analyze them
as small perturbations of a purely vertical fall, with the velocity changing as v.(f) = —gt, and the drop
time Ar = (2h/g)"*. With the v. component dominating the body’s velocity v, the Coriolis force Fc = —
2m(wgxv) is directed horizontally (in the Northern hemisphere, eastward), so the deviation x in that
direction obeys the following equation:

mx =-2magv_(t)sin@ =2mam, gtsin G,

where @ is the polar angle (colatitude) of the experiment’s location. Integrating the equation over time
twice, with zero initial conditions for both x and v,, we get

107 This is exactly the effect first demonstrated by Léon Foucault in 1851.
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3
v.(t)= w.gt>sind,  x(t)= wEg%siné’ ,

so the final eastward deviation is
3/2
dy =x(At) = la)Eg(%J siné .
3 g

The centrifugal force F. = —mmgx(wgxr), is perpendicular to the polar axis, i.e. has both the
horizontal and the vertical components, but the latter gives just a small correction to the flight time. The
horizontal (meridional) component (F.), = —F.cos@ = —(mamx Resinf)cosé, is virtually constant in time,
so the corresponding equation of motion in the meridional direction,

mj = —ma; R, sin @ cos @ = const,

has the well-known solution
2

y(t) = —w. Ry sin @ cos 0%,
so the final southward deviation is

dy =-y(At) = 0l R, sianosHﬁ.

g

For our parameters, o = 0.727x10* s Rp~ 6.38x10° m, g~9.8l m/sz, 6 ~49.3° and h =373
m (the top floor of the Empire State Building), the southward deviation is very substantial, ds = 63 cm.
However, it has to be measured from the direction toward the center of the sphere that the Earth would
be without its rotation, rather than from the static position of a vertically hanging pendulum — which is
the standard measure of the local vertical direction. The latter direction aligns itself with the “net force”
F = mg — moex(wgpxr), so from it, the falling body does not deviate to either North or South. This is
why the velocity-dependent eastward deviation dg, due to the Coriolis force, is much easier to measure,
though it is smaller: for our parameters, dg = 12 cm.

Another interesting aspect of the solution is that the Coriolis-force-induced deviation dg is
directed eastward, while for a horizontal flight from the North Pole, such deviation is directed westward
— see, e.g., Sec. 4.6 of the lecture notes and in particular Fig. 4.15. The reader is challenged to interpret
this difference from the point of view of an inertial-frame observer.

Problem 4.33. Calculate the height of solar tides on a large ocean, using the following
simplifying assumptions: the tide period (2 of the Earth's day) is much longer than the period of all
ocean waves, the Earth (of mass M) is a sphere of radius Rg, and its distance rs from the Sun (of mass
M) is constant and much larger than Rg.

Solution: Due to the first of the listed assumptions, we may consider the tides as a stationary
configuration in an Earth-based reference frame always oriented to the Sun — see the figure below (in
which the tides are dramatically exaggerated for clarity).!8 In such an equilibrium, the surface of the
water (or any other liquid) aligns with the equipotential surface — the surface of equal values of the

108 Naturally, due to the Earth’s rotation about its axis, for an Earth-surface-bound observer, this pattern yields the
familiar time sequence of two low and two high tides every 24 hours.
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effective potential energy of a unit probe mass.! To find this surface in our case, in the non-inertial
Earth-bound reference frame we need to take into account three contributions to the effective potential:
of the real gravity fields (1.15) of the Earth and the Sun, and the effective potential,

C

Uy == loxr)’ *)

of the centrifugal “inertial force” — see Eq. (4.96b) with m = 1, where in
our current case, ® is the angular frequency of the rotation of our
reference frame (and hence of the Earth) around the Sun.

Since, as we know from experimental observations (and will be
confirmed by as our solution), the tide amplitude /¢ is much smaller
than Rg, the Earth gravity field may be taken uniform:

M E

2
E

U, ~gh=G

h,

where / is the point’s height over some sphere of a radius close to Rg.

Next, since rs >> Rg, the Sun’s gravity potential

Us(r) = —GL ~ —G&,
r+n_r| ro +z
where z << rg is the distance of the observation point from the plane
normal to the direction toward the Sun and passing through Earth’s
center (shown with a dotted line in the figure on the right), may be also
taken in an approximate form:

U,
z=0 +
oz

? M M M
laUS 022:—G S+G 2SZ_(; SZZ. (**)

Z —_—
z=0 2 3
2 oz 75 rg 7g

The reason why we need to keep all three leading terms of this Taylor series is that the term linear in z in
the expression for the centrifugal potential (*),

@ rg=0—7 (***)

which expresses the 2" Newton law for the Earth’s motion on the orbit of radius rs around the Sun. (It
also follows from Eq. (3.52) of the lecture notes.)

As a result, the net potential energy of a unit mass is

109 Indeed, if a liquid’s surface did not coincide with an equipotential surface, the potential energy’s gradient VU
(which equals —F) would have a tangential component, and the liquid would follow it — see also Chapter 8.
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M M
Ulh,z)=U, +Us+U, =G ZEh—G—3$zz—la)222+const.
E Ts

Now using Eq. (***) to eliminate @, and representing z near the Earth’s surface as Rgcos@ (where 8 is
the polar angle referred to the direction to/from the Sun — see the figure above), we may rewrite this
expression as

M M M M
U(h,z)=G—Lh —EG—SSZZ +const=G—h —EG—fRé cos’ 6+ const,
R; 2 g R; 2 rg
so the condition U = const yields the following result for the water surface height:
: 3 M, R}
h = const+hycos® @,  with hy ==—>—%.
e 1s

This expression (which is, interestingly, independent of G) shows that in an open ocean, the high
tides would correspond to the directions to and from the Sun (i.e. take place at the local noon and
midnight) — just as sketched in the figure above. With the numerical values of the astronomical
constants (Ms ~ 1.99x10% kg, rs~ 1.496x10'"" m, Mg ~ 0.592x10* kg, Rg ~ 0.637x10" m), the above
expression yields g~ 0.246 m, thus confirming our assumptions %y << Rg, rs, and hence justifying the
performed truncation of the Taylor series.

The real picture of ocean tides is more complicated, first of all, because of the Moon, which
induces its own, similar tides of an approximately twice larger height. These tides have approximately
the same period but a slowly drifting phase difference between them and the solar tides, leading to the
total tide height’s modulation with an approximately two-week period.

In addition, the first of the simplifying assumptions made in the problem’s assignment is not
quite realistic. As will be discussed in Sec. 8.4 of the lecture notes, the velocity v of the longest waves
on the ocean is approximately (gd)"’?, where d is the ocean’s depth, so for the average depth d ~ 5 km of
the Earth’s oceans, v is about 200 m/s. While rather impressive on the human scale, this velocity still
requires time ¢ = 7zRg/v ~ 10’s for the wave to travel around half the globe, which is comparable with the
half-a-day (43,200-second) tide period. For a uniform ocean, of a constant depth, this delay would only
cause a constant phase shift of the tides in comparison with the above result; however, complex depth
patterns cause the tide amplitude and phase distributions to be rather complex as well — especially near
the shores, where certain bay shorelines lead to a dramatic increase of the tide height — up to 8 meters!
(A quantitative analysis of this effect will be the subject of Problem 8.13.)

Problem 4.34. A satellite is on a circular orbit of radius R, around the Earth. Neglecting the
gravity field of the satellite,

(1) write the equations of motion of a small body as observed from the satellite and simplify them
for the case when the motion is limited to the satellite’s close vicinity;

(i1) use these equations to prove that a body may be placed on an elliptical trajectory around the
satellite’s center of mass, within its plane of rotation around the Earth. Calculate the ellipse’s orientation
and eccentricity.

Solutions:
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(1) Let r be the radius vector of the small body under analysis, as
measured from the Earth’s center, and R be that of the satellite’s center of
mass (point 0 in the figure on the right). Then the radius vector of the body
in the reference frame bound to the satellite is

r=r—-R.

Since this reference frame is non-inertial, the body’s motion in it should
be described by the modified 2™ Newton law (4.92), which in our case
takes the form

_GmME(R+F)
|R+F|3

~

r=F —ma, —-mox(©xF)-2mox¥t, (¥

Here m is the small body’s mass, F is the sum of real (physical)
forces applied to the body (besides the Earth’s gravity force, which is spelled out separately), and the
vector @ is directed perpendicular to the satellite’s rotation plane; its magnitude may be readily found
from the 2™ Newton law (written in an inertial reference frame) applied to the satellite:

M, GM

G e =a, =R, giving @* = IE

(Since m is constant, in our case, the last term of Eq. (4.92) vanishes.)

Because of the second (gravity) term on the right-hand side of Eq. (*), this equation is nonlinear
in T (even if the additional force F is a function of time alone), and hence is hard to solve analytically.
However, if the body is sufficiently close to the satellite,

7 <<R,

the equation may be simplified by expanding the gravity term into the Taylor series in the Cartesian
components of the small ratio T /R and then dropping all terms higher than the linear ones. Selecting the
coordinate axes as shown in the figure above (so, in particular, ap = —aon,, R = Rn,, and @ = on.), we
may write

R+F o, +(R+y)n, +zn,
~5 T, . L P2
|R+T| X+ (R+y) +z

n, 1 xn_+yn, +zn,

1
R [(x/RY +(1+y/R) +(/RP[” B [(x/RY +(+ y/RY +(z/ R} ]

n,

N Y
R*(1+3y/R) R’

(xnx +yn, +zn2)z %(1—3Ej+%(xnx +yn, +znz)

i

E%Jr%(xnx —2yny +znz).

In the same breath, let us also spell out the vector products in the last two terms of Eq. (*):
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ox(0x¥)=wo’n, x[nz x(xnx +yn, +znz)]:a)2nZ x(xny —ynx)z—a)z(xnx +yny),
20XT =2mn x()'cnx +yn, +z'nz):2a)(5cny —)';nx).

Plugging these expressions into Eq. (*), and using Eq. (**) to replace the product GMg with
«’R’, we may write separate equations for all Cartesian coordinates:

mx =F_+2may,
mp = F, + m(30°y - 2at) (*4¥)
mi=F —mo’z.

(i1) In the absence of any other forces (F = 0) we may cancel m, getting, for the motion within
the [x, y] plane, the following system of two linear, homogeneous differential equations:

¥=2wp, J=30"y-20x. (rxr)
It is natural to look for their solution in the sinusoidal form (for more about that, see Chapter 5 below),
x= Re[Ae_iQt ], y= Re[aAe_iQt ],

where « is some (so far, unknown) complex number whose argument is the phase shift between the
oscillations of the two coordinates. Plugging this solution into Eqs. (****), we get the following system
of equations for & and Q:

Q' =2iQa, -Q’a=30’a+2i0Q,
with the solution
Q=o, g=-LtoLim2
2 2

Thus, if we select the time origin so that 4 is real, the body’s coordinates evolve as
A ) A .
x=Acoswt, y=—cosl wt+—|=—sinwrt.
2 2 2

These formulas describe the small body’s periodic motion around the satellite, with the frequency
exactly equal to the angular velocity @ of the satellite’s rotation, along an elliptic trajectory with the
major semi-axis a = 4 oriented in the “horizontal” direction (x) and a twice smaller minor semi-axis b =
A/2 in the “vertical” direction (y). Using Egs. (3.63) of the lecture notes, we may calculate the
eccentricity parameter of such trajectory: e = (1 — bz/az)l/ 2 =13/2 ~ 0.866.

Note that the size of this orbit is determined not by the equations of motion, but only by initial
conditions. Note also that according to the last of Eqgs. (***), the motion of the free body along the z-
axis is also sinusoidal with the same frequency @,!' but with independent amplitude and phase.

These results may be also obtained using the inertial reference frame bound to Earth’s center. In
this case, the substantially elliptic orbital motion discussed above is described as the difference between

110 This means, in particular, that even at arbitrary initial conditions, the body will return exactly to the same
position (relative to the satellite) after each revolution around the Earth.
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a slightly elliptical (with e << 1) orbit of the body in question around the Earth center and the circular
orbit of the satellite, with the same main axis a = R — and hence, according to the 3™ Kepler law (3.64b),
the same rotation period. Deriving them from this standpoint is a good exercise, highly recommended to
the reader.

Problem 4.35. A non-spherical shape of an artificial satellite may ensure its stable angular
orientation relative to the Earth’s surface, advantageous for many practical goals. By modeling a
satellite as a strongly elongated, axially-symmetric body moving around the Earth on a circular orbit of
radius R, find its stable orientation.

Solution: The gravitational potential energy of a small slice dz of the satellite’s length (see the
figure below, with mass dm = 1(z)dz, may be represented as

dU:—GMEla?m:—GME !
r (R2+2chos6?+z2

I p(z)dz,

where R is the distance of its center-of-mass from the Earth’s center, while 0 /
0 is the angle between the current position of its symmetry axis z (with the m (A

origin at the satellite’s center of mass) and the “vertical” direction n from S

the Earth’s center — see the figure on the right. In the non-inertial reference / E
frame moving together with the satellite’s center-of-mass 0, to this energy E
we need to add the centrifugal potential energy — see Eq. (4.96b) of the :
lecture notes, so that the total effective potential energy is E

2 M
dU, =-GM ! 5 u(z)dz —a)—(R +zcos8) u(z)dz . /Eg\
(R2 +2chos€+zz)” 2 '

If the satellite’s size is much less than R, we may expand the fraction on the right-hand side of this
expression into the Taylor series in small z/R, and keep only three leading terms of this expansion:!!!

1 cosfé 3cos’6-1 ,
—— z+ z
R R’ 2R’

2
dU , = —GME( J,u(z)dz - %(Rz +2Rzcos @+ z” cos’ H)y(z)dz

GM_ 1-2cos’* 8
= z°ulz)dz + const,
3 > w(z)
where the last step used the 2™ Newton law for the satellite’s circular motion
M .. GM
ma=mo’'R = G—REzm, giving o’ = R3E ,

and “const” means the sum of &-independent terms. (Note that the terms linear in z have canceled; this is
actually a good sanity check because their sum gives the effective radial force —0U,¢/0z, which has to be
zero in the reference frame moving with the satellite.) Now integrating this expression along the entire
satellite’s length, we may calculate its full effective potential energy:

11 Since R has to be larger than Rg ~ 6,000 km, even for the largest artificial satellites (such as the International

Space Station), with a ~ 70 m, the ratio a/R is below 10, so the relative error of this approximation is as small as
(a/R)* ~ 107",
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_ GM 1-2co0s’ 0
R’ 2

The integral in this expression is just the principal moment of inertia of the satellite’s rotation

about any axis perpendicular to its symmetry axis z. Since it is always positive, the calculated effective

energy has minima at the angles & = 0 and 8 = 7, so these two positions of the satellite, with the

“vertical” orientation of its symmetry axis, are orbitally stable fixed points.!'? (The “horizontal”

positions, with @ = +7/2, corresponding to the maxima of the function Ucf(6), are stationary but
unstable.)

Uef

Iy(z)zzdz +const .

Problem 4.36. A rigid, straight, uniform rod of length /, with the lower end on a
pivot, falls in a uniform gravity field — see the figure on the right. Neglecting friction,
calculate the distribution of the bending torque 7 along its length, and analyze the result.

Hint: As will be discussed in detail in Sec. 7.5 of the lecture notes, the bending
torque’s gradient along the rod’s length is equal to the rod-normal (“shear””) component
of the total force between two parts of the rod, mentally separated by its cross-section.

Solution: This is a nice example of the (relatively rare) problems that may be
solved by invoking the inertial “force” described by the last term on the right-hand side
of Eq. (4.92) of the lecture notes:

ma=F—-ma, —mOX(OXr)—2mmxv—moxr. (*)

in lab
Indeed, let us use a non-inertial reference frame with its origin staying on the pivot but rotating together
with the rod — see the figure above. In this case, the vector r of any small fragment of the rod does not
change in time, so v=r =0, and a =r = 0. At the same time, the vector ® is that of the falling rod, so

it does change in time. In the figure above, this vector is normal to the plane of the drawing; taking the
direction into the plane of the drawing (from the viewer) for the positive one, we have o =6.

Now let us spell out the shear (rod-normal) component of Eq. (*) for a small fragment of the rod,
of length dr and mass dm = udr, where = dm/dr = M/l = const is the linear density of the rod’s mass.
The first term on the right-hand side is provided by the gravity force, whose rod-normal component is
(dm)gsin6, and also by the differential dF = (dF/dr)dr of the shear component F' of the force exerted by
the top part of the rod on its lower part (mentally separated by the considered cross-section). The second
term in Eq. (*) vanishes because the origin of our non-inertial frame has no linear acceleration. The third
term (the centrifugal force) has only a longitudinal component we are not currently interested in. The
next term, representing the Coriolis force, vanishes because v = 0. However, the last term, —mo xr , is a

vector normal to the rod (within the plane of its fall), with the magnitude — (dm)@r, so Eq. (*) yields!13

112 Such passive orientation of satellites is frequently called their gravity-gradient stabilization; it was used
successfully, for the first time, in 1967. Note, however, that the stabilizing torque 7= | 0U.¢/08| is very small, and
for low-orbit satellites may be comparable with that from the atmospheric drag. This is why the desired
orientation of most satellites is actively maintained, using either small thrusters or internal “momentum wheels”.

113 Alternatively, this equation may be derived in the inertial, “lab” reference frame, as the 2™ Newton law for the

product of the elementary mass dm by its linear acceleration ré, equal to the sum of only actual (physical) force
components (dm)gsin@ and dF.
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0 = (dm)gsin @ +‘;—Fdr —(dm)fr,

»
giving the following differential equation for the function F(r):

“g: ‘Z( gsin0+0r)= ul- gsin0+ ). (+*)

Equation (**) may be readily integrated with the evident boundary condition F(/) = 0, giving

F(r): de( )dr —,uj(gsmﬁ Hr)dr— [gsm@(l r) OIZ;FZ},

d !

r

and allowing us to calculate the bending torque 7 (7). Indeed, by using the equality given in the Hint,

dr
2T _F
dr (r),

with the obvious boundary condition 7(/) = 0 (no torque at the top end of the rod), we get

] ,2
J.F dr—yj.{ gsin@(l - r)+01 5 }dr’

r2 7 1P PP
I AR AL | L
’{gsm (r 2 2j (2 6 3]}

Requiring the torque to vanish at » — 0 as well (because the pivot does not resist rotation), we get!!4

(***)

ézigsinﬁ. (F)
21

Of course, Eq. (****) could be derived much faster by using Eq. (4.38) for the rod’s rotation
around the pivot, with L. = M*/3 and z. = (Mgl/2)sinf — see the figure above. The advantage of our
current approach is that after plugging Eq. (****) into Eq. (***), we immediately get an explicit result
for the bending torque’s distribution along the rod length:

2
r(r): Mg sin HM <0.
4]

The negative sign of 7 corresponds to the rod being bent backward, with its top end “trying” to
lag behind the faster-falling “belly”.!15 (This is natural because the uniform gravity force density pgsiné
alone is insufficient to give the rod’s top its larger linear acceleration r6.) A straightforward
differentiation shows that dzdr = 0, i.e. the magnitude of 7 reaches its maximum, at » = //3. In

114 Note that this particular result is also valid for the “falling ladder” problem analyzed in Sec. 4.3 of the lecture
notes and continued in Problem 15. Note also the following paradoxical fact: the rod’s end acceleration,
10 =(3/2)gsin @, becomes larger than g at the tilt angles @ larger than ~42°. This fact is used in popular lecture
demonstrations in which a small body (say, a coin), initially placed on the top of a pivoted rod, eventually lags
behind it, if the rod is left to fall.

115 Examining these photos and videos, take into account that in contrast with the simple model considered above,
a typical brick chimney’s cross-section is somewhat larger at its lower end.
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accordance with this result, falling brick chimneys typically break apart at approximately one-third of
their height — see the numerous spectacular photos and videos available online.!1¢

Problem 4.37. Let r be the radius vector of a particle, as measured in a possibly non-inertial but
certainly non-rotating reference frame. Taking its Cartesian components for the generalized coordinates,
calculate the corresponding generalized momentum ¢ of the particle and its Hamiltonian function H.

Compare £ with mv, and H with the particle’s energy E. Derive the Lagrangian equation of motion in
this approach, and compare it with Eq. (4.92) of the lecture notes.

Solution: 1f the moving frame does not rotate, i.e. its motion is translational, we may use Eq.
(4.95) with ® = 0 to rewrite the Lagrangian function of the particle as

LET—UI%(VO-I‘V)Z— E%v3+mvo-v+%v2—U, *)

(where vy is the velocity of the moving frame, as measured from the lab frame), so the generalized
momentum corresponding to r is:117

inlab *

ﬁ=a—L—mV+mV =mv
=" o =

Note that just as in the case of rotation discussed at the end of Sec. 4.6 of the lecture notes, this
“canonical” momentum ¢ is different from the “kinetic” momentum p = mv, and the last expression for

p is similar to that for the case of rotating reference frame — see the discussion of Eq. (4.98) in the
lecture notes.

Now calculating the corresponding Hamiltonian function (2.32),
H=f-v-L =(mv+mvo)-v—[%v§ +mv, -v+%v2 —Uj:ﬁv +U—%v0,

we see that it differs from the particle’s lab-frame energy £ =T+ U:

inlab *

E—H=(%v§ +mv, 'V+%V2 +Uj—(%v2 +U—%v§j=v0 -m(v+v0)z VP

Note a full analogy of this relation with Eq. (4.102) of the lecture notes (valid for a pure rotation
of the reference frame). So the difference between £ and H exists not only at rotation.

The Lagrange equation of motion (or rather the vector aggregate of the three equations of motion
of the three Cartesian components of r) in this approach is

%(mv+mvo)—(—VU)=O,

and may be represented either as ds/dt = -VU = F, or in the form

116 Brick structures resist the stretching stress caused by bending (see Sec. 7.5 of the lecture notes) much worse
than the compression stress, so they cannot sustain even relatively weak bending.

1171 am using the same shorthand as in Eq. (4.98) of the lecture notes. Note also that in this approach, vy is
considered a fixed function of time, independent of r and v.
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ma=F—-mv,.

This is just Eq. (4.92) for our particular case ® = 0. So the equations of motion of a particle are
independent of our choice of its generalized coordinates — as they should be.
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Chapter 5. Oscillations

Problem 5.1. A body of mass m is connected to its support not only with
an elastic spring but also a damper (say, an air brake) that provides a drag force
obeying Eq. (5.5) of the lecture notes — see the figure on the right. u

K n
@

(1) How to select the constants x and 77 to minimize the body’s vibrations
caused by vertical oscillations of its support with frequency w?
(i1)) What if the oscillations are random? v

Solutions:

(1) Let us denote the body’s deviation from its equilibrium height (as measured in an inertial
reference frame) as z(¢). Then the 2™ Newton’s law gives the following equation of the body’s motion:

mz +n[z—z2,(¢)]+ x[z - z,(¢)] = 0,
where the function z(#) describes the support’s oscillations. Rewriting this equation in the form
F428%+ iz =282, ()+ @iz, (1),  where 02 =X, 5=, (%)
m 2m
we see that it is similar to Eq. (5.13), although the net external force described by the right-hand side
depends on the parameters x and 7, and hence cannot be considered fixed at the system’s optimization.
Taking the support oscillations in the form zy(¢) = Apcosart, and looking for the solution of Eq. (*) in the

usual form z = Re(4e ™), which is adequate for the description of forced oscillations, we readily get the
following response function:

A o) +45°w*
r(w)E T T (> ) 2\ 2 2 )
4, (a)o - ) +40°w
The figure on the right shows this result 3

as a function of ay at a fixed oscillation
frequency . It shows that in this case, the

body’s vibrations may be reduced by reducing

the spring constant k so that the own oscillation 2
frequency wy=(x/m)"* becomes well below the
threshold value @ = /N2 (curiously, at that
threshold, the result is independent of o), and
reducing the damping factor 6 as much as 1
possible.

(i1) In most practical systems of this kind
(say, car suspension systems) the oscillation
frequency @ may vary and is not known in 0 1 2 3
. w,/ ®
advance — for example, it may depend on the
velocity of the car’s motion over rough pavement and the statistics of this roughness. The simplest but
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very reasonable model of such a random function z(¢) is the so-called white noise — the superposition of
fluctuations with all frequencies, with their spectral density So(w) being constant.!!8 The basic
mathematical statistics of random functions (see, for example, SM Sec. 5.4) shows that the most
appropriate measure of the intensity of the resulting fluctuations z(f), their variance (z*), may be
calculated as

<Zz> = ZT S.(w)dow = 2? S, (a))r(a))da) =2S,0,1, where [ = Tr(a))da).

0

The figure on the right shows the dimensionless 10
ratio I/ a, calculated for the response r(w) given by Eq.
(**), as a function of the normalized damping factor o,
i.e. of the reciprocal Q-factor (5.11), on the appropriate
log-log scale. One can see that its minimum, and hence 7
the minimum of intensity (z*) of the body’s vibrations, @,
at a given ay, is achieved at Jay = 0.5, i.e. at Q =
an/20 =~ 1. (According to Eq. (5.8), this damping is still
somewhat lower than needed for the oscillation-
relaxation crossover 0= ax.)

Finally, note that this problem is important not
only for the car industry but also for the proper design Y | 10
of all physics experiments that require high isolation Slw, =1/20
from seismic and/or acoustic vibrations. (In some of
these cases, the function Sy(®) may be very different from a constant.) For example, a significant initial
underestimate of seismic vibrations has delayed the now-famous LIGO experiment from reaching the
planned sensitivity, and hence the first observation of gravitational waves, for quite a few years.
Similarly, only insufficient vibration isolation has presented the NIST team led by Russell Young, the
inventor of scanning-probe microscopy, from achieving atomic resolution in the early 1970s — and hence
from winning the Nobel Prize that eventually went to G. Binning and H. Rohrer for similar but more
carefully designed experiments carried out a decade later. In many cases, sufficient isolation requires
multistage damping systems much more complex than the simplest example discussed in this problem —
see, e.g., the book recommended in Sec. 5.1 of the lecture notes.

Problem 5.2. For a system with the response function given by Eq. (5.17) of the lecture notes:

(1) prove Eq. (5.26), and
(i1) use an approach different from the one used in Sec. 5.1, to derive Eq. (5.34).

Hint: You may like to use the Cauchy integral theorem and the Cauchy integral formula for
analytic functions of a complex variable.!!?

Solution: First, we need to prove that the following integral,

118 For the definition of the spectral density see, e.g., SM Eq. (5.58).
119 See, e.g., MA Egs. (15.1)-(15.2).
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+00 1

= j;((a))e_ “rdw= J‘(a)2 —a)z)—Zia)é'
—0 0

—00

e—za)z'dw ,

vanishes for any 7 < 0. It is straightforward to verify that the denominator of the fraction under this
integral may be represented as a product (@ — o)(w — @), where @: = iA:, and A. are the characteristic
equation roots given by Eq. (5.8) of the lecture notes, so

o, =tw,-is, with o, = (a)g —52)1/2.
Now let us represent the fraction as a sum of two simple 1/x-type singularities (called single poles):

1 1 1 1
(@ -0’)-2ios (v-o)No-0) 20/(0-0) 20/(0o-0,.)

As a result, our initial integral may be divided into the sum of two simpler integrals:

I = 1 Te—ia)z' do _Te—ia)r dw ’
2w, - -0,

Z» Zoo Imw
) . ) | — ©
so the expression under each of them, considered a function of - <—|~ |\
the complex argument ® (so that @ = Re ®), has a single pole in 7 0 AN C
the lower half-plane — see the figure on the right. At 7 < 0, the % \\ i
exponent under the integrals, ,' \
-, +o,
exp{— ia)r} = exp{— i(Rea) + iIma))r} ! 4:0 - :*0 " Rew
-— D G- @
= exp{- it Re w}exp{r Im o}, O=0 -0 w=o,

tends to zero at Imw — +oo. Hence, our integrals (which have to

be taken along the real axis of the complex plane ) would not change if we add to each of them a
similar integral over a very large semi-circle in the upper half-plane, i.e. replace each of them with an
integral over a closed contour C; shown with the dashed line in the figure above. But on the area inside
the contour, the functions under the integrals do not have any poles (are analytic), so according to the
Cauchy integral theorem, each of the integrals equals zero, g.e.d.!20

Now a similar operation, but with the contour C_ closed in Im e
the lower half-plane (see the figure on the right) may be readily —w, 0 +
used to calculate Green’s function G(z) at 7> 0, when the exponent —3 T3 T Rew
exp{(Imw)7} quenches the contribution from the /ower semi-circle. |\ G L SRR ® ,
Applying the Cauchy integral formula to each component integral, \\ w=0. w= a);/
we get AR c._’ |a)| —> 0
+a0 +0 —IOT +o —IOT S -
1= oo 1[0 s k-
2r 7 dro)\’ w-0w. | o-o,

120 This is the acronym for quod erat demonstrandum (Lat.), meaning “which had to be proved”. This expression
is frequently met in mathematic literature (with its clinical sequences of postulates, lemmas, and theorems :-) but
not so much in physics, where QED usually stands for “quantum electrodynamics” — see, e.g., QM Secs. 9.1-9.4.
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1 e de e 4w 1 | -t —ier
= - § + i; = 2ri\-e +e
droy)'| o o-0. [ 0-0, 4rw,'

[ ioyt -85t  —iwyr —or)| SIn®,'t _s5r
(—e 07 ™" ye 07 —e , forz>0.

!
2w, W,

This is exactly Eq. (5.34) of the lecture notes.

Problem 5.3. A square-wave pulse of force (see the figure on the right) £ (r)
is exerted on a damping-free linear oscillator of frequency an, initially at rest.
Calculate the law of motion ¢(¢), sketch it, and interpret the result. o

Solution: Using the Green’s function approach, we may express the
solution as

q(t) = jf(t')G(l —t")dt' = Tf(t -17)G(r)dr, where r=t-t'. (*)

m 2rlw, 't

The Green’s function G(7) of such an oscillator has been calculated in Sec. 5.1 of the lecture notes — see
Eq. (5.34) — and again in the previous problem. In the limit of negligible damping, it is reduced to

sinw,t

G(r) =

Wy
Due to the piecewise-constant character of the function f{¢) in our current problem, the non-zero
part of the integral (*) has different limits (and hence gives different final results) for two cases:

() 0 <t <27 ay, and f@) case (i1)
(1) 27 ax < t.

case (i) !

— see the figure on the right. As a result, in case (i), fo

NP A

t t
q(t)= 1, | G —1)dt' = f, [ G(z)dr
0 0

N
|
|
-
\
¥
~

fO FO 0 2r 2w
==

=q,(1-cosw,t), where g, = , o o
0 0

L

®w, K
while in case (ii)
272'/0)0 t

g0 =1, [Gu-t)dt=f, [G@)dr=0.
0

=27/ w,

The final result is sketched with a red line in the figure on the q(t)
right. Its physics is simple: the front step of the force applied at 1 = 0 /o N J (f )
shifts the equilibrium position of the oscillator from 0 to gy = Fo/x. [ _______\(_

Hence at t=+0 the oscillator finds itself shifted from this new
equilibrium point, and starts sinusoidal oscillations around the new
equilibrium position, with amplitude 4 = ¢go. The equal and opposite 0 2rlw, t
back step of force, arriving at time ¢=2m/an, quenches these
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oscillations completely. (If either the time interval between the two steps was not exactly a multiple of
the oscillation period, or the force was not strictly constant between the steps, this quenching would not
be complete.)

Problem 5.4. A linear oscillator with frequency ay and damping o was at rest at # < 0. At =0, an
external force F(f) = Focosax starts to be exerted on it.

(1) Derive the general expression for the time evolution of the oscillator’s displacement, and
interpret the result.

(i1) Spell out the result for the exact resonance (@ = ay) in an oscillator with low damping (o <<
ay) and explore the limit 6 — 0.

Solutions:

(1) We need to solve Eq. (5.13b) of the lecture notes, with the following right-hand side:

fort <0,
focosat, fort>0,

f(= {

where fy = Fo/m. Due to the zero initial conditions at ¢t = 0, we may calculate ¢(¢) using Eq. (5.27) with
the Green’s function (5.34):

q(t) =If(t—r)G(r)dT:fo.[cosa)(t—r)i’ e T sinw,'r dr, with 0)0’_( 52)1/2
0 0 wO

Using the well-known relations between trigonometric functions,!?! we may readily transform
the above expression to a sum of four integrals of the type (5.36), which may be worked out similarly —
see Eq. (5.37):

t

t
cos wt [I sin(w,’ + w)r e~ %dr + Isin(a)o' ~o)e” &dr}
_ o ) g
q(0) == , ,
* |+sinot {— jcos(a)o' +o)re dr+ jcos( ~o)re &dr}
0

= Jo [cosa)t(lml+ +Im1_)+ sina)t(— Rel, +Re[_)]z Jo Im(]+e—i0)f +1_ei60t)’
20, 2w,
where
i@y Tio—0)
I, Ej Jlioy sio=8) e(l,wo o0 Ly *)
0 (o, +w)-6

These formulas show that g(f) may be represented as a sum of two different processes: free
oscillations with the damping-renormalized own frequency ay’ of the oscillator, decaying in time as ™
which arise because of the sudden turn-on of the force, and forced oscillations with the frequency @ of
the external force, with constant amplitude and phase. (Simple algebra shows that their amplitude is
given exactly by Eq. (5.18) of the lecture notes.) Such representation is especially convenient if both the

121 See, e.g., MA Eq. (3.1)-(3.3).
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damping ¢ and the difference between frequencies @ and ay are relatively high — see, e.g., the example
on the left panel of the figure below.

On the other hand, if the damping is low and @ ~ a, the integral I_ evolves in time much slower
than the “carrier” waveform of frequency , and | /:| << | I_|, so the same result for ¢(#) may be more
adequately interpreted as the oscillations of the external frequency @, with their amplitude and phase
modulated with the “beat” frequency

b

a)bz|a)—a)0

with the modulation depth slowly decaying with time (oc ¢®) — for example, see the right panel in the
figure.

0.1 10,

w, =40, 0/w=0.5 w, =09, o/w=0.01
0.05 5
q(¢)
fo 2w, ° 0
-0.05 =5
-0.1 10
0 1 2 3 4 5 0 10 20 30 40
wt/2rx wt/2rx

(i1) This duality of the result’s representation is especially evident in the simple case when o =
ay and 0 << an, so there is virtually no difference between ay’ and ay. In this case, the above result is
reduced to _ . _

q(t) =Lsinwot—Le_5t sin ot Elsina)t(l—e_&j : (*%*)
2w,0 2w,0 2w,0

Again, the first form of this expression may be interpreted as a sum of stationary forced
oscillations (with the due phase shift Ap = 772 relative to the force'??) and of decaying free oscillations.

On the other hand, the (mathematically identical) second form, as well the plot of the whole process (see
the figure below), allow the result to be also interpreted as a single-frequency process with a time-

dependent amplitude,
Aty=—To_ (1—{‘”),
20,0

which starts from zero at ¢ = 0, and gradually approaches the stationary value fo/2an . 123 (See the
“envelope” +A() plotted with the blue dashed lines in the figure below.)

Note that according to Eq. (**), the beginning of the transient process (at times ¢ << 1/0) is
independent of ¢, and describes oscillations with a linearly growing amplitude:

122 See, e.g., the right panel in Fig. 5.1 of the lecture notes.
123 This value evidently complies, for this particular case, with Eq. (5.18) of the lecture notes.
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q(t) = 2]; tsinwt, atot<<l. (*%)
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At 0 — 0, both the duration of this initial stage and the finite amplitude of oscillations tend to
infinity, making Eq. (**) the full solution of the problem (for zero initial conditions). This result enables
the following interpretation of the stationary amplitude’s divergence at @ = ay: after the resonant
external force has been turned on, the oscillation amplitude A4 grows linearly in time, without saturation,
with the force supplying more and more energy to the oscillator.

Problem 5.5. A pulse of external force F(¢), with a finite duration 7, is exerted on a linear

oscillator with negligible damping, initially at rest in its equilibrium position. Use two different
approaches to calculate the resulting change of the oscillator’s energy.

Solution: The oscillator’s energy is given by Eq. (5.1) of the lecture notes:
: m., K m.
E=T(g)+Ulg)=7d"+3 4" = 5((172 +3q?).

In order to calculate the final value of the energy at # = 7, we may use the expression for g(¢) following
from Egs. (5.27) and (5.34), with 6= 0 (in particular, giving ay’ = ay):

alt)=—— [ F()sin o, (t—1") d’
ma, 5

(where ¢ = 0 corresponds to the beginning of the pulse), and the resulting expression for the velocity:

4(r)= dz—?) = iJ.F(t’)cos w,(t—1t")dt", (*)

getting

2m 0

ar>-i{ﬁfukwwxr—nmy+anﬁmwxr—»mT} =)

where the integration variable ¢’ is replaced with ¢ for brevity.
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Alternatively, the energy may be calculated as the work / done by the force F(¢) on the system,
by integrating its instantaneous power S¢) over time:

Plugging in Eq. (*), we get
E(T):ljF(t)dth(t’)coswo(t—t’)dt’. (F%)

mO 0

It may look like these two results are different. However, Eq. (**) may be readily reduced to Eq.
(***) by representing the integrals squared as double integrals, merging them, and then using the well-
known trigonometric formula:!24

7 7 7 7
E(T):ﬁ [F(e)cos (7 =)t [ F(t')cos @, (7"~ ')t + [ F(¢)sin o, (7~ t)dt [ F(¢')sin a)o(f—t’)dt}
0 0 0 0
1 7 7
™ F(t)dt.[F(t’)dt’ [cosw, (7 —1)cos @, (7" — ")+ sin w, (7" = t)sin o, (7" —t')]
0 0
1 7 7
= E{F(r)dt}[F(t')dt’cos w,(t—1"),

bringing us to Eq. (***) again.

Problem 5.6. A bead may slide, without friction, in a vertical plane along a parabolic curve y =
ax*/2, with > 0, in a uniform gravity field g = —gn,. Calculate the change of frequency of its small free
oscillations as a function of their amplitude 4, in the first nonvanishing approximation in 4 — 0, by
using two different approaches.

Solution: The kinetic energy of the bead is

mi(., .2 mi ., dydx 2 m dy ? ) m 2 2\).2
T:—(x +y )z—x +|——| |=—|1+|—=| |x :—(1+ax)x,
2 2 dx dt 2 dx 2

while its potential energy is U = mgy = mgax*/2, so the Lagrangian function is

LET—U:%(1+a2x2)x2 —’"”T"O‘xz.

Approach 1. Per Eq. (2.19a) of the lecture notes, this Lagrangian function yields the following
Lagrange equation of motion for the (only) generalized coordinate of this system, x:

%[m (1+ azxz))'c]—(mazxzx—mgax)= 0.

This equation may be rewritten in the canonical form (5.38):

124 See, e.g., MA Eq. (3.1a) with the bottom sign.
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P+o’x=f= 2§a)x—a2(>'c2x+)'c'x2),

where &= o — ay, and oy = (ga)l/z. In the limit 4 — 0, we may solve this equation by the harmonic
balance method (see Sec. 5.2 of the lecture notes), by plugging into its right-hand side the 0™-order
approximation ¢”/(¢) = 4 cos¥, where ¥ = o — ¢

f=fO =2fwAcos¥ —0{2/13a)2(sin2 Y cos ¥ —cos® ‘P)

In the last (nonlinear) term of this expression, let us separate the terms with frequency @ from those of
the higher (in this particular case, 3") harmonic:

sin® WcosW —cos’ W = (1-cos”> ¥)cos¥ —cos’ ¥ =cos¥ —2cos’ ¥

=cos¥ — 2(% cosW + %cos 3‘1’) = —%cos ¥ +a 3™ harmonicterm.

Now, requiring the net amplitude of the component of frequency @ of the function /© to vanish, we get

the following harmonic-balance equation:

2 2
o o

2w A+ 4> =0.

Since this analysis is valid only asymptotically at &#4* — 0 and | £|<< , the difference between
the frequencies w and ay is negligible in all terms except for the detuning &= @ — an. As a result, we
may write

2 42
a A
-0, =&~ — 1 @, .
Approach 2. Since for this system, 0L/0t = 0, its Hamiltonian function
H E%x—L = m(fc+a2x2)'c))'c—{%(l+a2x2)x2 —%ﬂxz} E%(l+a2x2)5c2 +%0‘x2 —T+U=E
X

is an integral of motion. Using this integral to find the generalized velocity,

2E/m-gax’

i i( /m : gzax J
I+a’x
and taking into account that it is an even function of x, we may find the oscillation period 7" as
4 ) 12
7 = i)dtz d_.x:4J-Lx2 dx
X 2E/m—gox

one one 0
period period

where A4 is the oscillation amplitude determined as the value of x at x =0, i.e. 2E/m — gatA2 =0, so

A 1+22 172 4A1+221/2
r=4j($] dx j( ax j dv,  with o, =(ga)"”.

'\ gad® - g’ T Ao, 2\ 1-x7 /A4

For a = 0 but ay # 0, this integral may be readily calculated (see, e.g., Eq. (3.28) of the lecture
notes), giving an amplitude-independent period
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i.e. the amplitude-independent frequency @ = an. To capture the frequency’s dependence on the
frequency at small 4, we may expand the numerator of the function under the integral into the Taylor
series in small (ax)” ~ (a4)?, and keep only two leading terms:

4 v’ de 4t 14K )2 4L dixid) a4 (/AP d(x/ A)
7 = ~ dx = — .
Awol(l—xz/Az)l/z Aon( ) '!(l—xz/Az)l/2+ 2 !(1—)8/142)”2

(1-x147)7 T oy
Both integrals may be readily worked out using the same substitution x/4 = siné, so (1 — x*/4%)"* = cos

&, and

j d(x/A) _j-d(sm§) jdf—

1/2

((x/A)?*d(x/A) psin® & d(sin i 17¢ T
l((l_xl/jz)l/2)=j ios(f §)= ‘gsnggdf:E }[1 cosZaf 4,
finally giving
7zi(”+a2‘42 ] 27r(1+a2A2],
W, \ 2 2 4) o, 4
so the oscillation frequency
_27 o, o (1_0:2/12}
7 1+a’4’/4 4 )

This is the same result as was obtained using Approach 1. Note, however, that Approach 2 was
based on the conservation of energy, while Approach 1, based on the harmonic balance method, is
applicable even in the absence of such first integral of motion, though being fundamentally conditioned
by the small amplitude limit.

Problem 5.7. For a system with the Lagrangian function
m ) K 2 .« 4
=—q ——q +¢&q°,
5 q > q q

with small parameter &, use the harmonic balance method to find the frequency of free oscillations as a
function of their amplitude.

Solution: According to Eq. (2.19a) of the lecture notes, the given Lagrangian function yields the
following equation of motion,

%(mq’+4gq'3)+1(q =0,

which may be rewritten in the standard form (5.38):

12¢ ., ..
Gro'q=f= 2§wq——q2q,
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where &= @ — ay, and @y = (x/m)"?. Following the general recipe of the harmonic balance method, we
plug into the right-hand part of this equation the 0™-order solution ¢°\(r) = 4 cosW¥, with ¥ = et — ¢

Rew’

o O =2wAcos Y + A’ sin® W cos .

m

Then, in the nonlinear term of this expression, we have to separate the components of the basic
frequency @ from those of the higher (in this particular case, 3™) harmonic:

. 1 .
sin® WcosW = (1—cos”> ¥)cos¥ =cos¥ —cos’ ¥ = Zcos‘P + the 3™ harmonic.

Now, requiring the net amplitude of the component of frequency @ of the function £” to vanish, we get
the harmonic-balance equation

4
3ew £ =o.

28w A+
m
Since all our analysis is valid only asymptotically at £ — 0, and at £ = 0 we have w = ax, the
difference between these two frequencies is negligible in all terms except for the detuning &= o — .
As a result, we may write

3 2
a):a)0+§za)o(1—;—an;°A2J. (*)

This asymptotic expression is quantitatively only valid when the magnitude of the second term in the
parentheses is much less than 1.

Note that since for this system, 0L/0t = 0, its Hamiltonian function,

aL . m . 2 K 2 -4
=—q-L=—qg +—q +3&q", ok
aq ! 54 54 q **)
is an integral of motion, which may be used, just as it was done in the previous problem’s solution, for
an alternative way to derive Eq. (*).125

In this context, let me make one more important remark. Nothing prevents us from rewriting our
Lagrangian function as the usual difference

L=T-U, with T="0¢+eq*, U=2g?
2 2
and interpreting 7 as the kinetic energy of the system, and U its potential energy. However, this does not
mean that their sum,

T+U:%c]2+§q2+gq4, (¥

(i.e. the apparent total mechanical energy of the system) is conserved. Indeed, the conservation of this
sum would contradict the already proved conservation of the H that is given by Eq. (**) and differs from
Eq. (***) by a coefficient in the term proportional to & Formally, this fact is not surprising, because this
T is not a quadratic-homogeneous function of the generalized velocity, and hence H may be different
from T + U. Physically, such a situation is met, for example, in special relativity, where, in the limit of

125 See, e.g., EM Problem 9.9.
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small velocities (v* =¢> <<c¢”), Eq. (**) rather than Eq. (***) gives the genuine energy of a 1D
particle in a quadratic potential well — or rather its difference from the rest energy mc?. 126

Problem 5.8. Use a different approach to derive Eq. (5.49) of the lecture notes for the frequency
of free oscillations of the system described by the Duffing equation (5.43) with 6 = 0, in the first
nonvanishing approximation in the small parameter ad*/ay* << 1.

Solutions: In the absence of damping and an external force, Eq. (5.43) is reduced to

j=-wq+aq’,
and is identical to the equation (3.2) of motion of a 1D particle of mass m in the following time-
independent potential well:

_me, , ma

Ulq) = _ma s
(9) et

Since the Lagrangian function of this system,
-2 2
r=r7-u="4 _ % q2+maq4,
2 2 4

does not explicitly depend on time, its Hamiltonian function H

(which, in this case, is also the system’s energy E = T + U), is the first integral of motion: dH/dt = 0.
Using this integral to calculate the generalized velocity as a function of the coordinate,

2[—[ o 4 1/2
i= 2wy 2|

m 2
and taking into account that it is an even function of ¢, we may find the oscillation period 7" as

r= fai= § 4_y] 4y .
| 0 (2H/m—a)§q2 Jrozq“/2)”2

one one q
period period

Here A is the oscillation amplitude, which is determined by the condition ¢ =0 at g = A4, giving

Z_H = a)ozAz — CZA4 5
m 2
SO
f dq 4 dé
7 = =— , *
4! 02(4? = g*)-ala® —g*)2]" @ {[(1—52)—04,42(1—54)/2@;]”2 ®
where &= g/A.

126 I that particular case, &= m/8c¢”, where c is the speed of light — see, e.g., EM Sec. 9.3.
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If & = 0, this integral may be readily calculated — for example as in Eq. (3.28) of the lecture
notes, e.g., by using the variable substitution &= sina:

¢ dé d(sina)
-0[(1_52)”2 ! cosa j-d

This gives us the amplitude-independent 7= 27/ ay, i.e. the amplitude-independent oscillation frequency

@=277= ay. In order to capture the frequency’s dependence on the amplitude at small but non-zero «,
we may expand the denominator of the function under the integral in Eq. (*) into the Taylor series in
small a4’/ ay* << 1, and keep only two leading terms:

4 dé 41 di [ o z}_
=" ~ 1 1 =
a)o'([(1—52)1/2[1—(0&42/2a)§X1+§2)]1/2 wo!(l—fz)mt +4w§(+§ )
Eil dE +aA21 (1+§2)d§
wo'o[(l—fz)m 0)3 _([(1_52)1/2

The first of these integrals has already been calculated and the remaining one may be worked out
using the same substitution, & = sina:

/2 /2
J~1+§ 1/2 J1+sm a)da— J(——ECOSZa]d :37”,
o (1-¢
2 2
7~ 27r RY/ 7| _2_7r 1_|_304A2 ’
8w,

finally giving

a)o 4o, @,
so the oscillation frequency
_ 27 _ @, oy 30N
T 7 1+3ad’ 80 | 8w,

This is the same result as given by Eq. (5.49). (The difference between @ and ay in the second,
already small, term is beyond the accuracy of our first approximation.) Note, however, that the
harmonic-balance approach to this problem, used in Sec. 5.2 of the lecture notes, is more general,
because it may be used even in the absence of a first integral of motion — say, for dissipative and/or
externally-driven systems. (On the other hand, Eq. (*) is valid for an arbitrary oscillation amplitude — or,
more exactly, for any a4*/ay < 1 — the range where the Duffing equation has periodic solutions.)

Problem 5.9. On the plane [a;, a;] of two real parameters a; and a», find the regions in which the
fixed point of the following system of equations,

g, =a,(q,—q),
4, =a,q, — 4,

is unstable, and sketch the regions of each fixed point type — stable and unstable nodes, focuses, etc.
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Solution: The only fixed point of this system of equations is the trivial one, ¢; = g» = 0, and since
both equations are already linear, they do not need an additional linearization in the vicinity of this
point. Looking for the solution of the system in the usual form g, oc exp{A¢}, we get the characteristic
equation
-a, -1 g

a, -1-2

‘5/12 + Ma, +1)+a,(1-a,)=0.

Solving this quadratic equation, we get the following two roots:

1 1 2 1/2 1
ﬂ+:—a1+ il:[al+ j +a1(a2—1):| E—a12+

1 1/2
+ 5 ) iE[(“l _1)2 +4a1a2] . (*)
The fixed point’s type depends, first of all, on whether the expression under the square root is
positive or negative. As the last form of Eq. (*) shows, it is negative (and hence both roots A, are
complex, i.e. the fixed point is a focus) if

4a,a, < —(a1 - 1)2.
This relation is satisfied if either a¢; > 0 and a; < fla)) = —(a; — 1)2/4a1, or a; < 0 and a; > fla;). This

means that in the figure below, the point [a;, az] is somewhere outside the region limited by the two red
curves, which show the function f{a,).

a,
2 .
unstable : stable (unstable)
focus 1 focus
stable node : —J/ > saddle
unstable node —IH :
stable
node
0 ——] a,
(unstable)
saddle
stable
-1 focus
-2
-2 -1 0 1 2

Whether the focus is stable or unstable is determined by the real part of the roots, i.e. by the
expression —(a; + 1)/2 before the square root in Eq. (*). In particular, the focus is unstable (Re A; > 0), if
—(a; + 1)/2 > 0, meaning that a; < —1, i.e. on the left of the vertical dashed line shown in the figure
above.
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If the point [a), a] is located between the two red curves, both roots A; are real, and the stability
depends on the sign of the largest root, A;. It is positive (i.e. the fixed point is unstable) if the square root
in Eq. (*) is larger than | —(a; + 1)/2|; according to the first form of Eq. (*), this is true if

a](a2 —l)>0,

i.e. if @) and (a; — 1) have the same sign. In the figure above, these regions are shaded; in them, the fixed
point is a saddle — which is always unstable. In the region a; < —1, i.e. to the left of the dashed vertical
line in the figure below (but still between the red lines), the smallest root, A, is also positive, so the
fixed point is an unstable node.

The figure legend summarizes the resulting picture of the fixed point types. Finally, let me note
that this problem is not occasional, but is a particular case (with g3(¢) = 0) of the famous system (9.1) of
three nonlinear equations, whose study by E. Lorenz in the early 1960s has triggered a wave of studies
of deterministic chaos effects, to be discussed in Chapter 9. The instability of the trivial point within
certain regions of the parameter space, which was discussed above, implies (though does not prove)
nontrivial dynamic properties of the full system.

Problem 5.10. Solve Problem 4(ii) by using the reduced equations (5.57), and compare the result
with the exact solution.

Solutions: For a linear oscillator, we may reuse, for example, the reduced equations Egs. (5.60)
for the nonlinear oscillator (5.43) by taking a = 0, so, per Eq. (5.48), in our current case when @ = a,
the function &(4) equals zero for any 4 and the equations are reduced to

- Jo . . Jo
A=-0A+-—singp, =—"—CO0SQ. *
S e 0=5 1505¢ *)

In the very beginning of the transient, when the amplitude 4 of the oscillations is very small, the right-
hand side of the second of these equations is very large, so it describes a very fast relaxation of the
phase ¢ to the stable fixed point ¢. = 7/2. (See, e.g., Fig. 5.5 of the lecture notes and its discussion.)!?’
With this value, the first of Egs. (*) takes a simple linear form,

A=—5A+&,
20

and may be readily integrated — for example by taking A(¢) = 4y + A:(t), where Ay = fo/2@d = const so
that —04, + fo/2w = 0. With this variable replacement, the differential equation becomes homogeneous,

A =—-04,,  with 4,(0)=-4, = —2f—°5,
[

and has the well-known exponential solution 4,(7) = 4,(0)e %, finally giving

127 Actually, if the initial value of the amplitude is exactly zero, there is no transient at all: the oscillations just
start to grow with the “correct” phase ¢.. The best way to prove that is to rewrite the reduced equations (*) in the
Cartesian form (5.57c¢), just as this was done in Sec. 5.5 of the lecture notes for the parametric oscillation analysis
—see Eq. (5.79). Let me leave this simple calculation for the reader’s additional exercise.
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Jo ( —ot
Alt)=——=\l—-e 7). *x

( ) 200 ) )
But taking into account that in our case @ = ax, this is exactly the result that was obtained in the solution
of Problem 4(ii), in the similar limit 6 << w.

It is also instructive to use this simple problem to see how critical is the smallness of a typical
“small parameter” (in this case, 0) for the reduced equations’ accuracy. The red lines in the figure below
show the plots given by the exact formula for g(¢), derived in the solution of Problem 4(i), for the exact
resonance (@ = ax), while the dashed blue lines show the functions £A4(¢) following from Eq. (**)
(which are supposed to give the oscillations’ envelope), for two values of the ¢/ ay ratio.

10 2
0w, =0, 6/ow=0.1 0w, =0, 6/w=05
5 — -
q(t) P
fo/20 0
-5
-10 -2
0 2 4 6 8 10 0 0.5 1 1.5 2
ot/ 2r ot/ 2

The plots show that the reduced equations work quite reasonably even for &/ay as large as 0.5,
i.e. just twice smaller than the critical value at which the renormalized frequency @y’ vanishes, so the
oscillator turns into a relaxator. Thus the van der Pol approximation shares the nice common feature of
all good asymptotic methods: usually, they give practically acceptable accuracy far beyond their
supposed validity range.

Problem 5.11. Use the reduced equations to analyze forced oscillations in an oscillator with weak
nonlinear damping, described by the following equation:

g+20q + a)ozq + g’ = f, cosat,

with @~ ay; B, 6 > 0; and fwA* << 1. In particular, find the stationary amplitude of the forced
oscillations and analyze their stability. Discuss the effect(s) of the nonlinear term on the resonance.

Solution: Calculating the right-hand sides of the reduced equations (5.57a) for this case, we get
L fo
A=-0(A)A+-—sing@,
2w

(*)
D = ﬁ — § 2 42
A(p—§A+2 cos@, where §(A)_5+8ﬂa)A.
10
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Here the function &XA4), which was already used in Eq. (5.63a) in the lecture notes, has the meaning of
the effective damping coefficient, which grows with the oscillation amplitude. With this notation, the
only fixed point {4o, ¢} of the reduced equations (*) satisfies the system of algebraic equations

formally similar to those describing the linear oscillator:

0(A4,)4, :ﬁsin(po, & A, :—ﬁcos%, (**)
20 20
from which the oscillation phase may be readily eliminated:
2
fO 2 2 2
— | =407 (4,)+ &7 |
[Zw oo+
This result, which may be readily used
to write an explicit expression for resonant 6/w=0.03 0.02
curves in the reciprocal form &£(A4), shows that ‘ fo /20 =1:0.04
at £~ 0 (i.e., at ® = ay), the system exhibits the 0.06
usual symmetric resonance but for larger values '
of fo, the curves 4o($) are somewhat flattened 4, , )
on the top — see the figure on the right for an ' --=- o =0.03
example. . fp=0
In order to analyze the stability of this 0.4
fixed point, we can, as usual, plug into Egs. (*) X
the following variable replacement: 0o Tl . el
A= 4+ A0, 9=p,+50), e '
and then linearize the resulting differential o 0.05 o1
equations with respect to small variations. The | z |

resulting linear equations,
A =—5'(Ay) A A - 5(A)A + 2f—°cos 0, B,
@

~ fo : ~ fo "
A @ =—-—sin - cosp, A,
0P 2w by @ 204, 2

where 0'(4) = dXA)/dA, may be substantially simplified using Eqgs. (**):
A=—[5"(4,)4, +5(4,)]4 -4, §,
A9 = § A= 5(4))4, P,
As aresult, the characteristic equation has a simple form:
oy ratpal-2 - |
& ~5(4)—-A|

and its roots may be expressed as
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1/2

L= 8+ 384 {Gmomo] - 52}

There can be two cases here. If the detuning is small, | £ | < 0'(4p)Ay/2, i.e. if we are close to the
resonance, then the expression under the square root is positive, and both roots A: are real. Note,
however, that because of the term 52 > 0, the square root’s modulus is always less than ¢”(4¢)40/2. Since
the latter term is positive (indeed, by differentiating &A4) over 4, we get 0'(4¢)Ao = (3/4)ﬂa)2A02 > 0),
both roots 4. are negative, so the fixed point is a stable node.

For larger values of detuning, | & 1> 5 '(Ao)Ao/2, the expression under the square root is negative,
and both roots 4. are complex, with equal and negative real parts, so the fixed point is a stable focus.
(This case is close to the forced oscillations in a linear oscillator, with = 0 and hence X4) = ¢ and
0'(4) =0, when 4. =—0 *i¢, so the fixed point is a stable focus for any &)

Thus for an oscillator with weak nonlinearity of the drag, the fixed point corresponding to the
forced oscillations is stable for any values of & and f, i.e. for any frequency and amplitude of the driving
force. However, if the (potential) returning force is nonlinear, such as in the case described by the
Duffing equation (5.43), the situation is quite different — see Problem 13 below.

Problem 5.12. Within the approach discussed in Sec. 5.4 of the lecture notes, calculate the
average frequency of a self-oscillator outside of the range of its phase locking by a weak sinusoidal
force.

Solution: According to Eq. (5.41) of the lecture notes, which was used for the analysis in Sec.
5.4, the average frequency of the quasi-sinusoidal oscillations ¢(7) may be calculated as

D, =0-p=0,+E- ¢, *)

where the averaging is carried out over a sufficiently long time interval. Within the van der Pol
approximation used in Sec. 5.4, the time evolution of the phase shift ¢ is given by Eq. (5.68):

a0 =&+ Acoso, le. dt =L. (**)
dt E+Acose

For notation simplicity, let us assume that A > 0 (the final result does not depend on the sign of
this parameter), and start with the case £ > A. (As a
reminder, at | £| < A, Eq. (**) yields ¢ = const, so the
phase locking is complete: @, = @.) The figure on the
right shows (schematically) the phase plane of Eq. B S N Ak \iin W
(**) for this case. From this diagram, it is clear that
phase ¢ increases monotonically, but with a
periodically increasing and decreasing rate d¢/dt.!28
Taking into account that, according to Eq. (**), d@/dt

E>A

128 An additional exercise for the reader: explore this motion in more detail, by using the fact that Eq. (**) may be
analytically integrated even in indefinite limits — see, e.g., MA Eq. (6.3¢c).
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is an even and 2 z-periodic function of ¢, the time 7" during which the phase ¢ increases by 27 may be
calculated, from that equation, as

7=jd—=2j—.
< &+ Acos + Acos
S+Acosp &+ Acosg

Integrals of this type may be worked out by the standard substitution s = tan(¢/2), giving cosp =
(1 -s%)/(1 +s%), and dp = 2ds/(1 + s%). As a result, we get

2ds/(1+s :4T T d¢
YErAl-s?)/(+s2) 04§+A +s° § A) % AZ)”ZOH ¢’

fzj

where ¢'=[(£— A)/(E+ A)]"2s. The last integral is well-known, 2 and equal to 772, so we finally have

From here, the average speed of the phase increase is
— 2z 2 \I/2
=— —A
R
so Eq. (*) yields
B, =, +E—g=m,+E-(E-A)7, for £2+A.

An absolutely similar calculation for negative values of the detuning yields

W, =, +&— @ = a)0+§+(§ A2)1/2 for £<-A.

Together with the result obtained in Sec. 5.4 of the lecture 0_)q —w,

notes (@, = w at |£| < A), we get the general picture shown @y =D
(schematically) in the figure on the right. It shows that the (
average frequency of the self-oscillations is a continuous -A !

function of the detuning £ = @ — an, and as the magnitude
of & is increased well beyond the phase-locking range A,
the frequency gradually returns to its unperturbed value ay.

Z--9

Problem 5.13." Use the reduced equations to analyze the stability of the forced nonlinear
oscillations described by the Duffing equation (5.43). Relate the result to the slope of the resonance
curves (Fig. 5.4).

Solution: Acting just in Problem 11, we look for the solution of the corresponding reduced
equations (5.60) in the form

A=A, + A1), ¢=p,+p(),

where each fixed point {4,, ¢,} satisfies the harmonic balance equations (5.47):

129 See, e.g., MA Eq. (6.5a).
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2
2§(An )a)An + focosep, =0, 20wA, — f,singp, =0, where £(4,)=&+ % od, ™
10}
The linearized system yields the following characteristic equation:
-0—-1 -£&(4
54, =0, where &'(4)= m ,
s(4,)+&4)4, -6-4 dA
with two roots,
A =6 +ilE(4)[E(4,)+ (44,117, (**)

for each fixed point. (As a reminder: depending on the parameters, the system may have either one or
three of them — see Fig. 5.4 in the lecture notes and the crude sketch in the figure below.)

£(4)=0 dAldé =0

— A
-~ \l
| stable focuses

\ \

A\ y dA/d&é =
stable
~ nodes

| 0 £
s(A)+5(DHA=0

unstable
nodes

stable focuses

To analyze Eq. (**), let us assume that & > 0. (In the opposite case, the situation is mirror-
symmetric with respect to the point &= 0.) In this case, &'(4) = (3a/4w)A is positive for all fixed points.
As a result, for all positive &(A4), i.e. for all fixed points on the right side of the “skeleton curve” &A4) =0
(shown with the dashed line in the figure above), the expression under the square root in Eq. (**) is
positive, so the fixed points are stable focuses. Moving to the left of the skeleton curve, we are changing
the sign of &(A4), and hence that of the expression under the square root, thus making both roots A real,
and turning the fixed point into a node. For small negative &(A), these nodes are stable. However, one of
the roots A becomes positive (and hence the node unstable) as soon as the modulus of the square root
becomes equal to 4, i.e. at the point where

E(A)[E(A,)+E(A)A,]+52 =0.
To interpret this condition, let us consider the differential of the first of Egs. (5.48),

A2= f02 1
" 4w’ E(A)+57

(***)

which follows from Egs. (*) at fixed fy and other parameters of the system besides the detuning & and
the stationary value A4, of amplitude 4:

fo_dlea)] g7 264, s+ £(4,)da,) o 264, fdg + £(4,)d,]

24,dA, =- = B
B T e P R S AR

3
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where for the last step, Eq. (***) was used again. Solving the resulting equation for d4,, we get

i = - E(4,)4, e
E(ADEA)+E(A)A4,]+8

This expression shows that derivative d4,/d& diverges, i.e. the resonance curve has the vertical
slope (see the figure above) exactly as the fixed point becomes unstable. Hence, as could be expected, in
the region of frequencies where the system has three fixed points, only two of them are stable, and are
separated by an unstable point at the negative-slope branch of the resonance curve A(¢). (This fixed
point topology is very typical for bi- and multi-stable dynamic systems.) As a result, if the resonance
curve is passed by slowly changing the detuning at fixed fo, the system experiences the amplitude jumps
shown by the bold vertical arrows in the figure above, i.e. is its resonance curve is hysteretic.

Just to complete our analysis, in the region below the lowest instability point, we see a new
change from stable nodes to stable focuses, now due to the change of sign of the second factor under the
square root in Eq. (**), i.e. at the point where

E(A4,)+E&(4,)A4, =0.

Thus for large negative values of the detuning, the system again behaves qualitatively as a linear
oscillator, with the (only) fixed point being a stable focus.

Problem 5.14. Use the van der Pol method to find the oty * T

condition of parametric excitation of an oscillator described by the 20 20
following equation: o} (1 + 1) <2 B,
§+280 + 0} (1) =0, o2
t
where ay’(¢) is a periodic square-wave function shown in the figure > () P N N

0

on the right, with @ = .

Solution: To solve the problem, we need to calculate the
right-hand sides of the reduced equations (5.57) for the following function:

f© =28wAsin(wt — @) + Acos(wt — 40)[2560 ~ uey”S(1 )],

where
+1, for m<wt<nm(n+1/2),
S(t) =

-1, for z(n+1/2) < wt < 7(n+1),

for any integer n. For the {u, v} form, which is most suitable for the parametric excitation analysis,
straightforward integration of the right-hand sides of Egs. (5.57¢) over the time period 27@ (with
breaking it into four 7/2@w-long segments, each with a constant value of the function S(¢) = £1) yields

i=—ou—&v+ 2%,
T

\>:—5v+§u—ﬂv.
V4
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These linear equations have a structure reminding Eqs. (5.79) that describe the sinusoidal
parameter modulation case, but still differ from them, so it is prudent to redo the stability analysis. The
characteristic equation now takes the form

s+ HY - y (o 2
a " =(1+9) —(—] +E2 =0,
¢ —o-F2

and the expression for its roots,
1/2

/1+=—5i{(%j2—§2] :

is similar to Eq. (5.83) for the sinusoidal modulation, but with a larger coefficient before x, so at the
exact tuning (&= 0) the excitation condition (5.86) is replaced with
7] > 72-_5 = l ~ ﬂ . (*)
o 20 0

This increase of modulation efficiency (by the factor of 4/7 =~ 1.27) is due to square-wave
modulation law — as could be expected from the discussion of the pendulum’s length modulation at the
beginning of Sec. 5.5. Note, however, that at a fair comparison (Al/l <> 2u), this modulation is still
somewhat less effective than the similar change of the pendulum’s length at optimum time moments,
illustrated in Fig. 5.6. The reasons for this difference have been discussed in Sec. 5.5 of the lecture
notes, right after Eq. (5.86).

Problem 5.15. Use the van der Pol method to analyze the parametric excitation of an oscillator
with weak nonlinear damping, described by the following equation:

G+204+ B’ +w,” (1+ tcos 20t )g = 0,
with @~ ax; f, 6> 0; and u, fwA” << 1. In particular, find the amplitude of stationary oscillations and
analyze their stability.
Solution: At the specified conditions 1, fwA® << 1, and also | £| << @, the given equation may
be rewritten in the canonical form (5.38), with the following right-hand side:

=28+ Bq’ +2Emq — uw; cos2wmt q,  where E=w—,.

Spelling out Egs. (5.57a) of the lecture notes for the particular function f, we get the following system of
the reduced equations!3?

A=-5)4-H? 4sin2¢,
4 (*)
A(j)ng—%AcosZ(p, with §(A)E§+§,Ba)2A2.

130 Alternatively, these equations may be obtained directly by the natural synthesis of Eqgs. (5.63) and (5.77),
taking into account the similarity of the initial equations — respectively, Egs. (5.62) and (5.75).
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Since at 4 —> 0, X4) — 0o, the damping’s nonlinearity does not affect the condition (5.84) of the
parametric excitation, derived in Sec. 5.5 of the lecture notes:

[%J > 5%+ &2 (**)

Within this region, the trivial stationary solution of Egs. (*), with 4o = 0, is unstable, so we should focus
on its nontrivial fixed point,!3! with amplitude 4; # 0, which may be found by canceling 4 in both parts
of the stationary versions of Egs. (*):

—5(A1)—%sin2(om =0, 5—%%52(/)1’2 =0. (*F*F)

If we are not interested in the oscillations’ phase, we may just require the sum of squares of the
expressions for sin2¢, » and cos2 ¢ », following from these relations, to equal 1. This immediately gives
us a simple equation for A4;:

2 ) 5
HOV _[s(a)f &, ie |22 <[5+2 poraz| +&2. (i)
First of all, note that the first form of this equation coincides with the boundary of the parametric

excitation region (**), but with the replacement 6 — &(4;). This fact has a simple physical meaning: if
the excitation condition (*) is satisfied, the oscillations grow until the growth makes the effective

(nonlinear) damping &A) so large that the system is brought to 3,
the excitation region’s border. The second form of Eq. (***%*) gﬂa) A
shows that on the [ 4%, £] plane, the nontrivial stationary value of

amplitude corresponds to a part of an ellipse (or, after a proper 4
normalization, just to a circular arc — see the figure on the right),

with the arc’s ends (where 4, = 0) corresponding exactly to the 4,
boundary of the excitation region (**).132

Thus, the system has just one stationary amplitude (either
Ao =0 or 4, # 0) for any set of its parameters. It is almost evident that each of the corresponding fixed
points is stable as soon as it exists. For the trivial fixed point (in which &4) = ¢), the proof of this
statement was a result of the analysis carried out in Sec. 5.6 of the lecture notes — see in particular Fig.
5.10, which summarizes its results. In order to confirm this conclusion for the nontrivial fixed point, we
need to plug the amplitude and phase, in the form

A=A1+Z’ (0:(/’1,24'?7’

131 Strictly speaking, there are two nontrivial points with the same amplitude 4;, but with opposite phases: ¢, and
¢ = @ + 7z Indeed, as it follows from the invariance of Egs. (*) to the phase shift ¢ — @ + 7, the dynamics of
oscillations excited with any of two distinguishable phases, mutually shifted by 7, is absolutely similar, and hence
they have exactly the same stationary amplitude. This fact, common for any degenerate parametric excitation, was
discussed at the very end of Sec. 5.6 of the lecture notes.

132 Sometimes such dependence of 4 on & i.e. on the excitation frequency @ = ay + &, is called the parametric
resonance. In my humble view, this term is very unfortunate, because it ignores the principal differences between
the parametric excitation and the forced oscillations.
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into the reduced equations (*) and linearize them with respect to small variations A and @, as was
discussed in Sec. 5.6 of the lecture notes. With the account of Eqs. (***), the resulting linear equations
have a simple form:

A=—8"(4)AA~24,5,

¢ =—26'(4))p,

where 0°(4) = dXA)/dA is the same function as was used in the model solution of Problem 11. Solving
the characteristic equation of this linear system,

- 5'(141 )Al -4 - 2§Al _
0 —5'(A)A, - A

2

we get two equal roots, Ar=A=-0(41)4;. Since for our system, 0'(41)A|=[dXA1)/dA,]A, =
(3/4)fw’4,* > 0, this A is always negative, so the nontrivial stationary solution is always stable — within
the parameter interval where it exists.

Problem 5.16. Upon adding the nonlinear term og’ to the left-hand side of Eq. (5.75) of the
lecture notes,

(1) find the corresponding addition to the reduced equations,

(1) calculate the stationary amplitude 4 of the parametric oscillations,

(i11) find the type and stability of each fixed point of the reduced equations,
(iv) sketch the Poincaré phase plane of the system in major parameter regions.

Solutions:

(1) Looking for the oscillations in the standard form (5.41), ¢ = 4 cos¥ with ¥ = ar — ¢, we get
the following additional contributions to the right-hand sides of the reduced equations (5.57a),

respectively, for 4 and ¢:

3
—l[a(Acos‘P)S]sin‘on, l[a(Acos‘Pf]cos\P :_EQA ,
0] w 8 w
so Egs. (5.77) are changed to
A=—5A—’u—a)Asin2(p, 3 o A2
4 with &()=¢+2 50, *)
@

Ap = E(A)A —’uTa)Acos 20,

— cf. the second of Egs. (5.48) for the forced oscillations in a system with this nonlinearity.

(i1) At every fixed point, the time derivatives of 4 and ¢ have to vanish. Solving Egs. (*) for this
case, we get three possible stationary amplitudes:

) 1/2
AO = 09 A122 :%(é‘ié‘t )7 Where é:t = |:(%j _52:| . (**)
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The first of them, 4y, describes the system at rest (no parametric excitation), while the functions
A1 2(£) describing the excitation are sketched in the figure below for the case when o > 0 and pw/4 > 6.
(If a <0, the situation is similar, besides that the curves 4;,(&) are bent toward the positive rather than
negative direction of the &axis. If (uw/4)* < &, then 4y = 0 is the only solution, i.e. there is no
parametric excitation at any &.)

A
~-<. \A/ stable
S~ 4 1 focuses
saddles —7 =~ \2 . .
. stable
—
stable stable nodes stable
focuses nodes focuses
\ \ _sgdglgs_ _ o f
T - gt 0 + é t T 5
— uw!4 5’ _¢ +uw/ 4
4, 7!

The physics of these curves is similar to that of the resonance curve bending at forced
oscillations, discussed in Sec. 5.2 of the lecture notes (see, in particular, Fig. 5.4): the growth of the
excited parametric oscillations changes the effective own frequency of the oscillator in accordance with
Eq. (5.49):

30&42
@, (A4) = w, _g o

As a result, the effective detuning &(A4) = w — wn(A4) changes, and eventually carries the system to the
excitation threshold, where | §(4) | = &.

An interesting feature of Eqs. (**) is that the reduced equations cannot give the absolute
maximum of the parametric excitation amplitude: 4;, — o at & — —oo. (Actually, the maximum does
exist, but only at | £ | ~ @, 1. e. beyond the range of validity of the van der Pol approximation we are
using.) Also, note that per Egs. (*), the following relations are valid for the nontrivial fixed points 4; »:

s(4 ) =%,

These expressions will simplify the forthcoming analysis of the fixed point stability.

sin2¢,, =0 /(uw/4), cos2¢,, =F& (uw/4).

(ii1) Since at A — 0, the nonlinear effects are negligible, for the stability of type of the trivial
fixed point 4y = 0, we can immediately use the results that were obtained in Sec. 5.6 of the lecture notes
— by using the Cartesian slow variables u = Acos@ and v = Asing. As a reminder (see Fig. 5.10), if the
modulation depth y is sufficiently large, uw/4 > o, there is a finite range of frequencies, —& < &< +&,
where the largest characteristic root A, is positive, i.e. the trivial point is unstable and parametric
oscillations get self-excited. In this case, the fixed point is a saddle.

On the contrary, at

£ <| | < £2
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(i.e. outside of, but adjacent to the self-excitation range), both roots are real and negative, so we are
dealing with a stable node. Finally, at even larger detuning values, |¢& ‘> &, both roots A have a
negative real part (ReA: =—9) and finite imaginary parts, so the trivial fixed point is a stable focus.

Near the non-trivial fixed points (4 # 0), the reduced equations are regular in both forms, {4,
@} and {u, v}, and we can use either of them for the stability analysis, but calculations are a bit simpler
in the {4, ¢ } form. Linearizing the equations (*) of motion near 4, » as usual, we get

Z = _25(141,2 )Al,z(ﬁa
Al,z(; = 5'(141,2 )Al,z/z - 25141,2(5’

where &' (4) = d&(A)/dA= (3/4)aA/ @ is the same function as has appeared in the model solution of
Problem 11. Writing and solving the characteristic equation for this linear system, we get

1/2

;ti =-0t [52 _25(141,2 )gl(Al,z )AI,Z] . (**%)

Again, let us assume that o > 0. (For the opposite case, the fixed point topology is similar.) In
this case £'(412)412 = (3/4)ads5%/w > 0. According to Eq. (**), for the lower branch of fixed points (4
= A, see the dashed curve in the figure above), &4,) = —& < 0, so the addition to & under the square
root in Eq. (**%*) is positive, i.e. the square root is larger than ¢. Hence both roots A; are real, and one of
them is positive while another one is negative. Thus these fixed points are (unstable) saddles.

For the upper branch (shown with the solid curve in the figure above), &(A4;) = +& > 0. Because
of this, the addition to & under the square root of Eq. (***) is always negative, so Red: = -5 < 0, and
these fixed points are always stable. The fixed point type here depends on the detuning: if
25A))E(A1)A* > 87, the expression under the square root is negative and the points are stable focuses.
Since £'(A)A=2[&A) — &], and &(A,) = +&, the condition for that may be rewritten as

52
<—=¢,.
f<iré
In the opposite case, the fixed points are stable nodes.
The summary classification of all fixed points is shown in the figure above.
(iv) The Poincare plane [u, v] looks differently in three ranges of detuning.

— The case & > +¢& is simple: no parametric excitation, just a stable focus or node in the origin —
see the left panel in the figure below (obtained by numerical integration of the reduced equations (*), for

E=+1.54).

— Within the range —& < & < +¢&, we have to combine a saddle structure at 4o = 0 (it was
discussed in Sec. 5.5; see, in particular, Fig. 5.8b) with two stable focuses (or stable nodes) near two
non-trivial fixed points {4, ¢} and { 4}, ¢; + 7}. As a result, we get a pattern like the one shown on
the middle panel of the figure below (computed for &= 0).

— Finally, if & < —&, we should accommodate five fixed points: a stable focus (or node) at the
origin, two (unstable) saddles corresponding to the same A4, # 0 but two z-shifted values of the
oscillation phase, and two stable focuses corresponding to 4; > A, (also for two z-shifted values of
phase) — see the right panel of the figure below (computed for £=-1.5&).
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Note how involved (and beautiful) these patterns are — for such a simple system!

Problem 5.17. Use the van der Pol method to find the condition of parametric excitation of a
linear oscillator with simultaneous weak modulation of the effective mass: m(¢) = mo(1 + w,cos2wt) and
the effective spring constant: x(f) = xo[1 + pcos(2at — w)], with the same frequency 2w~ 2ay, for
arbitrary modulation depths ratio x4,/ and phase shift y. Interpret the result in terms of modulation of
the oscillator’s instantaneous frequency ax(¢) = [x(2)/m(£)]"* and impedance Z(¢) = [k()m(H)]">.

Solution: Generally, the equations of motion of an oscillator depend on the exact way of the
parameter variation in time. Let us explore the most natural model described (in the absence of
damping) by the following Lagrangian function:

2 2

and hence by the following Lagrange equation of motion:

b

<m0l k(g =0.

For the parameter modulation laws specified in the assignment, this equation becomes

%(I + 1, cos 2a)t)q' + [1 + u, cosLot — 1//)](] =0, with @, = ﬂ_
m,

This equation may be rewritten in the canonical form (5.38), with the right-hand side
f =29 -pu, (q cos2mt — 2wq sin Za)t) — ., qcosat —y).
Within the 0™-order approximation ¢(¢) = go(¢) = Acos¥ = Acos(at — ¢), this function reduces to
f— 9 =A4dcos¥ [25(0 + 4,0 cos2wt — 1 _w; cos(2wt — l/l)]— AsinY [2,uma)2 sin 2a)t].

Carrying out the multiplication of the trigonometric functions, and replacing (as usual in the van der Pol
approximation) ay with @ everywhere but in the detuning & = o — an, we get
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10 =2£04c08(at - ) - g @*[u,, cos(at + @)+ u, cos(@t + ¢ —y)]+3" harmonic

*)
=2¢wA cos(a)t ~ (0) - ga)z,uef cos(at + ¢ + const) + 3™ harmonic,
where i is the effective parameter modulation amplitude:
Hoi =t + 17+ 20,41, COSY . (**)

Since the phase constant in the last parentheses of the final form of Eq. (*) is not significant for
the parametric excitation (it may be always brought to zero by the appropriate choice of the time origin),
a comparison of Eq. (*) with Eq. (5.76) of the lecture notes shows that our current problem is reduced to
the one solved in Sec. 5.5 the lecture notes, with the replacement 1 — g4 In particular, if the two
parameters of the oscillator are modulated in phase (= 0), the effects of their modulation add up: g&f =
M + L, as could be expected. However, if the two modulations are in anti-phase (y = 7), then their
effects, a bit counter-intuitively, subtract: ger = | g4n — s |, so at the equal modulation depths, i
vanishes, and the parametric excitation is impossible at all.

This result may be recast in a more transparent form by transferring from the parameters m(z)
and x(f) to the more physical notions of the instantaneous frequency () of the oscillator and its
impedance Z(f):133

ol (1) = k(1) /m(t) = 0 [1 + u, cos2at —y ))/(1 + u,, cos2at),
Z2(t) = k(t)x m(t) = Z2[1+ . cos(2et — )| x (1+ gz, cos2er),

where Zo= (kymo)"'” is the impedance in the absence of modulation. Since our result (**) is only valid in
the linear approximation in small g, and g,, the above formulas may be rewritten, with the same
accuracy, as

w2 (t) =~ w2 [l + 1, cosQQot —y) — ., cos2at],
Z2(t) = Z21+ p,_ cosRet —w) + u,, cos2et].

But the amplitude of the sum of the two time-dependent terms in the last formula is exactly the
Ler defined above. Hence (at least within our model of parameter modulation!34) the parametric
excitation may be interpreted as a result of the modulation of the oscillator’s impedance alone. This
conclusion is important not as much for practical parametric systems!35 as for the general understanding
of the key role of the oscillator’s impedance for its dynamics.

133 The notion of impedance, briefly mentioned in Sec. 5.5 of the lecture notes, becomes especially crucial for
analysis of wave propagation — see, e.g., Chapter 6.

134 1t is curious that in the (physically, less plausible) model described by an alternative equation,
m(t)g +x(t)g =0, the frequency and impedance modulation roles are swapped. (Proving this is a

straightforward but useful exercise, highly recommended to the reader.)

135 In parametric systems of any physical nature, typically, only one of the parameters (equivalent to either m or
x) is modulated. Due to that fact, to the best of my knowledge, the important role of the oscillator’s impedance
modulation had evaded the attention of virtually all textbook and review authors until very recently — see B.
Zeldovich, Physics-Uspekhi 51, 465 (2008).
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Problem 5.18." Find the condition of parametric excitation of a nonlinear oscillator described by
the following equation:

G+28G+woq+yq’ = f,cosawt,
with sufficiently small o, 7, fo, and &, where &= o — ay.

Solution: Following the discussion in Sec. 5.8 of the lecture notes, let us look for a solution to
this differential equation in the form

q(t)=A,cos¥, +q,+q,, ¥, =20t-0¢,,

with constant 4, and ¢,. Here the first term describes the forced oscillations at frequency 2w (far from
the resonance), q; reflects the parametric excitation at the near-resonance frequency @ = ay, and g, is
reserved for the description of other possible effects (e.g., the second harmonic generation) arising from
the system’s quadratic nonlinearity, so ¢, does not have an @w-component. Since the problem’s
assignment specifies that the nonlinearity is weak, and we are interested only in the condition of
excitation of the parametric oscillations, we may assume that ¢;, g, — 0, and hence neglect the quadratic
term Xq1 + ¢.)°. As a result, plugging our solution into the equation of motion, we get

[(— 4” + a)oz)A2 cos'V, + (— 45@))/12 sin'¥, — f, cos Za)t]+ [(’jl +26q, + 5002‘]1 +2yq,4, cos ‘Pz]
+ [q +284, +@,°q, +2q,4, cos¥ + yA2 (1 + cos 2P, )/2]: 0.

Here the terms collected in different square brackets differ by their frequency: 2w in the first
bracket, @ and 3w in the second bracket, and all other harmonics n® (including » = 0) in the third
bracket.!3¢ For the equation to be satisfied at all times, each of these brackets has to equal zero
separately. The first of the three resulting equations gives the usual formula for the complex amplitude
ay = Arexp{ig,} of the forced oscillations at frequency 2w — see Egs. (5.16)-(5.17) of the lecture notes:

fo Jo

~ —

(A0 + o)) -idos 3o

a, >

The third of the resulting equations allows the small g,(¢) to be expressed via that amplitude (this
is not our major concern right now), while the second one may be rewritten in the form
G, + 284, + o [1 + pcos(2at -, )|q, =0,
with the effective parameter modulation amplitude

_ 2y, - 2y fy
H= 2 T 4
@, 3w,

Apart from an inconsequential phase shift, this equation for ¢; coincides with the canonical form (5.75)
of the equation describing the parametric excitation. Hence we may plug the above expression for x into
Eq. (5.84) to get the final condition of the parametric excitation in our case:

y—fg > (52 +&2)".
6w,

136 Strictly speaking, the term 2g,4,cos¥ also may have a 2@-component but at small yand g,, it is negligible.
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Problem 5.19. Find the condition of stability of the equilibrium point ¢ = 0 of a parametric
oscillator described by Eq. (5.75) of the lecture notes, in the limit when 6 << |ap| << w and ¢ << 1. Use
the result to analyze the stability of the Kapitza pendulum mentioned in Sec. 5.5.

Solution: Similarly (but not identically) to the solution of the previous problem, let us look for
the solution of our differential equation,

G+28G+ wp (1+ pcos2amt)g =0, (*)
in the following frequency-separated form:
q(t)=q,+ A,cos¥Y, +q,, V¥, =20t-0¢,,

where g, describes the component changing slowly (on the time scale of 1/|ay| >> 1/w), the second term
represents oscillations of frequency 2@, and ¢, denotes the sum of terms with all other frequencies.
Plugging this form into Eq. (*), opening the parentheses, and transforming the product cos2awf cos'Vs
into a sum of two cosine functions,!37 we get

(c'j —4/12a)2 cos't, +qn)+ 25(q’O —24,0sin'Y, +q'n)+ a)g(qo + 4, cos'Y, +qn)

A
+ [, {cos 2ot q, + Tz[cos (4a)t — g0)+ cos go] +cos2wt q, } =0.

Let us discuss the magnitude of each term in the limit given in the assignment, in order to keep
only the terms of the largest order in the listed small parameters. First of all, the terms proportional to g,
may arise due only to the term proportional to ucos(4wt — @) and hence may have only this frequency.
The only way for these terms to interact with the terms of our other frequencies (~0 and 2w) is via the
term listed last, but it has an additional small factor 1 << 1. Hence, for the analysis of slow dynamics of
the system, all terms of frequency 4@ may be ignored. Next, because of the smallness of |ay| in
comparison with @, the second term in the third parentheses is negligible in comparison with the second
term in the first parentheses. Finally, due to the condition 0 << |ay| << @ and the fact that this system is
not resonant, all terms proportional to ¢ are also negligible. As a result, our equation is reduced to

2
G, —44,0° cosY, + @, q, + 1w, cos2wt q, + %Az cosg = 0. (**)
Only two terms of this equation (the second and the fourth ones) have frequency 2@, and for the
equation to be satisfied at any ¢, their sum has to vanish. This condition immediately yields

2
A4, = ,ua)g q,» and ¥, =2wt, ie. ¢=0.
4o

Plugging this result back into the last term of Eq. (**), the remaining part of this equation (or, if you
like, into the whole equation after its averaging over fast oscillations of frequency 2 w), becomes

2 4
. JTR0)

%"’a)g‘]o"' 20 g, =0.
8w

137 See, e.g., MA Eq. (3.3a).
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This is the usual equation of a damping-free linear oscillator with the frequency modified by the

parameter modulation:
2 4
1)
Wl =l +2 L.
8w

Since the last term is positive for any sign of @y’ and g, it may make . positive (and hence the
equilibrium position g = 0 stable) even if @’ < 0, provided that the modulation coefficient is
sufficiently large:
, 8w’ (%)
H >
@)

One example of such an oscillator is the usual point-mass pendulum near its top
position — see the figure on the right. The modulation of its parameter may be ;
implemented not only in the way shown in Fig. 5.6 of the lecture notes (for a stiff i
supporting rod that may be technically tricky), but also simpler: by moving its support '
point zo up and down — say, sinusoidally, with zo(f) = Zocos 2. Indeed, this system is !
very similar to that considered in Problem 2.3, and its equation of motion may be
obtained similarly, by using the Lagrangian formalism — the exercise highly Zo (t )
recommended to the reader. However, after our discussion in Sec. 4.6, we may obtain it
even simpler by using the non-inertial reference frame moving together with the support point, without
rotation. As a result, of all the inertial “forces” contributing to the right-hand side of Eq. (4.92), only the
first one does not vanish:

F, =-ma,|, . =—mz(t)n. =4mw’Z, cos2wtn ..

m

Hence, for the simplest case of a 1D motion of the pendulum (in a vertical plane containing the support
point), the equation of motion of its angular deviation from the vertical position is

ml0 =(mg+F, ), = (mg +4maw’Z, cos Za)t) sin @ ~ (mg +dmw*Z, cos 2a)t)6’,

where the last approximation is valid only for small deviations from the vertical position: 8 — 0.
Comparing this equation with Eq. (*) with 6 — 0 and g = 6, we see that they coincide provided that
40°Z, . A
w; =—= and s = D20 e u ~162 =
/ [ g
As a result, for the Kapitza pendulum, the stability condition (***) becomes!3#

20°Z; > gl .

Finally, with the standard Mathieu equation’s notation discussed in Sec. 4.5 of the lecture notes,
(an/ @) = a, W2 = — bla, Eq. (***) reads a > — b*/2. As the lowest curve in Fig. 5.7 of the lecture notes
shows, this result (strictly valid only asymptotically at » — 0) works very reasonably at least up to b ~ 1.

138 This result was first obtained in 1951 by P. Kapitza on the basis of an essentially similar calculation, though in
terms of the effective potential energy rather than the effective force — see, e.g., Sec. 30 in Mechanics by Landau
and Lifshitz.
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Problem 5.20." Use numerical simulation to explore phase-plane trajectories [g,g] of an

autonomous pendulum described by Eq. (5.42) of the lecture notes with f, = 0, for both low and high
damping, and discuss their most significant features.

Solution: For the purposes of numerical simulations and interpretation of their results, the
second-order differential equation describing the pendulum’s dynamics,

§+28 +m; sing =0,

may be rewritten as a system of two first-order equations for its generalized coordinate g and normalized
momentump = g/ @, :

Uop Lo P ing, )
dl dl 0
where O = ay/206 1s the pendulum’s Q-factor for its small oscillations near equilibrium — see Eq. (5.11)
of the lecture notes, while /= ayt is the naturally normalized time. (The convenience of such
normalization is that p, g, and Zare all dimensionless, and the only explicit parameter of Egs. (*) is Q,
also a dimension-free constant.) The figures below show several typical examples of the phase plane
trajectories (each defined by a specific set of initial conditions), calculated from Eqs. (*) using the
standard 4™-order Runge-Kutta routine (5.99).

Since the autonomous pendulum with nonvanishing damping loses its initial energy with time, it
eventually has to approach one of is (physically, similar!3?) equilibrium points {p = 0, ¢ = 27m}, with
integer n. Hence it makes sense to analyze the phase-plane trajectories on two scales.

1. A close vicinity of a stable fixed point corresponding to the equilibrium, for example {p =0, g
= 0}. The two figures below show that here the phase plane patterns are similar to those of the linear
systems discussed in Sec. 5.6 of the lecture notes — see in particular Fig. 5.8 and its discussion.

1 1

=5 \ | 0=05 \

(=]
(=]

\ N

-1 0 1 -1 0 1
q q

Indeed, in the limit ¢ — 0, we may approximate sin ¢ with g, so Egs. (*) are reduced to

139 Note that even though these points are similar, they are not indistinguishable — the fact of significant
importance for quantum mechanics of such periodic systems — see, e.g., QM Secs. 2.7-2.8.
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dq _ a__»r
a7 Al Q

Looking for the solution of this system of linear homogeneous differential equations in the standard
form (5.88): p, g o« exp{A/}, we get the following characteristic equation for A:

/12+é+1:0,

with two roots!40
1 1/2
A, =—[—li 1-40° ]
=gl tEli-40)

This formula shows that at low damping (Q > %), the fixed point at the origin is a stable focus —
see the left figure above, to be compared with Fig. 5.8c of the lecture notes. Physically, this means that
the system loses its energy (which, in this approximation, is proportional to the sum p* + ¢, i.e. to the
squared distance from the origin) relatively slowly, in the course of many oscillations. On the other
hand, at O < ' (the right figure above corresponds to this critical value) the fixed point is a stable node.
In this case, all trajectories tend to a straight-line separatrix (red line) and continue along it to the origin.
This means that the system just relaxes to the equilibrium position without oscillations.

2. The “global” topology of the phase plane is more complicated — and more interesting — see the
figure below. Its left panel shows that at low damping when the pendulum loses its initial energy only
slowly, its phase-plane trajectories again lean to the constant-energy lines, but at g ~ 1 these lines differ
from the circles. Indeed, at O — oo, the system (*) may be readily integrated once, giving

2
%Jr (1-cosq)=const oc E . (**)

ﬁ p jﬁm \\/
& » \\ -

(=

-4 -4
Z4 0 4 T4

140 Actually, this result was (in a different notation) obtained in Sec. 5.1 of the lecture notes — see Egs. (5.7)-(5.8).
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As an example, the dashed lines in the figures above show the constant-energy lines (**) for the
critical case when the pendulum’s energy £ is barely sufficient for swinging past its top positions 7 +
27/m. Naturally, these lines serve as separatrices between the trajectories corresponding to the
pendulum’s oscillations about a certain equilibrium point and those corresponding to its continuous
rotation.

If the energy is dissipated (Q < =), it gradually decreases and a rotating pendulum eventually
gets trapped in the “attraction domain” of one of the stable fixed points. In this case, the separatrices
(such as the ones shown with the red lines in the figures above) separate the trajectories trapped in
adjacent attraction domains. At Q >> 1, the separatrices lean to the lines (**), but at higher damping (Q
< %), they go directly to the unstable (saddle) fixed points {p =0, g =7+ 2/m} — see the right figure.

In the latter case, the phase-plane trajectories have one more interesting feature: they rapidly
converge to an asymptote that, for this nonlinear system, is a curve rather than a straight line as in the
linear approximation — see, e.g., Fig. 5.8a,b in the lecture notes. Indeed, as the second of Egs. (*) shows,
at O << 1, at the first stage of the transient (with the time scale ~O/ax) the momentum p relaxes very
rapidly to a g-dependent value p, making the right-hand side of that equation very small:

p— p,(g)=-0sing.

After that, the system proceeds much more slowly (on the time scale ~1/Qay) along this asymptote
toward the final equilibrium point {p = 0, ¢ = 2zm}. This transient process hierarchy!4! is important for
physical statistics!42 and also for practical applications including (but not limited to) vibration-isolating
systems for sensitive physical measurements — see also Problem 1 above.

Problem 5.21. Analyze relaxation oscillations of the system K m
shown in the figure on the right. Here an elastic spring prevents a 3 A A A Ly < 1,
block of mass m from being carried away by a horizontal conveyor N ;<
belt moving with a constant velocity u. Assume that the coefficient = const

1 of the kinematic friction between the block and the belt is lower
than the static friction coefficient z4.

Solution: The assignment implies the usual Coulomb approximation, | F'| = N, for the horizontal
friction force exerted on the block by the moving belt, where N is its normal reaction, in our current
problem equal simply to mg.'#3 However, here it is important that the meaning of this formula is
different for the static and kinetic cases. In the former case, when the block moves with the belt without
slippage, N is just the largest magnitude of the friction force Ff, whose actual value and direction
should be found from the 2™ Newton’s law. In our current case of the belt’s uniform motion, i.e. of zero
acceleration, it is
H,mg (*)

2

F.—xg=0, for g =u and |Ff| <um, i.e.for |q| <G, =

where x is the spring constant, and ¢ is the block’s displacement from its equilibrium position.

141 Tt was briefly mentioned in Sec. 5.1 of the lecture notes.
142 See, e.g., SM Secs. 5.6 and 5.7.
143 See, also Problems 1.4 and 4.5.
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However, in the opposite, kinetic case, when the block is slipping on the belt, i.e. its velocity (as
measured in the lab frame) is different from u, the Coulomb approximation gives the actual magnitude
of the friction force:

F. = —,ukmgsgn(c] —u), forg#u. (**)

On the time intervals when the relative Velocity(Q—u)is negative, Eq. (**) yields the following
equation of the block’s motion:

mg = p, mg — Ky, i.e. mg+xj =0, where qg=9-q, With g, = A
K

Besides the time-independent displacement gy, this is just the standard equation of motion of a 1D
harmonic oscillator without damping,'4* with the well-known solution (5.3),

G=Acos¥, ie q=q,+AcosY, G=q=-w,Asin¥, with ¥ =0, =(x/m)>.  (***)

The amplitude A of these oscillations has to be found from ¢/,
their matching with the periods of the non-slip motion described
by Eq. (*). Perhaps the simplest way to do this is to plot the result
(***) on the phase plane of the system, with § normalized to ap — /

ulw,--t

cf. Fig. 5.9 of the lecture notes. On this plane (see the figure on
the right), Eq. (***) describes a clockwise rotation of the
representing point on a circle of radius 4, displaced from the
origin by ¢o. However, before drawing the circle, let us mark the
vertical line corresponding to the gm.x given by Eq. (*) and the
horizontal line corresponding to the belt’s motion. If the block
moves with the belt, then the representing point moves to the right
along that horizontal line until its deviation ¢ from equilibrium reaches the value gmax — see point 1 in
the figure above. (Note that by the problem’s assignment, gmax > ¢o.) At this point, the block starts to
slip, and hence to obey the law (***). Hence, the representing point starts moving around the circle of

the following radius:
5 1/2
u
4= [%iax + F] :
0

This motion (physically, a backswing of the block) continues until point 2 where its velocity matches
that of the belt again so that the block gets captured by static friction and starts moving with the belt.
This process repeats again and again, providing a classical example of relaxation oscillations.!45

The full period 7 of these oscillations may be calculated by adding the time of the block’s motion
with the belt,

2 _
7= (qma; qO) = 2(/15 —Hy )% = 2(1“5 — Hy )%’
o

144 This lack of damping, at substantial kinematic friction, is an artifact of the simple Coulomb approximation, in
which the force (**) is velocity-independent. In reality, kinematic friction grows with velocity.

145 As the figure shows, at 1 < 4, i.€. at gmax < ¢o, such oscillations are impossible, and an initial transient process
leads to the block’s oscillations about its equilibrium position g = gj.

Problems with Solutions Page 158



Essential Graduate Physics CM: Classical Mechanics

to that of the backswing (see the figure again):

720 1 ot 4 27

Vs
ﬁ:|, SO—S7_1_>2S—_
2 @, Do\q max — 940 @, @,

As these formulas show, the relation between these two time intervals, as well as the oscillation
waveform, depends on the dimensionless ratio

7 =

152

u uaw
r= = 0

O ( @ —90) (1, —12,)8"

If this ratio is much smaller than 1, then 7 = 7,,;, i.e. the oscillation period is dominated by the
relatively long interval of uniform motion of the block with the belt, followed by its fast swing back by
Ag = 24 =~ —2(qmax— qo)- In the opposite limit of a relatively fast belt’s motion (» >> 1), 7 = 7], and

the oscillation waveform is nearly sinusoidal, with an amplitude close to u/ay, and each period
interrupted by just a short time interval of the block’s being captured by the belt.

Problem 5.22. The figure on the right shows the circuit of the
simplest electronic relaxation oscillator. N is a bistable circuit element £ R c—— N C?
that switches very rapidly from its very-high-resistance state to a very- =’ = - —_
low-resistance state as the voltage across it is increased beyond some
value V4, and switches back as the voltage is decreased below another
value V;’ < V.14 Calculate the waveform and the time period of voltage oscillations in the circuit.

Hint: The solution of this problem requires a very basic understanding of electric circuits,
including such notions as the e.m.f. ¢ and the internal resistance R of a dc current source — e.g., of an

electric battery.

Solution: First, let the bistable device N be in its “off” (high-resistance) state. Then the electric
current flowing through it is negligible, so all the dc current / from its source flows into the capacitor C,
changing its electric charge Q — see the figure below. Combining the basic relations describing the
circuit elements,

V=&-IR, Q=CV, and ‘Z—?:J, L
we get a simple linear differential equation of the first order: 0
| - &,R—- C—— N 4
v ¢-V . dv 4 T
C—= , Le.—=—-——,
dt R dt 220 A U R

where
V=V-&and7=RC,

This equation may be readily solved, giving

146 This is a good model for many two-terminal gas-discharge devices (such as glow lamps), whose effective
resistance may drop by up to 5 orders of magnitude when the discharge has been ignited by voltage V> V.. In the
usual neon glow lamps, the discharge stops at a voltage V;’ that is about 30% lower than V.
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70)=7Oexp|- L], ie 7()=e+[(0)-le{- L. *)

This solution describes an exponential approach, with the time constant 7= RC, of the voltage V'
to the battery’s e.m.f. & If & <V, this is the end of the story, but if the opposite relation is true, then at
the moment when V reaches this threshold value, the
bistable device “turns on”, i.e. switches into its low-
resistance state. As soon as this has happened, the capacitor
discharges through it very fast, until the voltage V" drops to
the turn-off value V;’. At this point, the device switches
back into its high-resistance state, and the whole process
repeats periodically — see the figure on the right. Note that
if the switching threshold difference V; — V:’ is much
smaller than the difference ¢ — JV;’, the voltage rise is
virtually linear in time, i.e. the oscillations have a triangular “sawtooth” waveform.

In order to calculate the oscillation period 7, we may take the moment of the voltage drop from
Vito Vy’ for t =0, i.e. use Eq. (*) with V(0) = V;” and V(7) = V4, so it yields
é-V!

t

al

-

V.=&+() —(?‘)exp{— —}, ie. 7 =rln
T t

Note that if ¢ is relatively close to V;, this period is rather sensitive to the e.m.f.’s value — the fact used

to design simple voltage-controlled oscillators.

As an additional exercise, the reader is challenged to .

I
analyze similar oscillations in the slightly more complex &R IC &R
circuit shown in the figure on the right. Such circuits with two —_ L
similar neon glow lamps were used, in particular, in blinking- N N
eye figurines of owls and witches, popular some time ago.!4’

147 1t is interesting that a natural extension of this circuit to N > 2 similar lamps, each biased by its own current
source, leads to chaotic dynamics (see Chapter 9 below): at a modest bias ¢ > V,, only one lamp can glow at a
time, and the prediction of which one would turn on next is impossible.
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Chapter 6. From Oscillations to Waves

For each of the systems specified in Problems 1-6:

(1) introduce convenient generalized coordinates g; of the system,

(i1) calculate the frequencies of its small harmonic oscillations near the equilibrium,
(ii1) calculate the corresponding distribution coefficients, and

(iv) sketch the oscillation modes.

Problem 6.1. Two elastically coupled pendula confined to a vertical
plane that contains both suspension points, with the parameters shown in the
figure on the right (see also Problems 1.8 and 2.9).

Solution: The derivation of the equations of motion of this system was
the subject of Problems 1.8 and 2.9. By introducing the partial frequency Q =
(g/)""* of oscillations of each pendulum in the absence of the coupling spring
and the frequency ay = (x/m)"? of oscillations of a single mass m under the effect of the spring alone,
these equations may be recast into a simpler form:

go+(a)§ +QZ)(p—a)§¢)’:O,
—wg¢+¢'+(wg +Q2)(/)'=0.

Now looking for a partial solution of this system of two homogeneous linear differential equations in the
usual form given by Eq. (6.6) of the lecture notes, with w =i/,
@ = ae_iwt, @ = a'e_iwt,
we get a system of two linear algebraic equations for the complex amplitudes @ and a
(—a)2+w§+§22)a—(o§a':0, .
2 2 2 2 ’ ( )
—a)oa+(—a) + @, +Q )a =0.
For these equations to be consistent, the determinant of the system’s matrix must equal zero:

-0’ + o) +Q° - o;

-] -0+ o] +Q°

Solving the resulting quadratic characteristic equation, we get two roots for @’:

0 =0>=%, a)f:£22+2a)35§+2—7(2wf.
[ [ m
Plugging the frequencies, one by one, back into any of Egs. (*), we get the corresponding

distribution coefficients:
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These modes are sketched in the figure on the right.
In the “soft” mode with frequency @, the oscillations are in
phase: ¢ (f) = ¢’ (¢), and the spring is not engaged at all. On
the other hand, in the second, “hard” mode with frequency
@y, the oscillations are in anti-phase, ¢(f) = —¢’(¢), so the
spring is being most fully stretched/compressed, resulting in
a higher oscillation frequency.

Problem 6.2. The double pendulum confined to the vertical plane containing
the support point (which was the subject of Problem 2.1), with m’ =m and / = /" —
see the figure on the right.

Solution: In order to retain some means for sanity checking (see below), it is . l
always prudent to carry out the calculations for arbitrary parameters of the system —

in our current case, for arbitrary masses and lengths of the pendula — up to the point where this starts to
lead to overly bulk expressions. With the angles ¢ and ¢’ shown in the figure on the right used as the
generalized coordinates, the equations of motion are as follows (see the model solution of Problem 2.1):

%[(m + m’)12¢ + m’ll’(/’)’cos(go — (p')]— [— (m+m"glsinp—m'll'p ¢’ sin(go — (o’)] =0,

%[m 1 + m’ll’(pcos((p - (p’)]— [— m'gl'sin @' + m'll'(pgb'sin((o — (0')] =0.
Linearizing these equations with respect to small ¢ and ¢’, we get a set of two linear equations
(m+m"2(p+ Q)+ mil'p’ =0,
mll'G+m'l™(p'+ Q0 ")=0,
where Q = (g/)""* and Q' = (g/I")""*. Looking for the solution of this system in the usual form
o =ac” ¥, o =qle™ i
we get the following set of two linear algebraic equations for the complex amplitudes a and a
(m+m"l*(~o* +Q*)a-m'll'w’a’ =0,
—m'll'w*a+ m’l'z(— o’ + Q'z)a' =0.

The usual condition of self-consistency of this system gives the following characteristic equation:

m!

(— o’ +Qz)(— o’ +Q'2)— o' =0. (*)

m+m'

Since the solution of this quadratic equation for & leads to a somewhat bulky formula, this is a
good point to take a pause and check whether our results make sense for simple particular cases. If m /m
— 0, while / ~ [’, then the roots of Eq. (*) are obvious: . = {Q, Q’}, i.e. the pendula are independent.
This is natural, because the heavy upper pendulum, due to its large mass, does not “feel” the lower light
pendulum. At the same time, slow oscillations of the upper pendulum do not affect the fast oscillations
of its lower counterpart.
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On the other hand, if m’/m — oo, the result is quite different. For the lowest-frequency (“soft”)
oscillation mode, we may replace the factor m’/(m + m’) in Eq. (*) with 1, and readily get . =g/(l + ).
This is also very natural because, in this limit, the main mode of oscillations is the aligned motion of
both pendula, with the total length equal to (/ + I”). (A good additional exercise: find and interpret the
hard mode of oscillations in this limit.)

Now when we are sure that our general results are sensible, let us move to our particular case (m’
=m,and [’=1[,i.e. Q"= Q). In this case, Eq. (*) reduces to
> 1
(—a)2 +Qz) —50)4 =0,

and may be readily solved to give the following values of the “hard” (sign +) and “soft” (sign —)
frequencies of the system:

0 =02 2442)  ie L=\2+1x241
.

Plugging these values of @”, one by one, back into
the system of linear equations for a and a’, for the

distribution coefficients we get: hard mode soft mode i_?
: (@) (o)
T 32 ~F141. -
a,
- \2a \2a

so the oscillation modes look as sketched in the figure on the
right.

Problem 6.3 The chime bell considered in Problem 4.12 (see the figure on the
right), for the particular case / = /.

Solution: The general equations of motion of the bell were derived in the model ¢
solution of Problem 4.12:

1,+M é"COS(co—so')¢'+M é”sin(co—fﬂ'W*Mg ésm‘” -0 ’
12 -2y ) ' 5 ! ' Q1 "Yoo' 'si
MI”@'+ M 1" cos{p = ¢')p— M S 1'sinlp — )/ + Mgl'sin ¢’ = 0,

where ¢ and ¢’ are the angles shown in the figure on the right, while Iy = MI*/3. These equations are
significantly simplified by their linearization near the fixed point ¢ = ¢’ = 0, which describes the
equilibrium position:

[Agb-i-Mil'(ﬁ' +Mg£gp =0,
2 2
M1 ¢ + Mél’gb + Mgl'p' =0,
Looking for the solution of the equations of motion in the usual form

—iwt —iwt
@ =ae , @' =ale ,
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we get a system of linear equations for oscillation amplitudes a and a

Mgi—a)zlA a+ —a)zMil’ a'=0,
2 2 .
l (*)
(— a)zMEl’ja + (Mgl' - 0” M1 )a' =0,
This is a good moment to introduce a more transparent notation, for example,
Q’ E—Mg(l/2):§§ and Q' EE,
I, 21 '

where, according to Eq. (4.41) of the lecture notes, €2 has the physical sense of the oscillation frequency
of the bar if it is suspended by its endpoint A (i.e. if ¢’ = const), while Q’ is the oscillation frequency
the system would have if all the bar’s mass was concentrated at point A. In this notation, Egs. (*) take

the form
Q2
(Qz—a)z)a+ —w* ]a’:O,

Q2

(—a)z%?;ja+(ﬁ’2 —a)z)a’zo.

**)

The condition of their compatibility is

o [ sl e oo

This quadratic equation for ¢ has two roots:
1/2
o :2{( L 07): (@ v f —ala?] } (F*¥)

As a sanity check, if / << [’ (the bar is shrunk to a point), then QQ >> N
Q’, and Eq. (***) yields @~ Q’, while in the opposite limit, /' <</, &~ Q,
correctly reflecting the nature of the lowest oscillation mode in these two
limits — see the figure on the right.

In our particular case, /=1, so Q= (2/3)Q% and w.” = (2/3)(5 +
V19)Q?, i.e. @/w- =~ 3.821. Plugging these values, one by one, back into any
equation of the system (**), we get

(a]  5:419 ~1.786,
a'). 1-2(5+419)3 " |+1.120.

<< I"<<l
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The most important feature of this result is the
opposite signs of these ratios, so the oscillation modes  hard
look (approximately) as shown in the figure on the mode (@.)
right.

It is very informative to compare this result with
the solution of the previous problem (the double
pendulum with point masses), for the same case [ = [’.
The modes are qualitatively similar, but in the double
pendulum, the magnitude of both distribution coefficients is the same (V2 ~ 1.41), and the own
frequency ratio is lower (~2.41 instead of ~3.82), i.e. the contrast between the hard and soft modes is
somewhat less pronounced.

Problem 6.4. The triple pendulum shown in the figure on the right, with the
motion confined to a vertical plane containing the support point.

Hint: In this problem, you may use any (e.g., numerical) method to calculate
the characteristic equation’s roots.

Solution: Using the pendula displacement angles ¢, ¢’, and ¢” (see the
figure on the right) as the generalized coordinates, and acting exactly as at the
model solution of Problem 2.1, we get similar kinematic relations:

x =I[sing, y =—lcos,

x'= l(sin @ +sin (p’), y'= —l(cos @ + Ccos (p'),

x"= l(sin @ +sin @' +sin (p”), y'= —l(cos @+ cos @'+ cos (p”);
X =I[pcos, y=Ipsing,
)'c’=l((pcosq)+(/')’cosg0’), j/'=l((/')sin(p+(p’sin(p'),

%" =I(¢cos @+ @' cos @' + " cos @), y" = l(@sin @ + ¢'sin @’ + ¢"sin "),
so the Lagrangian function of the system is

L:%(XJ+J-/2+xr2+y12+x!r2+)-/n2)_mg(y+yr+yrr)

2

m2 [((o cos go)z + (qb sin go)z + (qb cos @ + @' cos (p’)2 + (gb sin @ + @' sin go')z

+ ((p cos@ + @' cos@' + @" cos (p”)2 + (gb sin@ + @'sin @' + @' sin (p”)2 ]
+mgl [(cos (0) + (cos @ +cos (p’) + (cos @+ cos @'+ cos qp”)].

Since this expression is already bulky, and our task is limited to small oscillations, it makes
sense to simplify L already at this stage, keeping only its terms of the second order in the small
displacement angles and their time derivatives — which are responsible for the linear terms in the
Lagrange equations of motion:
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2
L= mzl [(¢)2 +(p+9¢') +((b+(/)’+(/‘)")2]_m7gl[(¢)2)+((pz +(p'2)+ ((02 e +(p”2)]
mi* mgl

> (3(02 + 2¢!2 + (an + 4¢¢!+ 2¢¢n + 2¢r¢n)_7(3¢2 + 2¢r2 + ¢r12).
The corresponding equations of motion are:

for ¢: 3¢p+2¢' +¢"+3Q%p =0,

for ¢': 2§ +2¢+ " +2Q0°¢' =0,

for ¢": " +@+§ +Qp" =0,

where Q) = (g/l)l/ ? is a unit of frequency, natural for this problem. Looking for their solution in the usual

form,

—iwt —iwt —iwt
¢=ae , ¢l:ale , (p"=a"e ,

and dividing all terms by Q7 we get the following system of three linear algebraic equations:
3(A-1)a+24a"+ Aa" =0,
24a+2(A-1)a’+a" =0, (*)
da+da'+(A-1)a" =0,
where 1= &*/Q*. The condition of their consistency is
3(4-1) 24 yl
fA)=| 24 204-1) A |[=2-927+181-6=0.

A A A-1
The function f{4) is plotted in the figure on the 20
right. The plot shows that the characteristic equation f{1) 1 A,
= 0 has three real roots 4, all positive. Their numerical 10
calculation yields:!
Y 1(2) l
A, =0.4158..., A, =2.2943..., A, =6.289..., 0
giving the following three frequencies @, = /1j” Q: T
-10
o, =0.6448Q, w, ~1.5147Q, o, =2.508Q. A
Now we should find the corresponding values of -20 5 ] . . "
the distribution coefficients, for example, a /a and a”’/a. 2

General expressions for these ratios may be calculated
from any two equations of the system (*). For example, by solving the system of the first two equations,
we readily get

I For this problem, with no free parameters, using bulky quasi-analytical Tartaglia-Cardano formulas for the cubic
equation roots has no real advantage over its purely numerical solution. (Ready routines for that are available in
any of the numerical packages listed in MA Sec. 16iv.)
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a' 3-1  a" A -61+3

a 2 a A

Plugging into these formulas the numerical values of the three eigenvalues of 4;, we get

("—j ~1.292, [“—j ~1.631; (“—j ~0.353, (“—j ~ —2.398; (“—j ~ —1.645, (“—j ~0.767.
a/ a a/; a/, aJs a s

The figure on the right shows sketches of
these modes; they remind transverse standing
waves in a distributed system, with the “rigid”
boundary condition on the top end and the “open”
boundary condition on the bottom end — see the
discussion in Sec. 6.5 of the lecture notes and, in
particular, Fig. 6.10b. (This analogy will be
pursued further in Problem 18.)

Problem 6.5. The symmetric three-particle system shown in the

1 2 3
figure on the right, where the connections between the particles not only o - o
act as usual elastic springs (giving potential energies U = x(Al)*/2), but also ;’ m
resist bending, giving additional potential energy U’ = x’(/0)*/2, where 7 7

is the (small) bending angle.2

Solution: Since small longitudinal displacements X (along the system’s axis) do not affect either
the kinetic or potential energy of small transverse displacements and vice versa, their oscillations may
be considered separately.

The longitudinal displacements of the particles (from the equilibrium positions shown in the
figure above) are described by the following Lagrangian function:

Ll =ﬁ3§512 +ﬂ)%22 +ﬁ3?32 _E(El _)72 )2 K(Ez _)73)2

2 2 2 2 2
One combination of these three shifts, namely the center-of-mass displacement
mx, +m'X, + mx,
M

describes the possible uniform longitudinal motion of the system as a whole rather than its oscillations.
Assuming that it equals 0 (which may be always ensured by the proper choice of an inertial reference
frame), we may eliminate one argument, for example,

X =

, where M =2m+m’,

)ch :_%(’Nﬁ +f3), *)

from the Lagrangian function, getting

2 This is a reasonable model for small oscillations of linear molecules such as the now-infamous CO,.
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2

2 2
m < m (< L@ Mg K|~ m(<~ < K|~ m(< <
L :—x12+—(x1+x3) + =X —— xl+—(xl+x3) -— x3+—(x1+x3) N ()
2 2m'’ 2 2 m' 2 m'

Now we could, in a regular way, use Eq. (2.19) of the lecture notes to derive the Lagrange
equations of motion for the two remaining coordinates — and for an asymmetric system, this would be
the best way to proceed. However, due to the evident symmetry of the function Z; (reflecting that of the
physical system), it is immediately clear that for the two longitudinal oscillation modes in the system —
see the figure below:?

+ fl , (Symmetric mode) Q—pem <O ............................. o—>
~ ~ 2m . o <
~ X X, ==X, X;=X
7, = 1 2 0 3=
-X 1 (antisymmetric mode) (@ TNE URR— ) W— <«—0
X X, =0 X, =—X,
Plugging these relations, one by one, into Eq. (2), we get:
2m) .z AN < o
(L, )s = m[1+_”?jxlz _K[1+_n?j X7, (L, )a = mix; — KX
m m

These are the usual Lagrangian functions of harmonic oscillators (see, e.g., Eq. (5.1) of the lecture
notes), with frequencies, respectively,

K om\]"” " )’
o, =| —|1+— = -1 O, =| —| SO,.
m m mm m

The simplicity of the latter relation is natural, because according to Eq. (*), in the antisymmetric
mode, X, =0, i.e. the central particle does not move — see the figure above. The symmetric mode’s

frequency may be also recast in a more physically transparent form:

1/2
(ZKJ 1 1 1
o, =—1 , with —=—+—,
m

m m, 2m

showing that these are just the oscillations of the reduced mass me¢, given by Eq. (3.35) with m; = 2m
and m,; = m’, under the joint effect of the two springs. Note also that since M=2m+m’ > m’, the
symmetric mode is always “harder” (has a higher frequency) than the antisymmetric one.

Now proceeding to the transverse motion of the particles (in the directions perpendicular to the
static system’s axis x), we may note that it may include not only bending oscillations, but also the
rotation of the system about two perpendicular axes y and z, and also to the translational motion of the
system as the whole along these directions. In the absence of these non-oscillatory motions, the particles
stay within one immobile plane (say, [x, y]), and their total linear momentum component P, and the
angular momentum component L. equal zero. These equalities impose two conditions upon three
transverse displacements of the particles:

3 Note that due to the central particle’s motion, the first of these modes may be called symmetric only in a limited
sense of the word.
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m)N}l"'m’)jz"'mf/z. =0, mljﬁ_m[j@ =0. (%)

(Note that the second condition immediately yields )N./I =)73,

showing that the bending oscillations are always symmetric — see 5 l ~

the figure on the right.) The conditions (**%*), integrated over time
with zero integration constants (which would describe
inconsequential linear and angular shifts), enable the elimination Y2 = —7)’1
of two of three degrees of freedom, for example

!

~ ~ m -

Y =DVs :_Eyza

from the general Lagrangian of the transverse motion within the [x, y] plane,

~ "o ~ 2 . Vv, -y V.—y Yo+ 7y, =2y
L= M Mea KU i g vp, =220 Ty P4 -2
2 2 2 2 / ) )
reducing it to ,
m' m'\., K m'\ <,
L =—|1+ ——|2+—
t 2( 2mjy2 2( m] 2

This is, again, the standard Lagrangian function of a harmonic oscillator with the frequency

2% N aem ) (a4
o, = K’[2+mj m'(1+ m j E(—] =|— .
m 2m mm' m,

9

Note, however, that since the orientation of the bending oscillation plane (taken above for [x, y])
is arbitrary, with the only condition that it contains the system’s axis x, it is common to represent the
oscillation displacement vectors as a sum of their components in two fixed, mutually perpendicular
planes, say [x, y] and [x, z], and speak about two independent bending modes that are “degenerate” in
the sense that they have the same frequency a. Such representation becomes convenient, in particular, if
the bending rigidity coefficient «’ is different in the two planes, “lifting” the mode degeneracy, i.e.

creating a small between their frequencies.

Problem 6.6. Three similar beads of mass m, which may slide along
a round ring of radius R without friction, connected with similar springs
with elastic constants x and equilibrium lengths / (not necessarily equal to
V3R) — see the figure on the right.

Solution: The potential energy of the spring connecting the beads
number j and number j’ is

Uy = g(lﬂ' =1y )2’

where /- 1s the spring’s length. The length may be readily calculated from the system’s geometry:

_ . ¢jj'
ljj’ =2R Sll’lT 5
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where @;'= @— ¢ >0 is the angular distance between the adjacent beads. Combining these two

relations, we get
2
K . Py
U, = E(2Rsm%— 0) :

In the symmetric stationary state, all three angles are equal: ¢;- = ¢. Expanding Uj;- in the Taylor series
in small deviations ¢, = ¢, —¢, from this equilibrium, and dropping all terms higher than 0(5 j ), we

get

2
2
@, 1 Dy ~ 1 0, Pj K Dy ~ R Dy ~»
U .. 2R| sin— +—cos— ——sin— [ | =—| Al, + Rcos— —sin—
v 2{ ( 2 2Py P TR 2] 0} 2( ‘ 2 YTy 2%

2
zE(AIO) +52(AIO{R0057°)(0” +EHRCOS?0) —Z(Alo{zsmjo):l(p”,,

where Aly = [2Rsin(¢y/2) — lo] is the spring’s extension at equilibrium. The first term in the last
expression for U is a constant, and the sum of the second terms over all springs is also motion-
independent because @, + @, + @, = (@, — @, )+ (@, — @, )+ (@, —@,)=0. The last, quadratic term may
be rewritten as

a K 2~

Uy =3R P
where x’ is the effective spring constant:

Al
K Eiz Rcos—o —2 Al —s1n ic| cos? Lo — 2o in Po |
R 2 2R 2

The constant is positive, and hence the potential energy of the spring grows with the deviation from
equilibrium, if

2 2
Al, <2RM, ie.if 1, > 2R sin(g, /2)- P02 (00/2)|
sin(p, /2) sin(p, /2)

In our particular case of three beads*

gpozz—ﬂ, so that sin&=£, COS&=13
3 2 2

2 2
and the above conditions take the form

<R 0577R, ieif I, >[\/_—LJR ~1.155R.

V3 V3

This is the condition of stability of the symmetric stationary state; note that it is always fulfilled
if Alp <0, i.e. if the springs are either pre-compressed or not stretched in the equilibrium state.3 If this

Al

4 Note that before this point, the analysis is valid for an arbitrary number (N > 1) of beads, with ¢y = 27/N.
3> The only requirement on the pre-compression is to avoid spring “buckling” (which would break our implicit
assumption that the springs are always straight).
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condition is fulfilled,® i.e. if k¥’ > 0, we may analyze small oscillations around the equilibrium by writing
the system’s Lagrangian function

L:T_U:(Tl +T, +T3)_(U12 +U; +U31):%(V12 +v; +V32)_(l712 +Uz3 +U31)
:%Rz(cof + 55 +<0§)‘3R2(¢fz +p5+ 1)
E%Rz(wf w2+ 5 )-SR -0 Y + 3. -5.) +@ -5 ),

2
K"ZK(COSZ&—A—ZOSin&j :E(l_ﬁA_ZOJ.
2 2R 2 )y ans R

with

With the angle deviations ¢; (with j = 1, 2, 3) taken for the generalized coordinates ¢, the standard

differentiation of the function (if necessary, see Eq. (2.19a) of the lecture notes again) yields three
similar differential equations of motion:

~

m¢j +KJ(251 _5141 _(Zj—l): 0.

With its solution taken in the usual form ¢, =c je_ia’t, this system reduces to that of three linear

algebraic equations:
—ma)zcj +K"(2Cj —C —cjfl):O. (™)

Now there are two different ways to proceed to find the eigenvalues @”, which eventually yield
the same result. The general way is to write the condition of self-consistency of the system (*) by
equating its determinant to zero (see Eq. (6.20) of the lecture notes), and solving the resulting
characteristic equation to find three roots for . A smarter way is to use the system’s symmetry, which
expresses itself in the similarity of Eq. (*) for all three values of the index j, by looking for the solution
in the form of a traveling wave: ¢; = ae'”? — see Eq. (6.26). This substitution immediately yields the
characteristic equation,

—mo’ +K’(2—eia —e_ia): 0,
absolutely similar to Eq. (6.27) of the lecture notes, and hence the dispersion relation (6.30),

1/2
W= i2[£} sinz .
m 2

This relation was discussed in detail in Secs. 6.3-6.5 of the lecture notes, both for the infinite and
finite number N of particles — see, in particular, Figs. 6.5 and 6.11. In our current case, N = 3, and the
system is looped into a ring, so the wave assumption ¢; = ¢'“ may be valid only if we impose the

6 A useful additional exercise: analyze what will happen to the system if the condition is violated. (Hint:
spontaneous symmetry breaking.)
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additional periodicity condition cj3 = ¢;.” This condition yields 3o = 27m, with any integer n, so there
are only three physically different (i.e. located on a single 27-segment, say —7 < o < 7) values of the
constant o8

2r

a, =O, 0523 :i?

b

corresponding to just two physically different frequencies:

1/2 1/2
w, =0, @, = 2(£j sin = = (EJ .
’ m 3 m

The first solution is the formal description of the evident fact that an arbitrary displacement of
the three beads from their equilibrium state by an arbitrary similar shift Ag(¢) (for example, a uniform
rotation of the whole system with any angular frequency) does not disturb the mutual force balance, and
hence does not result in oscillations. The second and third solutions describe oscillations that have the
same frequency but are physically different by the sign of the phase shift « between the oscillations of
any fixed pair of beads. The two left panels in the figure below show their “phasor diagrams”, i.e. the
sets of the complex amplitudes c; of the oscillations (represented as 2D vectors) of each bead.

a=+2r/3 a=-2x/3

2 3
3 2

Note that due to the linearity of the equation of motion (for small oscillations only!), any linear
superposition of these two basic phasor diagrams, with arbitrary complex amplitudes a, also represents a
possible motion mode of the system. In particular, if the initial conditions are such that the amplitudes a
of these two modes are equal, we should just sum up the vectors of both
basic diagrams, getting the new diagram shown on the right panel of the \24
figure above. (Physically, this summation corresponds to a merger of two
traveling waves, with opposite angular directions of motion, into a single
standing wave — exactly as was discussed, for a linear 1D system, in Sec. 3(

[ ]
4

6.5.) This phasor corresponds to a rather curious mode of oscillations, in

which beads 2 and 3 oscillate in phase but in antiphase to bead 1 (with a

twice smaller amplitude), so the length of one spring, /,3, does not change —

see the figure on the right. Evidently, there are three such modes, which /
differ only by bead numbers. 1

7 Note that this system may be considered as the physical implementation of the Born-Karman boundary
conditions discussed in the end of Sec. 6.5.

8 The fact that the wave assumption gives 3 different oscillation modes means that covers all modes which might
be calculated using the more general method mentioned above.
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Problem 6.7. On the example of the model considered in Problem 1, explore free oscillations in a
system of two similar and weakly coupled linear oscillators.

Solution: As was discussed in the model solution of Problem 1, the
linearized equations of motion of this system, which are valid at |@|, || <<'1
(see the figure on the right), may be represented as

o+ (02 +Q)p-wip =0,
—02p+¢ + (0 + Qe =0,

where Q = (g/))'* and @y = (x/m)"?, and their general solution is given by any sum (“linear
superposition”) of two sinusoidal oscillations with the following normal frequencies

a)f:QZE%, and @, =Q° +20; > w’,
and some complex amplitudes a: and a_, depending on initial conditions. As a result, we may write
o(t)=Re(a_exp{-io_t}+a, cos{-iw,t}), ¢'(t)=Re(a" exp{-io_t}+a’, exp{~iw,t}). (¥)

At two special types of initial conditions, providing either a+ = 0 or a. = 0, this solution describes
purely sinusoidal oscillations of both @ and ¢’. These are the normal modes of motion; in this symmetric
system, the distribution coefficients (also calculated in the solution of Problem 1) and hence the
oscillation modes are very simple:

, +1, for the soft mode (frequency @_),
¢/(t)=plt)x
-1, for the hard mode (frequency o, > @ ).

(See their sketches in the model solution of Problem 1.)

For any other initial conditions, the functions ¢(¢) and ¢’(¢) include sinusoidal components of
both normal frequencies. For revealing the physical picture of such linear superpositions at weak
coupling (ay” << Q7), the exact values of a; and a_ are not important, so let us consider a particular but

representative case when a; = a_ = 4, with Im 4 = 0. (The last condition may be always ensured by a
proper choice of the time origin.) Then Egs. (*) reduce to

(o(t): A(cos w_t +cos a)+t) (p'(t)z A(cos w_t —CcoS a)+t). (**)

The figure below shows a plot of these two functions for a particular coupling value ay*/Q? = 0.03 << 1.

2 w’
o/l A

Lt

1
0 10 20 30 40

=3

Qt/2x
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A bit counter-intuitive, each oscillation waveform looks almost sinusoidal, but with a slowly
oscillating amplitude. However, this is natural, because Egs. (**) may be equivalently represented as®

olt)= A(t)cos%t, with A(¢)=24 cos%t,

P'(t)= 4 ’(t)sin%t, with 4'(t)=24 sin%t.

At weak coupling, the frequency of the time-dependent amplitudes A(¢) and 4 ’(¢) is much lower than the
carrier wave frequency:

1/2

2
o, —o. _ 5002 << Q, while o +o O
2 20 2

Such slow periodic “beats”, and the resulting “repumping” of the oscillation energy between the
components, is a general property of all systems of two weakly coupled oscillators, though, in less
symmetric systems than ours, the repumping may be incomplete, with the energy of each oscillator
never vanishing completely.

%[(92 +207) —Q]zQ

Note that this effect has a close analog in quantum mechanics — the so-called quantum
oscillations of the probabilities to find a system in any of its two weakly coupled states.!0

Problem 6.8. A small body is held by four similar elastic springs
as shown in the figure on the right. Analyze the effect of rotation of the
system as a whole about the axis normal to its plane, on the body’s small
oscillations within this plane. Assume that the oscillation frequency is
much higher than the angular velocity @ of the rotation. Discuss the
physical sense of your results and possible ways of using such systems
for measurement of the rotation.

Solution: Let us write the equation of motion of the body within
the [x, y] plane of the drawing. If its displacements from the equilibrium
are small, and the strings are not pre-stretched, the normal component of
the elastic force exerted on the body by each spring is proportional to its displacement squared and in
the first approximation may be ignored (cf. Eq. (6.24) of the lecture notes), so we may approximate the
total force exerted by the springs as

N

F=—ip=-mQip, *)

where p = nx + ny is the 2D radius vector of the body, as measured from its equilibrium position, and
Qo = (k/m)""%. Now, there are two different ways to proceed.

On one hand, we may analyze the motion in the reference frame connected to the rotating
system. Since this frame is non-inertial, in order for the 2" Newton’s law to be valid in it, we need to
add, to the actual (physical) force (*), two fictitious (inertial) “forces”: the centrifugal force (4.93) and
the Coriolis force (4.94), in our current geometry, both with ® = n.®. In our case when o << Q, the

9 If you need to, consult MA Egs. (3.3a) and (3.3b).
10 See, e.g., QM Secs. 2.6, 4.6, 5.1, and on.
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former force, proportional to ma’4 (where A is the amplitude of oscillations) is much smaller than the
latter one, proportional to mav ~ maXoA4, and may be ignored.!! Hence the body’s motion, in the
rotating frame, obeys the following equation:

mp = -mQip —2mao(n_ xp). (**)

This is the same equation (with the replacement @z — ) that was obtained and solved in the
model solution of Problem 4.30 (on the Foucault pendulum), so we could just borrow its results.
However, in view of the discussion of normal oscillation modes in Secs. 6.1-2 of the lecture notes, it
makes sense to rewrite this solution in a different form that sheds new light on the physics of the system.

Rewritten in the Cartesian coordinates {x, y}, Eq. (**) reads
¥=-Qlx+2wp, J=-Qiy-2wx. ()

Since these differential equations are linear, we may look for their general solution as a linear
superposition of the usual particular solutions (6.6) with 1 = —iQ: x = a,e ¥, y = aye*’Q’. The resulting
homogeneous algebraic equations

-Q%a, =-Qla, —2iaQa , —Qzay :—Q(Z)ay +2iafda . (FHE*)
are compatible only if the determinant of their system equals zero:
Q-0 2iwQ

. . 2
en oo ~% e Q2 -0?) - (2002 =0.

This is an easily solvable quadratic equation for Q%; in the limit @ << Q (and again, our Eq. (*) is valid
only in this limit), it gives an extremely simple result for the normal mode frequencies Q:

0=0,=0, +t0.

In order to reveal the physics of this result, let us see how the normal modes look; for finding
them, we need, as usual (see, e.g., Sec. 6.1 of the lecture notes), to plug the frequencies ()., one by one,
back into any of Eqs. (****) and find the corresponding ratios a./a,, i.e. the oscillation distribution
coefficients. The result, in the same linear approximation in the small ratio @/ << 1, 1s also extremely

simple:
a .. a, —.
(—X] =+i, ie. (—}j =7Fi.
Ay + Ay )y

Let us have a look at how do these modes look, taking (as we always may) the complex amplitude (ay)+
in the form Asexp{i¢:}, where 4+ and ¢ are real; then (a,)+ = Fid+ exp{i¢:} and

p, = Re(nxx + nyy)i = Re[exp{— iQit}(nan +na, )i]: A, Re [exp{z‘(gz)i —Qit)}(nx J_riny>]
=4, [nx cos(Qit -, )1 n, sin(Qit -0, )]

I Actually, its account would result not in any new effects, but only in a small renormalization of the oscillation
frequency: Qo> — Qy* - &
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This means that the vector p; rotates clockwise with the angular velocity Q; = Q + @, while p_ rotates
counterclockwise with the angular velocity 2. = Q — @, each retaining its initial length. Such 2D
oscillations are called circularly polarized; their natural extension to waves plays a very important role
in electrodynamics!? — in particular, in optics.

Now let us see what this result means for the oscillations that are initially (say, before the
rotation starts) linearly polarized — for example, along the x-axis. We may describe them as a linear
superposition of the two circularly polarized modes p+ with equal amplitudes: 4+ = A- = 4/2 and phases:

Pr= Q=
p=p, +p_= g{nx [cos(Q, 7 — @)+ cos(Q_1 — )]+ n, [-sin(Q,7 - @)+sin(Q_z - (p)]}

Indeed, in the absence of rotation (when QQ = Q.= Q), the resulting radius vector is
p=n_Acos(Q,t— ),

i.e. the body simply oscillates along the x-axis, with y(¢#) = 0. However, at nonvanishing rotation, simple
trigonometry!3 enables us to rewrite our result as

Q, +Q Q -Q Q +Q . Q -Q
p=A|n_cos Tt_(p cosTt+ny cos Tt_(p smTt

= Acos(Q,t - (p)(nx coswi —n,, sin a)t).

This means that the oscillations remain linearly polarized, but their polarization axis rotates in
the direction opposite to the system’s rotation as measured in the lab frame — in the case @ > 0, shown
by the arrow in the figure above, clockwise. This result is very natural: it means that in the “lab”
(meaning any inertial) reference frame, the oscillation polarization direction is not affected by the
rotation at all This fact motivates us to have another look at our problem, from such a reference frame.
From this standpoint, the net elastic spring force (*) is the only one acting on the body, and it may be
described by the potential energy

U:sz Eg(xz +y2).

Since this potential is axially symmetric, the particle’s motion in it cannot be affected by the system’s
rotation about its symmetry axis.

This does not mean, however, that our (much longer) analysis from the point of view of the
rotating reference frame was in vain: it helps to discuss possible applications of such systems for the
detection of rotation and measurement of its parameters. Conceptually, the observation of the rotation of
the polarization line of free oscillations is sufficient not only for the measurement of @ but even for
direct observation of the total angle of rotation during the given time interval. However, all real
oscillators have nonvanishing damping (a finite O-factor) and need an external drive of frequency Q ~
) to sustain the oscillations - see, e.g., Sec. 5.1 of the lecture notes. In the simplest case when such a
drive force is applied in one (say, x-) direction, the equations describing the body’s motion may be
readily obtained by the evident generalization of Egs. (***):

12 See, e.g., EM Sec. 7.1 and on.
13 See, e.g., MA Egs. (3.2a) and (3.2¢).
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¥=-20%-Qlx+2wp+ f,cosQt,  §=-26y-Qly—2ewx.

Even without a direct solution and analysis of these equations (which are left for the reader’s
exercise), it is clear that in the absence of rotation (@ = 0) the second of them describes a gradual full
decay of the y-component of oscillations in time. The first of these equations shows that after this
transient process, the x-component of the displacement performs the usual forced oscillations of
frequency Q, with the amplitude largest at the resonance Q = )y. Now a slow rotation causes the last
term of the second equation to oscillate with that frequency, playing the role of a near-resonant driving
force for the y-component of the oscillations, with an amplitude proportional to @ and Q. Measurement
of the amplitude and/or phase of these oscillations in several devices oriented along three mutually
perpendicular axes enables a full recovery of both the speed and the direction of their rotation.

Such devices (usually called MEMS gyroscopes) have become very popular after the
development, since the late 1980s, of an industrial technology for the fabrication of micro-electro-
mechanical systems (MEMS), which may be very compact and inexpensive.!# As a result, MEMS
gyroscopes are currently used even in consumer gadgets such as smartphones. Their accuracy o, in the
best implementations (with the O-factor of the order of 10°) approaching 107 s™', is 3 to 4 orders of
magnitude worse than that of the (much more complex and expensive) gyroscopes based on optical
interferometers, !5 but is sufficient for most everyday purposes.

Problem 6.9. An external longitudinal force
F(¢) is applied to the right particle of the system
shown in Fig. 6.1 of the lecture notes, with x1 = kg =
k" and m; = my = m (see the figure on the right), and
the response ¢(f) of the left particle to this force is
being measured.

(1) Calculate the temporal Green’s function for this response.
(i1) Use this function to calculate the response to the following force:

{0, for <0,

Flr)= ,
F,sinwt, for0<t,
with constant amplitude Fj and frequency .
Solutions:

(i) Due to the clear physical meaning of Egs. (6.5) describing the system (as the set of 2™
Newton laws for each particle), we may readily generalize them to the case of the additional force
applied to the right particle:

mgq, +mQZQ1 =KY,,
mq, +szq2 = Ky, +F(t).

Since for our current symmetric system, Eq. (6.3b) of the lecture notes yields x; = x» = K + x’, and Eq.
(6.2) becomes QO = (k- + x”)/m, this system of differential equations may be rewritten in a simpler form,

14 See, e.g., C. Liu, Foundations of MEMS, 2™ ed. Pearson, 2016.
I5 For a recent review see, e.g., V. M. N. Passaro et al., Sensors 17, 2283 (2017).

Problems with Solutions Page 177



Essential Graduate Physics CM: Classical Mechanics

G, +Q%q, —-Qlq, =0,  q,+Qq, —Qlq, = f(t),

where f= F/m and Q¢ = x/m. As was discussed in Sec. 5.1 of the lecture notes, the temporal Green’s
function G(7) is just the response of this system, with # replaced with 7, to the delta-functional right-
hand side, f{7) = & 7), with zero initial conditions: ¢;(7= 0) = g2(7= 0) = 0. Repeating the argumentation
which has led us to Egs. (5.33) of the lecture notes, the problem may be reduced to the solution, for 7>
0, of the corresponding homogeneous system of equations,

d* d*
qu21 +QZ% _Q§Q2 =0, 7%2+qu2 _Qé% =0, (*)
with the initial conditions J J
0,(0)=0, T (0)=0, ¢,0)=0, “2(0)=1. (**)
dr dr

As was discussed in Sec. 6.1, the general solution of this system is any linear superposition of
harmonic oscillations:

G(r)=¢,(c)=Re(c,), expl-io, 7} +(c,). expl-io.7}]
¢,(r)=Re[(c,), expt-io, 7}+(c,).expl-io 7]

with the two normal frequencies @: given by Eq. (6.10), which in our particular case is reduced to

1/2 1/2
K+xtx . K+ 2K K
=P+ Q=—— ",  ieto w, = , o.=|—| <o,.
- m m m

Plugging the basic sinusoidal solutions, one by one, into any of Egs. (*), we get the following
result for the (generally, complex) distribution coefficients c:1

[6—2] -7
¢ ). ’
so our solution reduces to
G(T) =gq, (T) = Re[c+ exp{— ia)+r}+ c_ exp{— ia)_r}],
q, (z‘) = Re[— c, exp{— ia)+z'}+ c_ exp{— ia)_z'}].

Now the coefficients c; may be found by plugging these solutions into the initial conditions (**). The
result of the solution of this (easy) system of equations is ¢+ = Fi/2 @, so finally we get, in particular:

G(r)=Re —Lexp{—ia)+r}+Lexp{— ia)_z'}} = —Lsin ®,T +Lsin . T. (*¥FF)
2w 20 2w 20

+ + +

This expression for the system of two coupled oscillators may be compared with Eq. (5.34) for a
single oscillator (with negligible damping, i.e. with 6=0 and @y’ = a):

16 Actually, these relations could be guessed just by looking at the figure above: in this symmetric system, the
hard mode with frequency @: corresponds to equal and opposite displacements g,(¢) and g,(¢), while the soft mode
with frequency @, to the motion with ¢;(¢) = ¢,(¢), without deformation of the middle spring.
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G.(r)= Lsin ®,7 .
@,
A major difference between these functions is that at small 7, Gs(7) grows linearly, reflecting the motion
of a body that has received a sharp “kick” (an impulse of force) at 7= 0. In contrast, the G(7) given by
Eq. (***) starts much more gently:

1 1 1 1 1
G(Tﬁ r———|or-—0r |[t—| o -—0' E—(a)f —a)_z)2'3,
0,71 2, 3| 20, 31 12

because it describes the motion of a particle other than that receiving the kick, reflecting the additional
inertia of the oscillator coupling. (At larger 7, this Green’s function features “beats” between the
oscillations with frequencies @; and @., similar to those discussed in the solution of Problem 7.)

(i1) Using Eq. (5.27) of the lecture notes (essentially, the definition of the temporal Green’s
function), and Eq. (***), we get

t

0= [ F0)Gle=r)ar =22 sin e G- r)ar

m 0
F, | F, |
=——2 .[sin wt'sinw, (¢t —1')dt’ +—°Isinwt’sinw_(t—t’)dt’.
2m,my, 20_my,

Now using MA Egs. (3.2¢) and then carrying out elementary integrations, we finally get

F, 1 o . . 1 o . .
q,(t) == ——| —sinw,f-sinwt |————| —sin@_t—sinat ||.
2m| o, -0\ @ - -0\ o_

+

The figure below shows the plots of this result for two representative values of the external
force’s frequency: o << w: (left panel) and w = @: (right panel).!”

0.2 20
o, =1.1o o, =110
o=0.050_ o=1.05@_
0.1 10
a,(t) ¢,(t)
F,/m F,/m
0 0
-0.1 - 10
) 10 20 30 200 10 20 30
wtl2r wtl2r

17 Due to the initially gradual growth of the external force, this response grows, at small times, even slower than
the Green’s function: ¢,(f) oc .
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So, as might be expected, the response ¢(f) is a sum of stationary forced oscillations, with the
external force’s frequency @, and free oscillations at the normal frequencies @ of the system, excited by
the sudden turn-on of the external force. At weak coupling, i.e. at @ = @, the latter components form
the “beats” pattern with a slowly oscillating envelope. (At any nonvanishing damping, this pattern
eventually decays, so the oscillations become purely sinusoidal.)

Problem 6.10. Use the Lagrangian formalism to re-derive Egs. (6.25) of the lecture notes for both
the longitudinal and the transverse oscillations in the system shown in Fig. 6.4a.

Solution: Let the deviation q(¢) of each particle from the equilibrium position have all three
Cartesian components, g.(¢), q,(¢), and g.(f). Then its kinetic energy is clearly separable to three
independent quadratic components,

T=%(qf+q§+q'§),

so we need to analyze only the potential energy of the system. For each pre-stretched spring connecting
two adjacent particles, with deviations q = {q., q,, ¢-} and q" = {q.", ¢, q-"},

U:%(D—az)2 +7(D-d), (*)

where D is the full distance between the points, i.e. the current spring’s length,
1/2
p=l4. -V +(g,~a,F +(@+q.-¢.7]",
and &> 0 is the spring tension’s magnitude. The second term on the right-hand side of Eq. (*) takes into
account the tension’s work on the system at the spring’s extension.!8 Its sign may be verified by

realizing that at the fixed pre-stretch of the spring, increasing its length requires the system to perform a
positive work against the tension force source, i.e. increases its potential energy.

Now expanding D in the Taylor series with respect to small deviations q and q” (with |q|, |q | <<
d), and dropping all terms higher than quadratic ones, we get

' )
(qx _qx )2 +(qy _qy)
2d 2d
so, with the similar accuracy, Eq. (*) yields

r\2 _ v
U~ g(qz _qzr)Z +%|:(qv _2QX ) + (q}’ Zq}’ ) jl_i_g(qz _qzr).

D_dz +(qz_qz,)’

After the summation over all springs, the last terms in this expression cancel each other, so the
Lagrangian function per each unit (a particle plus an adjacent spring) is a sum of three independent
quadratic terms, with a similar structure for each Cartesian component:

u {ﬂ gt _qxl)z}{ﬂq.f’ -, —qy')z}{ﬂéi — —qz’)z]

2 2d 2 2d 2 2

I8 Hence this U is essentially the Gibbs potential energy Ug — see Sec. 1. 4 of the lecture notes.
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As a result, we get three similar, independent Lagrange equations for each Cartesian component
of the oscillations. To derive them correctly, let us write the full Lagrangian for the whole system of N
particles, keeping just one Cartesian component and replacing the coordinate index with the particle’s
number:

L=

K, forg..

N
Jj=1

m., K, K'=4/d, for q_andgq ,

—q; ——f(qj 4. )2 where « = ’ (**)

2 2
Note that when performing the Lagrangian differentiation over ¢g;, we should take into account that this
coordinate participates not only in the jth term spelled out in Eq. (**), but also in the similar, adjacent

term, proportional to (g1 — qj)2/2. As a result, we arrive at Eq. (6.25) of the lecture notes, which was
derived in Sec. 6.3 using the Newton law.

So the small oscillations/waves in the system may be indeed decomposed into three independent
modes: two transverse (in our notation, ¢, and g,) and one longitudinal (g.).

Problem 6.11. Calculate the energy (per unit length) of a m K m K m
sinusoidal traveling wave propagating in the 1D system shown —Q—/\/\/\—Q—/\/\/\—Q—
in Fig. 6.4a of the lecture notes, reproduced on the right. Use ' ' '
your result to calculate the average power flow created by the d d
wave, and compare it with Eq. (6.49) in the acoustic wave limit.

Solution: Each term in the Lagrangian function, given by Eq. (**) of the model of the previous
problem, is the difference between the kinetic energy 7; of the /™ particle and the potential energy Ui of
the spring on the right of it. Hence the energy of the system may be represented as the sum over j of
energies E; = T;+ U, of each such unit:

Kef

2 (qj+l _qj‘)z-

m.
E:ZEJ’ where £, :3qu. +
J

Plugging into this expression the sinusoidal wave solution (6.28), rewritten in the form

*

q,(t)= %eil}l +a7e_ ¥ Where ¥ = kz, ¥ o,
)
* *
we get

2 . 2 . 5 . 2 .
E, = MO a" + a2 | IO +&(e’kd —1)2 +(a*) P +&(e_’kd —1)z ,
2 8 8 8 8

where I have used the fact that according to the dispersion relation (6.30), K€ — 1)(e™ — 1) =
4xsin’(kd/2) = ma’. The two last terms, proportional to e oc €™, describe fast (with frequency 2 w)
oscillations of the energy between its 7; and U; components of the same cell and also between adjacent
cells, and do not contribute to the time-averaged energy

2
mao

E,-: aa*.
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This expression shows that the average energy is independent of the cell number j, so the wave energy
per unit length of the periodic structure is

E Ej ma)2
—=—"= aa*.

[ d 2d

In the acoustic wave limit kd — 0, the wave propagates with the dispersion-free velocity +v,
where according to Eq. (6.32), v= (Kef/m)l/ ?d, creating the average power flow

— 1/2 1/2
£ mw’ aa* K d:+602(Kefm) * :+a)22 *
; — - +

P ==+

aa aa ,

2 2

m

where Z = (kwgm)"? is the wave impedance of the system — see Eq. (6.47). This expression coincides with
the one following from the general Eq. (6.49) of the lecture notes (derived there in a different way), if
we take dfi/dt = 0q./0t from Eq. (*), and average the result over time.

Problem 6.12. Calculate spatial distributions of the kinetic and potential energies in a standing
sinusoidal 1D acoustic wave and analyze their evolution in time.

Solution: In the acoustic limit, we may use the wave equation (6.40) of the lecture notes,
10> o8
(————jq(z,t)=0, (*)
v z

which describes, for example, the 1D system shown in Fig. 6.4a, at ® << @max. As was discussed in Sec.
6.4 of the lecture notes, a particular solution of this equation is the sinusoidal standing wave (6.66).
Counting time, for the notation simplicity, from the beginning of one of the oscillation periods, and
dropping the index n, we may write

q = Asin ot sin kz, SO % = Awcos wtsin kz, % = Ak sin wt coskz .

V4

where 4 is the real amplitude of the particle displacement. In the acoustic wave limit, in which Eq. (*) is
valid, the wavelength A = 27/k is much longer than the distance d between the adjacent particles, so we
may calculate the kinetic energy d7T of a small segment dz, with d << dz << A, by neglecting the
difference of the displacement velocities on it:

2 2. 2
dT = Z ﬂqu zﬂ(%j d]:ﬂ[a_qj ﬂdz:ﬁ(a—qj dz,
di=dz/d 2 2\ ot 2\ ot dz 2\ ot

where 1= m(dj/dz) = m/d is the mass of the system per unit length. Hence the kinetic energy’s density is

2
ar _pr(% = 2 4 cos® et sin’ kz . (**)
dz 2\ ot 2

Similarly, the expression for the potential energy dU of the system on the small segment dz,

dU = Z %(qjﬂ _qj)z’

dj=dz/d
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may be simplified, in the acoustic limit, in the same way as was used in the lecture notes for the
derivation of Eq. (6.44): (g;+1— q;) = 0q/0j = 0q/0(z/d) = d (0q/0z), so

2 . 2 ) 2
dUz&[dﬁﬁ] ﬂdFﬂ(@_qj dzzﬂ[a_q] i@
2 0z ) dz 2 \oz 2 \ oz

where the last step used Eq. (6.31): v = (ke/m)"*d. Hence the spatial density of the standing wave’s
potential energy is

2 2
v _w (a_qJ =ﬁ(vk)2A2 sin” wt cos” kz . ()
dz 2 \oz 2

The results (**) and (***) show that the kinetic and potential energies oscillate both in time and
space, and the phases of these oscillations are shifted by 772. Moreover, due to the linear dispersion law
(6.31) of the acoustic waves, @ = + vk, the maximum values of the energy densities are equal. These
facts may be interpreted by saying that the standing wave’s energy is periodically “re-pumped” in time
between its kinetic and potential components, simultaneously “wiggling” in space between the
displacement’s nodes and maxima. Superficially, this picture is similar to the familiar periodic exchange
between 7(¢) and U() in a simple (“lumped”) harmonic oscillator; however, in that case, the full energy
E = T(¢f) + U(t) remains constant, while in the standing-wave oscillator even the full energy’s density
oscillates both in time and space:

dE _dT  dU _K o p (cos2 ot sin® kz +sin” et cos’ kz)z £ 9 4*(1- cos 2t cos2kz),

dz dz dz 2 4
so only its average over either temporal (77 w) or spatial (77k) half-periods of the oscillations (and hence
over any of their multiples) is constant.

Problem 6.13. The midpoint of a guitar string of length / has been slowly pulled off sideways by
a distance 4 << from its equilibrium position, and then let go. Neglecting energy dissipation, use two
different approaches to calculate the midpoint’s displacement as a function of time.

£ _ 2
Hint: You may like to use the following series: ZM = ”—(1 —ij, for 0<&< .
= (2m-1) 8 /2

Solution:

Approach 1. According to Eq. (6.71) of the lecture notes, any small displacement (in our case,
the transverse one) of a string, with rigidly fixed ends at z = 0 and z = /, may be represented as an
expansion over all possible standing waves:

q(z, t) =Re z a, exp{— z'a)nt}sin k,z= Zun cosw, tsink, z + Z v, sinw, tsink, z (™)
n=1 n=l1 n=1
(where u, = Rea, and v, = Ima, are real constants), with the spectra of their wave numbers and
frequencies given by Eqgs. (6.64)-(6.65):

k =£n, o =vk :Enzz%rn, with n=1,2,3,...,

n l n n
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where 7= 2//v is the period of the fundamental standing wave mode. (Since the frequency spectrum is
equidistant, the periods of all other modes, 7, = 27/ w,, are integer fractions of 7, so this it is also the

time period of any transverse oscillations of the system.) The displacement velocities may be readily
found from Eq. (*) by differentiation:

aq

P Zu ®, sinw,tsink Z+ZV ®, cosm, tsink, z. (**)
t

n n
n=1

The (formally, infinite) sets of the coefficients u, and v, should

t=0
be found from the requirement that at t = 0, Eqgs. (*)-(**) correctly \
describe the initial distributions of ¢ (see the figure on the right!?) and its 0 N
. . o ' 1/2 lk z

time derivative, over the string’s length:

© z—-1/2

zZun sinknz=h(l—|l/—2|} 8q z\znwn sink,z =0, for 0<z</.
= n=1

The second of these initial conditions is evidently satisfied by the set of all v, = 0, and since the
expansion of any function into a series over a full set of orthogonal functions (such as our sink,z) is
unique, this is the only possible set of v,. The coefficients u, may be found from the first of the initial
conditions by the standard trick: the multiplication of both sides of this equality by sink,?, and their
integration over z from 0 to /. At this interval, such functions are mutually orthogonal:

i ]

. . _ ) _ !
_[sm k,zsink, z dz = 5n’n,_[sm k,zdz=0,, —,
0 0

so all terms of the sum in the initial condition, besides the one with »’ = n, vanish, and (replacing n’
with n for the notation simplicity), we get

l_l. B L |z—l/2| ]
U, = = }[sm k,z q(z,0)dz = h }[ [1 —H—z]sm k,zdz.

Since the function g(z, 0) is symmetric with respect to the midpoint z = //2 (see the figure above again),
this integral equals zero for all even n = 2m, while for any odd n = 2m — 1 (where m =1, 2, ...) the
integrals over two halves of the string ([0, //2] and [//2, []) are equal to each other, so we may write

1/2 ( |Z Z/2|J 1/2 . (2m —l)Z 4hl 7(2m-1)/2

u2ml hj smemlzdz—ZhJ.l/z z zdzsm !.fgsingdg,

where &= 2(2m — 1) z/I. This dimensionless integral may be readily worked out by parts. In the limits
specified above, it is just (~1)"', and we finally get

8 (_ l)m—l h

u, =
"2 2m-1)
so the full solution (*) is reduced to

19 Note that in all sketches of this solution, string deformations are grossly exaggerated for clarity. As a reminder,
Egs. (*)-(**) for transverse waves are only valid if | g | <</ at all points.
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© 1y 1
q(Z’t):%Z(g’nl—)l)zcos a)2m—1tSin kZm—IZ' (***)
m=1 -

In particular, at the midpoint, where sinka,,_ 1z = sin(kam_11/2) = sin[2(2m — 1)/2] = (=1)"", we get

(l j Shicosa)m Lt hi cos[(2m —1)2m /7]

—t = 0
12 = @em-1¢ =« 2m-1)

3

so using the series supplied in the Hint, with &= 2m/7, we get a / ;
surprisingly simple result: 17
7 h
dLlil=nfi-——). fro<i<’. vz
2 7/4 2 l :
Now, the fact that the ¢(z, f) given by Eq. (***) is a . |7- f
symmetric and 7-periodic function of time (for any z) enables us i
to extend this solution to further times, getting the triangular o |

pattern shown in the figure on the right.

Approach 2. Since this result is somewhat counter-intuitive, it is prudent to obtain it in a
different way. For this, let us first consider the solution of the wave equation (6.40b),

q(Z,O):f(z), %(2,0)20, (FHE)

where the function f{z) may be different from zero at any finite segment. It is straightforward to verify
that this problem is satisfied by the following solution:20

. 1 _
q(z,t)=q.(z,t) +q_(z,t), with q.(z,0) = 5 fzFw), q(z,)
which is just a linear superposition of the two traveling h
wave solutions (6.41), with similar waveforms. The q- (z,t )

: . . . - h/2--f-
figure on the right shows this solution for an initial —V ‘7/5\
condition of our type, with a triangular waveform f{z). !

This solution is evidently valid even for a system
of finite size until one of the partial “pulses” has reached
one of its ends. Let us see what happens when it does, for example when one of these pulses, say the
partial wave ¢ (z, ), runs into a rigid wall at z = 0. It is virtually evident, and may be readily verified by

vt vt

20 Actually, this is just a particular case of the so-called d’Alembert solution of the wave equation, valid when Eq.
(****) is generalized to include an arbitrary distribution of the initial velocity, 6g/0t(z, 0) = g(2):

z+vt

q(z,t):%[f(z—vt)+ f(z+vt)]+% [glz")az"

z—vt
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substitution, that the wave equation and the boundary condition ¢(0, f) = 0 are satisfied by the
superposition of the incident pulse g (z, ) = fiz + v)/2 and an inverted pulse of the similar waveform,
moving in the opposite direction — see the figure below, drawn for four sequential moments of time.
(The red lines show the incident pulse, the blue lines, the inverted pulse, while the bold black lines
represent their linear superposition, i.e. the actual waveform.) The plots show that the net displacement
waveform first disappears,?! just to appear imminently, with the reversed polarity and velocity’s
direction.

Combining these two pictures for our initial triangular waveform (which occupies the whole
string’s length, so the outgoing partial waveforms ¢: immediately start reflecting from the
corresponding walls), we get the wave evolution shown in the figure below. (At ¢ = 772, the string starts

a similar motion in the opposite direction, and after # = 7, the whole process repeats periodically.)

t=71/2

t=0 t=71/8 t=71/4

This picture is evidently compatible with the midpoint pattern for g(//2, ) that was sketched
above. Moreover, it provides an explanation of the piecewise-constant velocity 0g/0t = +4h/7 of the

deformation. Indeed, at all straight parts of the string, 6°q/dz° = 0. For them, the wave equation (¥)
yields 6°g/6¢* = 0, which is the case only if dg/dt is constant in time — equal to zero at the “sloped” side
parts of the string and to a non-zero constant at its “horizontal” middle part, which contains the midpoint
at all times.

The comparison of the two used approaches?? may be completed by performing a straightforward
Fourier expansion of the function ¢(z, t) sketched above, which gives Eq. (***) again. (This additional
exercise is highly recommended to the reader.)

Problem 6.14. Spell out the spatial-temporal Green’s function (6.82) for waves in a 1D uniform
system of N points, with rigid boundary conditions (6.62). Explore the acoustic limit of your result.

21 At the instance when the displacement g and hence the potential energy of the wave vanish at all z, the pulse
still exists, in the form of the string’s velocity 0g/0t, i.e. of its purely kinetic energy.

22 The first of them is frequently associated with the name of J. Bernoulli, and the second, with the name of J.
d’Alembert — both already mentioned in Sec. 2.1.
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Solution: As was discussed in Sec. 6.5 of the lecture notes, for this system
Z,(z,)=s,sink,z,, with k, ="2=""" 2 —jd, n=12,.,N.

In order to use Egs. (6.82), the constants s, should be calculated from the normalization condition

N 2 N . N .
_ .2 - 270 2 l _ 27myj = ZE:
Z[Zn(zj)] _ansm N _snzz(l oS N j_sn > 1,

Jj=1 Jj=1 j=l
s0 s,” = 2/N. As a result, the second of Egs. (6.82) reads
2(1‘(zii,zj,,z')=—ZG s1n %, (*)

where the temporal Green’s functions G,(7) are given by Eq. (5.34) with the replacement ay — @,:

1/2
Gn(z_)_sma) Texp{ 5z}, with o, _(a) _52)”2 w, =vk,, VE(Kefj d.
@ m

n

Since the acoustic limit is equivalent to the continuity approximation (N — oo, d — 0), all sums
over j should be replaced with integrals over the system’s length / = Nd:

%iqo( ->— Ico J——Jco {—jjf%i(/)(ﬂdz

for any function ¢(z;). As a result, Eqs. (6.82), with our spatial-temporal Green’s function (*), become

o0

1 0 '
q(z,t) = J.dz’J.dr [zt r)y(z,z',r), where ¢ / z,z' r =— Z sm—Zsm m;Z ,
0 0

n=l

where /(z, 7) is the linear density of the external force divided by the linear mass density of the system.

Problem 6.15. Calculate the dispersion law (k) and the
highest and lowest frequencies of small longitudinal waves in a long
chain of similar, spring-coupled pendula — see the figure on the
right.

Solution: The linearized equation of motion of the ;™
pendulum is an evident generalization of the equations derived in
the solution of Problem 1.8:

¢, ==, + (9, ~9,)+ 0 (9,1~ ),

where Q = (g/1)"* and ay = (k/m)"?. Looking for a particular solution of this equation in the standard
form of a sinusoidal traveling wave (see Eq. (6.28) of the lecture notes), ¢ = Re[a exp{i(kz; — wt)}],
with z; = jd, where d is the structure period, we get the following dispersion relation

1/2
W= i(Qz + 4w, sin’ %) .
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The function a(k) is sketched in the figure below; it shows that the system may sustain waves of
any frequency between @min = Q and @max = ((224r4c<)02)1/2 > Q. The former value is achieved at kd = 27mn
(where n is an integer), i.e. at exp{ikd} = +1, when all pendula oscillate in phase, and springs are not
strained at all; the latter value is attained at kd = (2n + 1), i.e. at exp{ikd} = —1, when the adjacent
pendula oscillate in anti-phase so the springs are most involved.

0 wld 2r/d k

Note the absence of acoustic branches; this is very typical for systems of particles that are
elastically bound to their equilibrium positions.

Problem 6.16. Calculate and analyze the dispersion Fo== o mssmmmmmse oo ' .

relation (k) for small waves in a long 1D chain of _O*/\/\/\'O'/\/\/\_O"‘/\/\/\'O_

elastically coupled particles with alternating masses — see the

A

m! m '
figure on the right. In particular, discuss the dispersion =~ *--------------------- ' "
relation’s period Ak, and its evolution at m” — m. q,;. q' j q; q' 4l

Solution: Just as in the uniform case (see Sec. 6.3 of z 2d Z

the lecture notes), the system may be represented as a set of
identical unit cells. However, in contrast with the case m = m’, each elementary cell of the current
system (see the dashed line in the figure above) consists of two particles rather than one. Using either
the appropriate Lagrangian function or the 2" Newton law directly, we can write the following
equations of motion of these two particles:

mi, =x.(q';,—q,)+%:(q' 11— 4q;) .
m'g', =x.(q,,—q')+tKx:(q,—9")).
Let us look for the solution in almost the same traveling-wave form as for m = m’ (see Eq. (6.28) of the

lecture notes), but now allowing for different amplitudes of oscillations of the different particles — just
like has been done for two coupled oscillators, see Eq. (6.6):

ikz ;- a)t)}

b

qj(t):Re|:ae , q'j(t)zRe{a'e

i(hz - a)t)i|
where z; 1s the position of the whole unit cell (with two different particles), so zj+1 — z; = 2d. The
substitution of these relations into Eq. (*) shows that this is indeed a particular solution of the equations
of motion, provided that the constants a, a’, and kd satisfy the following system of equations:
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—mo’a=x,(a'-a)+ K, (a’eizkd - aj,
(**)

-m'o’a’ = Kef(ae_ i2kd _ a') +x(a—a).
These two homogeneous linear equations are compatible if the determinant of their matrix equals zero:

mo’ -2k, K (1 + ¢ 2kd j
. =0-
Kef[e_ i2kd lj m'w’ - 2K,

This is a quadratic equation for &’, whose roots may be represented in either of two equivalent forms —
each one more convenient for a certain part of the result’s analysis:

) 1/2 1/2
o =K, (iJrL,]iHL_LJ +i’cos2 kd} sxef{l+%ji{%+ 1'2 +L'cos2kd} }
m m m m mm m m m- m mm

This dispersion relation is shown in the figure below — schematically sketched on the top panel,
and numerically plotted (for two values of the m /m ratio) on the bottom two panels.

1/2
ZKef(i—l—L,j
m m

/2
T T T 2| T T
T = (R & , i
m’ o1
@, —=3 "
Ko/ m
0.5 4 0s5F 1
0 1 | 0 1 1
0 0.5 1 1.5 2 0 0.5 1 1.5 2
kd /|« kd /| r

Note the following remarkable features of the result:

(1) The dispersion law has two branches (“frequency bands”); in quantum mechanics, the top
band corresponds to the elementary excitations called optical phonons, and the lower one, to acoustic
phonons. The first term is of historic origin: it stems from the fact that the very high phase and group
velocities, (vph)+ = @v/k and (vg)+ = dw/dk, possible for the optical phonons in solids, enable their

Problems with Solutions Page 189



Essential Graduate Physics CM: Classical Mechanics

effective interaction with optical photons with velocities close to ¢ that is much higher than the typical
phonon velocity scale, axd. The lower branch’s name is also due to convention only because only its
lowest parts correspond to the genuinely acoustic (i.e. dispersion-free) waves, with the velocity

1/2
K m-+m'
=|—| d, where m,, =
ow—>0 m e 2

av

do_
dk

y =

Just as for the particular case m = m’ that was discussed in Sec. 6.3 of the lecture notes, the
physics of these results may be revealed by plugging the calculated values of @ back into the algebraic
equations (**) for the distribution coefficients a and a’. In particular, let us consider the long-wave
limit, kd — 0. In this limit, at the “optical” branch, with

R
o, = {21{ef [— + ,j} ,
m m

we get m’a’ = —ma, i.e. the neighboring particles, with different masses, oscillate in anti-phase. (Note
that for m = m’, we had a similar phenomenon taking place at kd = #(2n +1) — see Fig. 6.5 of the lecture
notes and its discussion.) It is only natural that this result involves the effective particle mass similar to
that participating in the planetary problems — cf. Eq. (3.35) of the lecture notes. On the contrary, at the
“acoustic” branch, with

o_ ~ vk,

the particles move in phase: a’ = a, with the spring effects felt only at relatively large distances Az ~ 1/k
>> (.

Even more interesting is the situation at the adjacent edges of the “frequency gap”,?3 i.e. at 2kd =
m(2n +1), for example at kd = £7/2. Here either a or a’ vanishes, i.e. the subsystem of all particles of one
mass stays still, while the particles of the other mass oscillate about it, with the nearest particles of this
type moving in antiphase — so the total momentum of the system is still conserved. This motion
simplicity makes the expressions for @: on the gap’s edges also simple — see the labels in the figure
above.

(i1) The period of both functions w.(k) is Ak = 7/d. This is very natural because the spatial period
Az of the structure is now 2d rather than d, so Ak = 27/Az, just as in the uniform chain. In the degenerate
case m’ — m, we have mmin = mmax, the bandgap closes (cf. the right bottom plot in the figure above),
and the dispersion relation may be considered a set of two almost independent curves, each describing
the dispersion law (6.30), with the double period Ak = 27/d. This is also natural because, in this
degenerate limit, the spatial period of the structure Az becomes d, so the general relation Ak = 27/Az is
still observed.

In the case 0 <|m’— m| << m, the formation of a narrow frequency gap may be interpreted as a
result of partial backscattering of the traveling waves with wavelength 27/k = 4d on the weak “standing
wave” (with period 2d) of the particle mass alternation. An analysis in these terms (which may be
recommended to the reader as a very good additional exercise?*) leads, in particular, to the standard

23 This gap between two bands of possible frequencies is often (especially in the physics of semiconductors)
called the handgap.
24 See also QM Sec. 2.7.
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level anticrossing diagram (cf. Fig. 6.2 in the lecture notes), which is clearly visible on the right bottom
panel of the figure above.

: 5 Kef Kef Kef
Problem 6.17. Analyze the traveling wave’s
reflection from a “point inhomogeneity”: a single particle VNV o7V V O V'V O
. . . . . m m m, m
with a different mass my # m, in an otherwise uniform 1D
chain — see the figure on the right. d d d

Solution: Since we are considering a point (discrete) inhomogeneity, we should replace Eq.
(6.50) of the lecture notes with its discrete version. For sinusoidal waves of frequency @, we may write

a_’exp{i(— kz, —a)t)}, for j <0,

9,()=Re {a_ exp{i(— kz; - a)t)}+ a, eXp{i(ij - a)t)}, for j 2 0.

Plugging this solution into Eq. (6.24) for the regular particles (of mass m),

mqj:Kef(qjﬂ_qj)_Kef(qj_qj—l)’ for-jio’
we see that they are satisfied if & obeys the dispersion law (6.30),
w* =25 (1- coskd), (*)
m
while the naturally modified similar equation for the special particle of mass m, (assumed to be located
atz=0), 1.e. forj =0,
MGy = K (4 —q0) — K (90 —9-,)

is satisfied if the complex amplitudes of the incident (a_), transmitted (a-°), and reflected (a:) waves
obey the following system of equations:

a'=a +a,, - a)zmoal = Kot [a(e_ - 1) T, (eikd - 1)} - Kefa,(l —e ) .

Solving this simple system of two linear equations, and plugging & from Eq. (¥), we get

P my/m—1 . (*%)
a my /m—1+isinkd /(1-coskd)

As a sanity check, at m = m( (no inhomogeneity), Eq. (*) gives no wave reflection: £= 0 at any
wavenumber k. The figure below shows plots of the real and imaginary parts of £ as a function of the

product kd, for two values of the my/m ratio. For my >> m, the reflection coefficient is close to (-1) for
almost any kd (i.e. any frequency), just as for the reflection from a rigid boundary. On the other hand, at
my << m, both components of the reflection coefficient are comparable.

Note, however, that for any finite m,, both parts of £ tend to zero at kd — 0 (and also 27m with

any integer n). This is natural because in the acoustic-wave limit, the wavelength becomes much larger
than d, i.e. wave is spread over many particles, and is virtually unaffected by the special mass of one of

Problems with Solutions Page 191



Essential Graduate Physics CM: Classical Mechanics

them. This averaging effect is clearly visible from the first (linear) approximation in kd << 1, in which

Eq. (**) is reduced to
Re® =0, m{ﬂ_ jﬁﬁi[m_ j
m A

m,/m=10 my/m=0

ImR

ImR

ReR
ReR

kd/rx kd/x

Problem 6.18."

(i) Explore an approximate way to analyze small waves in a continuous 1D
system with parameters slowly varying along its length.

(i1) Use this method to calculate the frequencies of transverse standing waves on a Y7
freely hanging heavy rope of length /, with a constant mass g per unit length — see the !
figure on the right. 8

(i11) For the three lowest standing wave modes, compare the results with those
obtained in the solution of Problem 4 for the triple pendulum.

A LA S SIS

Hint: The reader familiar with the WKB approximation in quantum mechanics (see, e.g., QM
Sec. 2.4) is welcome to adapt it for this classical application. Another possible starting point is the van
der Pol approximation discussed in Sec. 5.3, which should be translated from the time domain to the
space domain.

Solutions:

(1) Recalling the basics (see in Sec. 6.3 of the lecture notes), in the continuous limit kd << 1,
waves in a uniform 1D system are described by the partial differential equation (6.40):

[%8—2 —a—jq(z,r) ~0. *)

If we are only interested in monochromatic waves, we may look for the solution of (*) in the form

q(z, t) = f(z)e_iwt .

With this substitution, Eq. (*) turns into the following 1D Helmholtz equation?s for the function f{z):

25 See also EM Chapters 7 and 8, and QM Chapters 2 and 3.
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2
@

d2 2 2
{d22+k jf=0, with k% =—-.

1%

The fundamental solutions of this ordinary differential equation are sinusoidal waves with wave
numbers tk:

. o (kz — ot (ke — oo
fi:aieilkz’ giving C](Z,t)za+el(z a))+aiel( z a))

Now let us rewrite these expressions via the full wave’s phases Wi(z) = tkz:

Y, (2)
fir:aie =

and think about what would happen if & is not a constant, but is a function of z, due to the variation of
the system’s parameters, and hence of the wave velocity v:

kz(z)E @

v (z)
It is almost evident that if k*(z) is a sufficiently slowly changing function, the above solutions should be
approximately valid, with the following replacement:26

W, () > £ k(=Y

Indeed, the substitution of this WKB approximation into the nonuniform Helmholtz equation

2

d2
[ > +k2(2)}f =0, (**)
dz
shows?7 that this solution is asymptotically valid if
ka >>1, with a = k )
dk / dz

Physically, a is the spatial scale of relatively significant changes in the system’s parameters, and the
above condition means that the WKB approximation is valid for a wave with many wavelengths 1 =
27k on such an interval — in other words, if the relative change of parameters on one wavelength is
small.

(i1) For a uniform, horizontally stretched rope, the transverse wave velocity is described by Eq.
(6.43) of the lecture notes,
(!7 JI/Z
v=l—1 ,
U

26 The lower limits here are not important, because the constants resulting from their choice may be readily
incorporated into the phases of the complex amplitudes a..

27 See also QM Sec. 3.2. Note that the accuracy of the WKB approximation may be improved by the simultaneous
adjustment of the traveling wave’s amplitude to conserve its power (in quantum mechanics, the probability
current); for our current task, this detail is not important, except that it is crudely reflected in the mode sketches in
the figure below.
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where & is the rope’s tension, and  is its mass per unit length. In a vertically hanging rope, the tension
grows toward the suspension point:
T =T (z)= ugz

(where z is the axis directed up, with the origin at the rope’s end), s0?8

1/2
k(z)= @ =a){ H :| :L. ()
v(z) T(2) (gz)"*
Hence the wave phase change along the rope’s length is
I ! d l 1/2
AY = | k(z)dz = = 217" = 2(0(—} . (FH**)
! gl/Z_([Z]/Z g1/2 g

For our problem, we should use the “rigid” boundary condition (f'= 0) at the top end of the rope,
and the “open” condition (df/dz = 0) at its lower end. According to Eq, (6.72) of the lecture notes, for
such a boundary condition combination, the standing wave modes correspond to the following phase
difference values:

AV =zl n-L] with n=12.3... e Ap=Z, 3 ST
2 27 2

(The first three modes are crudely sketched in
the figure on the right.) Combining this
expression with Eq. (****), we get the
following result for mode frequencies: AY = %

pe 1 1/2
w =2ln-=]%& ;
=3l )f)

1t 1s exact for n >>1.29

n=1

(ii1) For the issue in question, the triple pendulum discussed in Problem 4 may be crudely
modeled as a heavy rope of length 3/ (with g = m/I, but this parameter does not participate in the final
results). For such a model, the result of Task (i1) of our current problem becomes

28 Strictly speaking, the transverse waves on a rope with variable tension (z) are described not by the equation
that would follow from Egs. (**) and (***),
d*f

(7(2)6112—2 + ,ua)zf =0,

but by a different equation that follows, in the continuous limit, from Eq. (6.24) of the lecture notes:

%(7(2)%) +uw’ f=0.

However, the WKB approximations for these two equations coincide.
29 Just for the reader’s reference: this problem allows the exact solution in terms of the Bessel functions, in
particular, giving @, = (&./2)(g/])'", where &), is the n™ root of the Bessel function Jy(&); these roots are listed, for
example, in the top row of EM Table 2.1. Let me refer the interested reader to a recent, very clearly written paper
by Y. Verbin, Eur. J. Phys. 36, 015005 (2015), and references therein.
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1 1/2
o n— —jQ, where Q = [%j ;

_7 (
n 2\/5 2
for the lowest three modes this formula yields

020450, @, =—T0~136Q, o =—TQ~2270.
43

443 443

It is very impressive how close are these numbers3? to the values calculated in the solution of
Problem 4:

W, =

o, ~0.6448Q, @, ~15147Q,  w, ~2.508Q,

given the crudeness of the distributed model and of the WKB approximation for our current case.
Indeed, for the lowest modes, the validity condition ka >> 1, in our case taking the form A/ >> 1, is
rather poorly satisfied.

Problem 6.19. A particle of mass m is attached to an infinite string, of mass x per unit length,
stretched with tension &. The particle is confined to move along the x-axis perpendicular to the string
(see the figure below), in an additional smooth potential U(x) with a minimum at x = 0. Assuming that
the waves on the string are excited only by the motion of the particle (rather than any external source),
reduce the system of equations describing the system to an ordinary differential equation for small
oscillations x(¢), and calculate their O-factor of due to the drag caused by the string.

X, q

«— —
T 0 z g

Solution: For small deviations ¢(z, ¢) of the string from the equilibrium, with 0g/0z — 0, the x-
component of the net force exerted on the particle by two parts of the string is

0 0
F, =~ ‘[i(a_Z|z=+O _a_z‘z——OJ’

so the equation of motion of its vertical coordinate x(¢) is
. oU(x) oq oq
mi=———2+4—=| _o——1|._o |- *
Ox (82 ‘Z_"LO 0z ‘Z__O ®)

Very similarly, as was discussed at the beginning of Sec. 6.4 of the lecture notes, the x-
component of the force exerted on a small string’s fragment of length dz by the parts adjacent to it is

oq oq azq( dzj qu( dz] 0’q
dF ~ g1 _ 9 7y e A AR I § L 7 By
X (az z+dz /2 aZ Z—dZ/Zj |:aZZ 2 822 2 aZZ z

30 The reader is invited to check that the mode patterns are very similar as well.
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Since the mass of this fragment is udz, the 2™ Newton’s law gives the following equation of the string’s
motion:

52‘1 78251 (**)

which is just a particular form of Eq. (6.40). Equations (*) and (**), together with the boundary
condition (evident from the figure in the assignment),

q(0,1) = x(2) ,

fully describe the system’s dynamics, provided that initial conditions have been specified.

Next, as was discussed in Sec. 6.4 of the lecture notes, the general solution of the wave equation
(**) is given by Eq. (6.41)

e

Where, in agreement with Eq. (6.43),
v= (g./ﬂ)l/z

is the wave velocity, and f _, and f._ are certain functions of a single argument, which are determined by
the initial and boundary conditions. If the waves on the string are excited only by the motion of the
particle (rather than any external sources, in particular, any waves arriving from afar), the wave on its
right part (z > 0) may travel only to the right, and vice versa:

f,(t—z/v), atz=0,
q(z,1) =
f.(@t+z/v), atz<O.

Moreover, according to our boundary condition, at z = 0 these functions have to be equal to each other
and to the particle’s coordinate x(¢), so

x(t—z/v), atz=>0, (—l/v)ic(t—z/v), atz >0,
q(z,1) =

(+1/v)x(t+z/v), atz<O.

and hence @(z,t) =
x(t+z/v), atz<0, 0z

Plugging these expressions, taken at z = £0, into Eq. (*), we get the following ordinary differential
equation for the particle:

Q

mjc‘:—aU—(x)—zzx, with Z =" =(u7)". (k)
ox v
The constant Z is just the wave impedance of the string — see Eqs. (6.47)-(6.48) of the lecture notes. As
Eq. (***) shows, in our case, 2Z plays the role of the drag coefficient 7 defined by Eq. (5.5): F\, = —nu,
where u = x is the particle’s velocity.

For small oscillations near the equilibrium, the smooth potential U(x) may be approximated with
a quadratic parabola:
d*U

2
X

U(x)= gxz, where x =

x=0 °

so Eq. (**%*), after the division of all its terms by m, takes the form
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y . . K
¥+2%+w’x=0, with ®* =—,
m

where o= n/2m = Z/m is the damping coefficient, so the O-factor defined by Eqgs. (5.11)-(5.12) is

w Mmoo
0= 2z

Note that this is a good example of an “open” physical system whose dynamics may be
interpreted in two different ways. On one hand, Egs. (*) and (**) are Hamiltonian (dissipation-free), so
the full energy of the system, with strings extending to infinity, is conserved for any finite . On the
other hand, the outgoing waves f-, and f._, propagating from the particle, carry out its energy to infinity,
so the subsystem including the particle plus two adjacent segments of the string of any finite length
eventually loses energy and hence is dissipative. This duality gives a wonderful (and broadly used)
opportunity to study not only classical but also quantum dynamics of dissipative systems while using the

reliable theoretical methods developed for Hamiltonian systems.

Problem 6.20.” Use the van der Pol method to analyze the mutual phase locking of two weakly
coupled self-oscillators with the dissipative nonlinearity, for the cases of:

(1) the direct coordinate coupling described by Eq. (6.5) of the lecture notes, and
(i1) a bilinear but otherwise arbitrary coupling of two similar oscillators.

Hint: In Task (ii), describe the coupling by an arbitrary linear operator, and express the result via
its Fourier image.

Solutions:

(1) As it follows from the analysis of phase locking in Sec. 5.4 of the lecture notes, the effect is
insensitive to the exact model of the dissipative nonlinearity, provided that the locking range is not too
large. Assuming that, we can use, for example, the model described by Eq. (5.62) for each oscillator, so
Egs. (6.5) turn into

ml(ql +20,q, +Q12% +18qu): Kq,,

*)
mz(éz +20,9, +Q§‘]2 +182‘7§): Kq,,

where Q) = (; mi,, fi2 > 0; and 61> < 0. Now assuming that the parameters o, £, k, and the detuning
&= Q) — ), are sufficiently small, we may look for the solution of Egs. (*) in the standard form (5.41):

41, = Al,z (0) COS\Pl,z’ \PI,Z =0t -, (),

where @ is some (yet unknown) frequency, close to Q; and Q. Reviewing the discussion of the van der
Pol approximation’s validity (Sec. 5.3) for this case, we may readily conclude that the reduced equations
(5.57) are still valid for each frequency component of the oscillations, provided that the right-hand side
averaging in these equations is carried over a sufficiently large number of the corresponding periods
AY |, = 2, rather than just one of them, so the impact of combinational frequencies incommensurate
with @, » becomes negligible. Rewriting each of Egs. (*) in the standard form (5.38), we get from Egs.
(5.57) the following reduced equations:
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. KA KA
A =-8,(4) A4, + —=—sing, Q=&+ 2 —Cos @,
2m,@ 2m, w4,
A, =-6,(4,) A, ——sinp, @, =& +———coso,
m,o 2m,wA,

where 81 2(41,) = 812 +(3/8) 1,741 5> are nonlinear damping functions (see Eq. (5.63a) of the lecture
notes), ¢ = ¢ — ¢ 1s the phase difference between the two oscillators, while & = w— Q; and & = w—
(), are partial detunings whose difference is a known parameter: &= & — &= Q, — Q. Since the right-
hand sides of the reduced equations depend only on the phase difference ¢, the next good move is to
eliminate the partial oscillation phases altogether by subtracting the equations for their time derivatives.
The result may be represented in the usual form (5.68):

p=E+Acoso, (**)
where in our current case

A
A=A -A,, with A,=— 21
’ 20 m, A4,

Now using the same argumentation as in the analysis of phase locking by an external signal in
Sec. 5.4 of the lecture notes, in the weak coupling limit (|A| << |d;2|), we may consider A, constant,
with the amplitudes 4, equal to their stationary values in the absence of coupling. Then Eq. (**)
immediately shows that the phase ¢ has a stable stationary solution at | £| <| A |. Since the constancy of
@ means that the oscillators have exactly the same frequency, i.e. are phase-locked, this means that the
mutual phase locking range is

—|A|<Q, -Q, <+Al.
The common oscillation frequency apr within this range may be found from any of the two

equations for the partial phases ¢ > and the stationary solution of Eq. (**), cos ¢ =—&/A:

Q2_Q1
v Al _Az .

. . Al 2
wp =¥, =00, = 60_(51,2 +A, COS@): a)—(a)—QLz - A 5} =Q,, +A
Note that this result does not depend on either the used oscillator index or on the assumed oscillation

frequency w, showing again the remarkable ability of the van der Pol method to recover the genuine
frequency of oscillations — see the discussion of this issue in Sec. 5.3 of the lecture notes.

Another feature of the result for apy is that within the mutual locking range, it is a linear function
of any of the frequencies ;. This conclusion is not valid outside of the locking range, where the
average frequencies of the oscillations,

o,=%Y,=0-¢,=0+A,c0s0,

are different, nonlinear functions of the frequencies Q;,, and may be found from the time-dependent
solution of Eq. (**) at| &|>| A |, just as this was done in the model solution of Problem 5.12. We do not
need that detailed solution in the case of large detuning, | £| >> | A |, when, according to Eq. (**), the
time evolution of the phase ¢ is virtually linear, and the time average of cos¢ vanishes, so the average
frequency of each oscillator tends to its own frequency. The resulting behavior of the average
frequencies of the oscillators is shown (schematically) in the figure below.
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Note a spectacular difference between this result
and the anticrossing diagram (Fig. 6.2) for the
apparently similar system described by Egs. (6.5) of the
lecture notes. Indeed, as the figure on the right shows,
as a result of the self-oscillator interaction, their
oscillation frequencies tend to stick together when the
partial frequencies are close, while the anticrossing
diagram describes the opposite trend of “frequency
repulsion”. This difference is due to the “only”
substantial difference between these models, namely Q,
the fact that in the nonlinear system described by Eqgs. (*), the oscillation amplitudes are stabilized by
the dissipation’s nonlinearity, so at weak coupling they are virtually not affected by the evolution of the
oscillation phases. Indeed, it is straightforward to check that at &;(4)) = 6(42) = 0, the reduced
equations spelled out above describe the same anticrossing as the direct, exact solution of Egs. (6.5).

Another important observation is that A vanishes if two oscillators are identical, so A; = A;. As
the analysis below will show, this is an artifact of the direct coordinate coupling assumed in Egs. (*).

(i1) For an arbitrary bilinear coupling (with the interaction energy being an arbitrary linear
operator of the product q14,), Egs. (*) may be generalized as follows:

ml(‘?l +20,9, +Q12Q1 +181‘I13): F{% }s
mz(‘.jz +26,4, +Q;‘]z +ﬂzq;): F{% }:

where both (generalized) interaction forces F' are described by the same linear operator K acting on the
functions ¢;»(¢)}. As we know from the discussion of the Green’s function in Sec. 5.1(i1) of the lecture
notes, the action of such an operator may be expressed by a causal integral similar to Eq. (5.27):

F(e)= [qle- 0K (e,

where the kernel K(7) may be described by its Fourier image (@) defined similarly to Eq. (5.28):

K(r)= L IK(w)e_iwfdw, so k(@)= J‘K(r)eiwrdr .
2z =,

0

In terms of this function, the interaction force F' caused by some quasi-sinusoidal oscillations g =
Acos¥, with ¥ = wt — ¢, is

F(l‘) = J-ACOS[a)(l’ — z’)— (0] K(T)dT = gj'[e—i(a)t—(ﬂ)eia)r + ei(wt_(p)e_in]K(T)dT
0 0
_ é —i(owt—p) i(wt—p) * _ é e .. *
=3 e K(a))+e K (a)) =3 (cos‘P zsm‘P)K(a))—i-(cos‘P—i-zsm‘P)K (co)

= Acos'¥ Re K(a))+ Asin¥ ImK(a)) ,

so the average value participating in the second of Egs. (5.57a) for the variable ¢ is
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Fiq\V{cos¥, = F{4, cos ¥, }cos ¥, = 4,cos ¥, cos ¥, Re k() + 4, sin ¥, cos ¥, Im x()
= 2 eos(¥, ¥, JRex(o) -sin(¥, - ¥, Jim(o)] = 22 Rel e x(0)]
and absolutely similarly:
Fiq¥jcos ¥, = %[cos(‘l’z — ¥, )Re x(w)—sin(¥, - ¥, ) Imx(w)]=

where, as before, =Y, — ¥, = ¢ — ¢ is the oscillator phase difference.

As a result, the reduced equations (5.57a) for oscillator phases yield the following generalization
of Eq. (**):31

= R -—R .
p=<¢+ o e[e K(a))] o, e[e K(a))]

As a sanity check, in the case of a purely real function x(w) — say, kK@) = k= const, as in Task (i), this
equation is reduced to Eq. (**). On the other hand, for an arbitrary complex function x(w) but similar
oscillators (with A = Ay, m; =my =m, and & = &, so &= 0)32 it yields

Im K(a))

Q= 1 Re[(e“o —e? )K(a))]z S+ ! Re[2isin g x(w)] = —Asing, with A=——""2 (¥*¥)
2ma 2mw mao

If Im x(w) # 0, Eq. (***) evidently has two fixed points: ¢ =0 and ¢ = 7 (and of course all their
physically indistinguishable cousins different from them by any phase shift multiple of 27); however, as
one may readily verify by the usual linearization of this equation, only one of them is stable:

0 isstableif Im K(a)) >0,
7z 1sstableif ImK(a)) <0.

Hence, depending on the type of coupling, the oscillators may phase-lock either in-phase or in anti-
phase. This fact takes a very interesting form in the case of mutual phase locking in systems of N >> 1
similar oscillators — see the next problem.

Problem 6.21." Extend Task (ii) of the previous problem to the mutual phase locking of N similar
self-oscillators. In particular, explore the in-phase mode’s stability for the case of so-called global
coupling via a single force F' contributed equally by all oscillators.

Solution: Naturally extending the model used in the previous problem, we may start with the
system of N similar equations:

31 Strictly speaking, this equation is valid when the characteristic bandwidth A of the function x{@) is much
larger than the locking range |A| (explain why!), imposing one more condition of the range smallness.

32 In a more realistic case when the oscillators, otherwise similar, have slightly different partial frequencies Q, so
E= & — &= — Q#0, the resulting equation shows that the phase locking range width is 2|A|, where A is given
by Eq. (¥*%).
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N
mk(éik +26,4, +lech +ﬂkq.13): szk'{qk’}’
k=1

where the linear operators giving the interaction forces Fy {qyx’} may be different for each pair of
oscillators.33 Applying the van der Pol approximation to this system in the usual way, we get the
following system of the reduced equations for oscillator phases ¢y:

1 < .
=65tk S exlle, -0 ) ®

where the complex interaction functions xj (@) are introduced exactly as in the previous problem:
Ko (@)= IKkk’(T)eindT’ where F. (1 I% K . (M7 -
0

A general analysis of Eq. (*) shows34 that the mutual self-locking is enhanced if the coupling
functions depend only slowly on the “interaction distance” |k — k’|. The ultimate limit of this trend is the
global coupling where these functions do not decay at all: xi(®) = x(w), i.e. all right-hand sides of the
equations of motion are equal and may be rewritten as

N
F{Z Qk'} 5
k'=1

i.e. describe a common force contributed equally by all oscillators, so all the interaction operators Ky
are equal and may be stripped of their indices: Ki(7) = K(7), and xu(w) = x{w). If, in addition, all
oscillators are exactly similar, Eq. (*) reduces to

{ Zexp )}] (**)

Evidently, this system of equations has fixed points of two kinds: the in-phase solution with all
phases ¢ equal to the same (arbitrary) phase ¢y, and the so-called run-away solutions with

P = 2mo

iexp{i(pk}: 0.

k=1
The simplest example of the latter solutions is the one with all phases separated by equal intervals:
2
Pr =P +7k ’

where the common phase ¢y and the oscillator numbering order are arbitrary.3?

33 Many (but not all!) linear systems feature the so-called reciprocity relations (see, e.g., EM Problems 1.18, 4.3,
7.10, and 8.2), in our current context giving Fj = Fjy.

34 See, e.g., Sec. 6 in A. Jain ef al., Phys. Repts. 109, 309 (1984).

35 If the number N is factorable, N = N, N,, another possible run-away solution is the system of N; groups, with N,
equal phases in each, separated by equal intervals 24/N,. In particular, if N is even (i.e. if N = 2M with an integer
M), such clustering may take the form similar to the antiphase solution studied in the previous problem, with M
phases equal to some ¢, and M other phases, to (¢ + 7).
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The stability of these fixed points may be explored, as usual, by linearizing Eq. (**) with respect
to small phase deviations @, :

b= R )3 el ~0, i@~ 51) ==L )3 colito, ~0. )6~

2me mao

(where the phases without the tilde sign denote the fixed-point solutions, i.e. constants), and then

At

looking for the solution of this linear system of equations in the form @, =c,e”™, so the system is

reduced to that of N homogeneous linear algebraic equations:

ae, = _le{x(a,)ﬁ explilo, — o e — e )]

2mao

For the (practically, most important) 3¢ in-phase solution ¢, = ¢y, these equations are reduced to

o == w0 e -c,)|. -+

Summing up all N of these equations, and canceling similar sums on the left-hand and right-hand sides,
we get simply

This means that one root of the characteristic equation is 4 = 0; it corresponds to the orbital
(“indifferent”) stability of the common phase ¢y, which does not affect phase locking. Of other roots,
one more is also evident; it corresponds to the mode in which the sum of all distribution coefficients c;
equals zero; with this condition, Eqgs. (***) yields

A= —le K(a))
2mo
If Ima(w) is negative, this root is real and positive, so the in-phase mode is unstable. Hence, just as in
the case of two oscillators, the in-phase mode may be stable only if Ima{ w) is positive.?’

Note that mutual phase locking may take place in self-oscillating systems of any (sometimes
very counter-intuitive) origin.38

Problem 6.22." Find the condition of non-degenerate parametric excitation in a system of two
coupled oscillators described by Eqgs. (6.5), but with a time-dependent coupling: k¥ — x (1 + zcoswpt),
with Wp = Q] + Qz.

36 The in-phase mode may be practically used for getting high-power, high-frequency, narrowband
electromagnetic radiation from large systems of low-power oscillators, for example, Josephson junctions — see,
e.g., the 1984 review by A. Jain et al., which was cited above; for more recent (rather impressive) experimental
results see U. Welp et al., Nature Photonics 7, 702 (2013).

37 Additional exercises for the reader: prove that there are no other roots A in the in-phase mode, and analyze the
stability of various run-away solutions.

38 See, for example, Y. Kuramoto, Chemical Oscillations, Waves, and Turbulence, Dover 2003.
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Hint: Use the van der Pol method, assuming the modulation depth g, the static coupling
coefficient x, and the detuning &= @, — (€211 ) are all sufficiently small.

Solution: As follows from the results of Sec. 6.1 of the lecture notes, at x/m << |0, — O , the
constant part of coupling does not affect the own frequencies of the system substantially, so we may
neglect it. As a result, the modified Eqgs. (6.5) are reduced to

m, (‘h +Q1ZQ1): UKy, COS M1,

mz(qz +Q§Q2): MK, COS L.

If the modulation coefficient g is sufficiently small, the oscillations of each of the coupled
oscillators are nearly sinusoidal, so we may look for the approximate solution of this system of
differential equations in the standard quasi-sinusoidal form:

g1, =A,()cosY,, V,=0,t-¢,0, o+o,= w, = Q,+Q,,

were the speed of change of the functions 4, Q, Q,
and ¢, in time is low — see Eq. (5.41) and its ~ ~ l
discussion, and also Fig. 6.12a, reproduced on

the right. Just as in the two previous problems, / | \ ; | | ‘

the reduced equations (4.57) are still valid for
each frequency component of the oscillations,
provided that the right-hand side averaging in these equations is carried over a sufficiently large number
of the corresponding periods AW, = 27, rather than just one of them. Concerning the particular form of
the equations, from Sec. 5.5 we already know that their {4, ¢} form given by Eq. (5.57a) makes the
analysis of the trivial fixed point (4 = 4y = 0) awkward. We could avoid this difficulty by using four
equations Egs. (5.57¢) for u; > and v, 5, which would give us a solvable quadratic characteristic equation
for A%. However, since the initial equations of our model are linear, it is even easier to use for this
purpose Eq. (5.57b) for the complex amplitudes of the two modes. Simple averaging on their right-hand
sides yields:

o, ®, ,=0+0, frequency

. . . * . HO, K
a;, = 151,2611,2 +l§1,zaz,1s with 4:1,2 =w,—-Q,,, 4/1,2 = am.
1,2

We see that a combination of one of these equations (say, for a, ) with the complex conjugate of

the counterpart equation forms a full system. Looking for its solution in the standard form (cf. Eq. (5.80)

of the lecture notes),

At At

a,(t)=ce”, a:(t):c:e ,

we get a system of two homogeneous linear equations with the following characteristic equation of self-
consistency:

=X —il& - &)+ EE -84, =0,

ifl_/i igl
—i§2 _ifz_ﬂ

A straightforward analysis of its roots yields the following condition of instability of the trivial fixed
point a; = ax* =0, i.e., of the non-degenerate parametric excitation:

Problems with Solutions Page 203



Essential Graduate Physics CM: Classical Mechanics

(6¢2)" zﬁ(”“’j QUhiy (*)

4 \mm, 2
which should be compared with the degenerate excitation condition
HO
—_—>
© g
that follows from Eq. (5.84) at 6 = 0. Taking into account the difference in notation, these conditions

coincide if the two oscillators are similar.

The most interesting new feature of Eq. (*) is that it includes only the sum of the two detunings:
§=46+6, E(a)l _Ql)+(a)2 _Ql):a)p —(Q, +9Q,).

The physics of this result may be better revealed by writing the reduced equations in their alternative
form (5.57a):

4, = Az,lgl,z sin @, (%)
A1,2¢1,2 = A1,2§1,2 + A2,1§1,2 cosp, where ¢ =@, +¢,,

even if it is less convenient for the derivation of Eq. (*). We see that the right-hand sides depend on
oscillation phases in only one combination, ¢, so the non-degenerate excitation is not affected by slow
drift of the partial phases ¢ » provided that ¢ is kept constant. (Such invariance reflects the insensitivity
of this effect to small variations of the excitation frequencies @; and @; if their sum is exactly fixed, @,
+ o= w,.) If we want to obtain a closed system of the reduced equations in the {4, ¢} form, we need to
sum up the second Eqgs. (**) for the two phases, getting

. uk| o, A, o, A4
=(& +& )+ | -2 +—2"L |cosp,
%4 (51 52) 4 [ml 4 m, Azj 4

s0, indeed, only the sum of & and &, is important for the non-degenerate excitation.

Problem 6.23. Show that the cubic nonlinearity of the type aq3 indeed enables the parametric
interaction (“four-wave mixing”) of oscillations with incommensurate frequencies related by Eq. (6.92a)
of the lecture notes.

Solution: Let our process ¢(f) be a sum of intensive sinusoidal oscillations of frequency @ and
certain small oscillations F(t):

q(t)= Acos¥ +q(t), with ¥ =t —¢, and |(7|<<A.

Plugging this expression into the given nonlinear term, and expanding the result into the Taylor series in
small oscillations, we get

g’ =[Acos¥ +G(1)] = 4> cos® ¥ +34% cos® ¥ G(t) +....

Let us spell out the second term, proportional to the weak oscillations’ magnitude:

34% cos® W §(¢) = %Az(l +c0s2¥)7(r) = %A%?(t)+%/12 cos(2t —2)q(1).
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The last term of this expression has a structure similar to Eq. (5.109) of the lecture notes and describes a
periodic modulation of the system’s parameter with the frequency @, =2w. Now repeating the
argumentation of Sec. 6.7 of the lecture notes (see Eqs. (6.89) and their discussion), we may conclude
that the parametric energy exchange between the strong and weak oscillations is indeed possible at the
conditions (6.90), which now take the following form:

20=0, tw,,

where @, and @, are (possibly, incommensurate) frequencies of components of the function ¢ (t) As
was discussed in Sec. 6.7, and proved in the solution of the previous problem, the parametric excitation
of oscillations @; and @, is possible (at a sufficiently deep parameter modulation, i.e., in our case at a
sufficiently large product az4?), for this frequency relation with the upper sign.

Problem 6.24. In the first nonvanishing approximation in small oscillation amplitudes, calculate
their effect on the frequencies of the double-pendulum system that was the subject of Problem 1.

Solution: In order to describe nonlinear effects, we need to derive
the equations of motion of this system (see the figure on the right) without
the linear approximation made in the solutions of the listed problems. In
terms of the angular deviations ¢ and ¢’ of the pendula from their
equilibrium (vertical) positions, the kinetic energy of the system remains the
same:

2
T — ﬂ ( ¢2 + ¢/2
2
but its potential energy should now be calculated for arbitrary displacements of the pendula:

U=U, +U, =5 (ad) +mgly+y)= S]ax +(ay) | melay+ ay)

= glz [(sin @ —sin go')z + (cos @ —COoS go')z ]— mgl (cos @+ cos go')
=—xd’ cos(go — (p') —mgl (cos @+ cos (p') + const.
(As a reminder, in this model, the spring is not stretched at ¢ = ¢’ =0, and hence at any ¢ = ¢’.)
Now constructing the Lagrangian function L = 7 — U, and writing the Lagrangian equations for
the generalized coordinates ¢ and ¢’, we get the following equations of motion:
P+ Qsinp+ o] sin(p—¢')=0, ¢ +Q’sing’ — wy sin(p - ¢') =0, (*)

where, as in the model solution of Problem 1, Q* = g/l and oy’ = k/m. As a sanity check, in the linear
approximation in ¢, ¢’ — 0, these equations are reduced to the ones derived in the solutions of
Problems 1.8 and 2.9, and discussed in the solution of Problem 6.1. As was shown in the last solution, in
the “soft” mode of small oscillations of the system, with frequency @ = €, the coordinates ¢ and ¢’
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oscillate in phase: ¢(r) — ¢'(¢) = 0, while in the “hard” mode, with frequency @ = (Q* + 2a’)"?, they
oscillate in antiphase: ¢(¢) + ¢’(¢) = 0. Hence, if we transfer to new variables, defined, for example,?® as
p+¢ P, Q.

=p-¢, ¢ =——, sothat p=¢p +—=, @'=¢p ——,
0. =0-¢, @ 5 p=0-*7 =077

then in each of the small oscillation modes, only one of ¢ is different from zero. In these variables, Egs.
(*) become

@, +2Q° sin%cosgo_ +2w;sing, =0, @+ chos%sinw_ =0.

This (within our model, exact) system of coupled nonlinear equations defies general analytical
solution, so let us simplify it by using the given condition ¢: — 0. Expanding all nonlinear terms of the
equations into the Taylor series in these small variables, and keeping only the first nonvanishing
nonlinear terms, we get

2

2 3 3 2
5+ 00 222 o0l o P lsing, =0, ¢ +0[p L |q (s
¢+ {¢+ 2 24 0 ¢+ 6 ¢+ (P_ ¢— 8 6 ()

Now we may apply to this system the harmonic balance method discussed in Sec. 6.2 of the lecture
notes, by looking for its solution in the form

@, (t)= A, cos'V, +other harmonics, ~ where ¥, = @, -0,

and neglecting the small components with other frequencies in the already small nonlinear terms O(¢->).
Then these nonlinear terms become

@. = A} cos’ W, = 4] (%cos‘l’i +icos3‘Pij,

1 1
Q.02 = A, A} cosP, cos® ¥, = A, A2 (Ecos P, + 708 P, cos 2‘I’+J.

The last terms of these expressions have only components with frequencies 3@: and 2w, + @:. Assuming
that none of them comes very close to our basic frequencies, @:,* these terms do not participate in the
balance of the basic frequency terms in Eqgs. (**):

2 2 2 2 2
A, cosV, | —w! +Q7 A _A +20, - =0, A cos¥_ |-’ +Q° A AN
4 32 8 16 8

In order for these relations to be valid at all times, i.e. for any V., the expressions inside both square
brackets should equal zero, giving us the following final result for oscillation frequencies:

A2 A2 AZ A2 A2
a)f:Qz 1_;_ + +2a)g 1_ + i COE:QZ 1__+_; )
4 32 8 16 8

39 The common coefficients in these definitions are arbitrary and are selected here in a way to make the
forthcoming calculations as compact as possible.

40 Each of such coincidences requires a separate analysis, but note that they are impossible in the most interesting
limit of weak coupling ay << Q2 when the mode frequencies @ are relatively close to each other.

Problems with Solutions Page 206



Essential Graduate Physics CM: Classical Mechanics

In the limit 4.— 0, the frequencies tend to the values found in Problem 1, but an increase of
oscillation amplitudes leads to a reduction of both frequencies, just as in a single pendulum — see, e.g.,
Fig. 5.4 and its discussion in Sec. 5.2 of the lecture notes.

Note that this system would be more phenomena-rich if the pendula nonlinearities did not have
the sign antisymmetry4! — see the discussion in Sec. 6.7 of the lecture notes and the model solution of
Problem 5.8. Unfortunately, a quantitative discussion of these interesting (and practically useful) effects
is beyond the framework of this course.

Problem 6.25. Calculate the velocity of small transverse waves propagating on a thin, planar,
elastic membrane, with a constant mass ». per unit area, pre-stretched with force 7 per unit width.

Solution: In order to re-use the analysis in Sec. 6.3 of the lecture notes, just before Eq. (6.24), it
is convenient to model the membrane as a square lattice (“mesh”) of particles of mass m, connected, in
both directions, with strings stretched with an equal force & each. Let the mesh side (i.e. the distance
between the adjacent particles) be d. Then, as it was argued in Sec. 6.3, the transverse force F, trying to
return a certain particle to its equilibrium position on the initial plane of the membrane, has the
following contribution from the tension in one longitudinal direction: 4[(gj+1 - q;) — (¢; — g;-1)]/d, where
the index j numbers the particles in this direction. The contribution to this force from the tension in the
perpendicular longitudinal direction is evidently similar, with j replaced by some index numbering the
particles in that direction.

As was discussed at the beginning of Sec. 6.4 of the lecture notes, at the transfer to the
continuum (possible in the limit d — 0), each of these sums may be replaced by the corresponding

second derivative, for example,
_( % 0°q
(qﬂl_qj)_(qj_qj—l)_)g z=z d=(g z:z_jd —)az—z

where z is the longitudinal coordinate in this direction, and z: = (z1 + z)/2. Adding a similar
contribution from the other coordinate (say, y), we get the net transverse force

Fzzfd &‘F&zq Ezhdvzq
oy> oz’ 2

so the 2™ Newton law in the transverse direction is

oq dq

d— I
= 5

z=z A
+ 0z

d2

Z=Z .
J

0’q

Now noticing that in this model, the membrane’s mass s per unit area is m/d”, and its tension 7

per unit width is 7d, we get the 2D wave equation (6.91),

1 62q )
— -Vig=0,
vf ot? 24

with a very simple expression for the transverse wave velocity:

41 That could be the case, e.g., if the spring was pre-stretched, so the equilibrium corresponded to ¢, ¢’ # 0.
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1/2
T
ve=|—| .
m

This result, with 7= 2y, is also valid for a stable thin film of a fluid (e.g., of a soap solution) with
the surface tension coefficient y— see, e.g., Sec. 8.2 of the lecture notes.

N
Q

Problem 6.26. A membrane discussed in the previous problem T
is stretched on a thin but firm plane frame of area axa. d

(1) Calculate the frequency spectrum of small transverse “
standing waves in the system; sketch a few lowest wave modes. d
(i) Compare the results with those for a discrete-point analog of ]
this system, with four particles of equal masses m, connected with light
flexible strings that are stretched, with equal tensions &, on a similar 7 7

frame — see the figure on the right.

N

Hint: The frames do not allow the membrane edges/string ends to deviate from their planes.
Solutions:

(1) The 2D wave equation describing the membrane’s transverse motion was derived in the
solution of the previous problem:

2 172
1 M=V§q, with v, E(ij .

T2 A2
v, ot m

(The constant v, has the physical sense of the velocity of dispersion-free propagation of transverse waves
on the membrane.) In our case, this equation has to be solved with the boundary condition g|on frame = 0.
With the x- and y-axes directed along the edges of the frame, with the origins in one of its corners, this
boundary condition becomes
{Oﬁxﬁa, for y=0, a,
q=0, at *)
0<y<a, forx=0,a.
This boundary problem may be readily solved by using the variable separation method, i.e. by
looking for the solution in the form

Q(x’ y’t) = zcn,mqn,m b WIth qn,m = Xn (X)Ym (y)Tn,m (t)’
where ¢, , are constant coefficients determined by initial conditions. Plugging the partial solution g,
into our wave equation, and dividing both sides by XY, T, ., we get
1 1 d°T,, 1d°X, 1dY,
e et
v T,, dt X, dx Y dy

**)

T

This equality may hold for all x, y, and ¢ only if each of its three terms is a constant. Calling these
constants, respectively, kz, kxz, and kyz, so Eq. (**) becomes

2 2 2
K=k k2,
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we get similar linear ordinary differential equations for the functions 7, ,,, X,,, and Y,,, whose solutions
are sinusoidal functions of, respectively, at, k.x, and k,y, where

o=kv,.
Now requiring all functions X, and Y, to satisfy the boundary conditions following from Eq. (*):

X,0)=x,(a)=0, 7Y,(0)=Y, (a)=0,

we get the following spectra of the corresponding wave numbers:

k :”n, k =£m, withn,m=1,2,...,

X y

a T a
so the partial solutions of the problem (each describing a specific spatial mode, in our case a specific
standing wave on the membrane) are

. n . ym ( )
q,, =sin—sin—-cos\w, ,t+const),

a a

where @, », is the mode’s frequency. The spectrum of these frequencies follows from the above relations:

1/2 1/2 T
a)nmzkv:(karkz) v=a)0(n2+m2) ,  where @, =~v.
s 2 y a

The figure below shows the first four modes, in the order of increasing frequencies, by the signs
of the functions ¢, , in each of the four quadrants, at a certain time instant. Note that the modes {1, 2}
and {2, 1} have the same frequency w12 = an = \5 ax, but differ by their orientation on the membrane.

{n,m} —> {11} {1,2} {2,1} {2,2}
) + §+ + §+ + i— + i—

(i1) The equation describing the motion of particles in the discrete version of the system may be
derived similarly to that of the membrane. This analogy is more complete if we start not with the small,
four-particle system specified in the assignment, but with a large system of similar particles and strings,
with the period d in each of the directions x, y. As was shown in Sec. 6.3 of the lecture notes, for small
transverse displacements (with | g | << d), the net force provided by the x-oriented string is

F = g~qi+l,j +q,.,,; 29,
: d

where the indices number the particle’s Cartesian coordinates (in the units of d). Now adding a similar
contribution from the y-oriented string, we get the full transverse force exerted on the particle:

>

5

(F ) _ g Qivi; Y490, Y490 T4 _4qi,j
L] d
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so the 2™ Newton’s law for it yields

d’q.. T
dtz"’ = ;(qi_l’j + qin,; + q;, + 41~ 4‘]i,j ) (***)

This equation has to be solved with the same boundary conditions z(#)|on frame = O as for the membrane.

Solving a large system of such mutually-coupled ordinary partial equations analytically may be
hard. However, the small size and high symmetry of our system (of just four particles) make such a
solution very easy. Indeed, we may consider the points where the strings contact the frame as additional
particles, but with ¢ = 0, so they give zero contributions to the right-hand side of Eqs. (***) written for
the adjacent internal particles. For example, for the top-left particle (assigning it the numbers i =1, =1,
with the natural sequential numbering of other particles) we may write

mdqu‘l
dt*

with similar simplifications for the other three particles. Plugging into the resulting system of four linear
ordinary differential equations the oscillatory solution ¢g;; = c¢;jexp{—iwt}, we get a system of four
algebraic homogeneous linear equations for four distribution coefficients c¢;;, whose condition of
consistency is

g
:g(o"'qz,l +0+gq,, _4%,1)7 (FH)

-4+ 4 1 1 0
1 -4+ 4 0 1 2
=0, where A = mo .
1 0 -4+ 4 1 g/d
0 1 1 -4+ 4

However, instead of trying to solve this equation and then calculate the corresponding
distribution coefficients, in our highly symmetric case, it is easier to assume that the four different
oscillation modes of the discrete-particle system*? have the same symmetry as the lowest modes of the
membrane oscillations, sketched above. This means the following relations between the particle
oscillations:

mode {1, 1}: g1 =¢12=¢21 =q20,

mode {1,2}: qi1=—-q12=¢q21=—¢q20,
mode {2, 1}: qi11=¢q12=—921 =—q2»,
mode {2,2}: g1 =—q12=—¢21 = gn.

Due to this symmetry, the corresponding oscillation frequencies may be calculated using just one
equation, for example, Eq. (****) for ¢, ;. For example, with the substitution of ¢, and ¢, for the {1, 1}
mode, we get simply

d’q, d’q,, g 0

P :g(O+QI,l +0+4qy, _4%,1), iLe. m e +2gq1,1 -

This is just the usual equation of a linear oscillator with the frequency

42 As a reminder, the general theory of oscillations in a coupled linear system of N particles (discussed in Sec. 6.2
of the lecture notes) tells us that it may have only N normal modes.
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9\. 1/2
w, = \/Ea)o, where o, =| — | .
md

Very similarly, for the {1, 2} mode, the same Eq. (****) reduces to

d’q g : d’q g

dtzu = g(o +q,+0—¢q,, — 4%,11 ie. m dtzl.l + 4gql’1 =0.
The similar calculation for the mode {2, 1} yields the same final equation for ¢, so the frequencies of
these two modes are equal (just as they are for the membrane):

W, =W, =20,.
Finally, for the {2, 2} mode we get

d’q g : d’q g
dtzl'l = g(o —-q,, +0—¢q,, —4q,, ), ie. m dtzl'l + 6591,1 =0,
giving the highest frequency of the spectrum:

Wy, = \/ga)o -

(As a sanity check, each of the values 4= {2, 4, 6} corresponding to these frequencies, indeed turns the
system’s determinant to zero.)

To compare the results for the continuous system (the membrane) and the system of the discrete
particles, we may look at the ratios of their frequencies:

a)ll /0)12 /a)21 /CO22 = (ﬁ/\/g/\/g/\/g)cominuous \B) (\/E/\/Z/\/Z/\/g)discrete °

So the ratios are reasonably close, with a somewhat larger deviation for the highest mode {2, 2}.
Moreover, comparing the systems, we may assume that they should have the closest properties at the
following relations of their parameters:

g m

Cl:3d, T=—, m=—.
d d

Plugging these relations into the corresponding definitions of ay, we get

~\1/2 o~ \1/2 12
0, = E(Lj ~1.047 (Lj vs 1.000 [LJ
3\md md md

cntinuous discrete

So, the difference between the values of this frequency scale (and hence of the fundamental frequencies
W)= \/2(00) in the two systems is below 5%.
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Chapter 7. Deformations and Elasticity

Problem 7.1. Derive Egs. (7.16) of the lecture notes.

Hint: Besides basic calculus and the definition of the cylindrical coordinates, you may like to use
Eq. (4.7) with do = (dp)n..

Solution:* According to the definition of the cylindrical coordinates {p, ¢, z}, the z-coordinate is
essentially a Cartesian one, so the last of Eqs. (7.16), s.. = 0¢./0z, just repeats Eq. (7.9b) for r;=r; = z.
So, let us derive just the first two of these formulas,

oq 1 oq
Spp = P SW’ :—(qp +a—;],

op’ p
for clarity taking g. = 0 and z = const, i.e. essentially using the polar
coordinates {p, @} — see the figure on the right. In these coordinates, 9 n

the radius vector of a geometric point is a two-dimensional vector:

p=pm,. *)

This means that in the local orthogonal 2D coordinates with their axes
directed along the unit vectors n, = p/p and n, 1n, (see the figure
again), the vector p has just one scalar component. However, an )
infinitesimal but otherwise arbitrary change dp of this vector generally

has both components. Indeed, calculating this differential, on the right-hand side of Eq. (*), we need to
differentiate not only the scalar p, but also the unit vector n,, because a shift dp generally changes the
angle ¢, and hence the direction of n,:

X

dp:(a’p)np +pdn . (**)

The last differential may be calculated by either differentiating the basic formulas relating the polar
coordinates and the Cartesian coordinates {x, y}:

X=pcos@, y=psing,

or even simpler, by considering n,, n,, and n. = n,xn, a usual set of three mutually perpendicular unit
vectors n;, n;, and n;», and applying to them Eqgs. (4.7) with do = (d¢) n.:

dnp = d(pxnp = (dgo)nz xn, = (d(p)nw, dnq) = d(pxnw = (a’(p)nz xn, = —(d(p)np. (%)
With the first of these relations, Eq. (**) becomes

dp =(dp)n, +(pdp)n,.

43 I apologize to the readers for whom this solution is too detailed/slow-paced, but when I taught this material at
Stony Brook, I ran into some quite strong students who could not solve this problem.
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This (perhaps, obvious) relation shows that in the polar coordinates, the role of the Cartesian
coordinate differentials dr; participating in Eq. (7.9b) is played by dp and pd¢. Hence the diagonal
elements of the strain tensor we are looking for may be expressed as*

Spp :(a_qj Ea_q.np’ S(/J(p :{a—qj Elai.n(p. (****)
o), p pop), pop

What remains is to express the involved derivatives via the scalar components of the deformation vector
q =¢,n,+t q,n,, in the same polar coordinates. With the two relations (***) ready, this is easy:

0 on, O on, 0O 0
a_ Ton + , p+ﬂn(p+q¢ o oy +0+&n(p+0,
op op 7 op Op op op ’ op
oq 0q, on, 0q, on, 0oq, q,
—=—2n_+ +—"n_+ = n +qgn, + n,—qgn
20 0p » T4, B0 o o T4, o Y p T4, P o ~ 4o,
SO
0 0
oo G4, o %
op ©  Op op 7 P Op

Plugged into Eq. (****), these expressions give the formulas we needed to prove.

Note that we have done more than what we were asked for: the obtained expressions for 0q/0p
and 0q/0¢ contain all the terms necessary to spell out the off-diagonal elements of the strain tensor as
well. Moreover, the same expressions, with q replaced with an arbitrary vector function f, enable a one-
step proof of MA Eq. (10.4) — a useful exercise for those who want to brush up on their vector calculus.
Finally, the derivation of Egs. (7.17) for the strain tensor in the spherical coordinates may be carried out
in absolutely the same way, though it gives somewhat bulkier formulas.

Problem 7.2. A uniform thin sheet of an isotropic elastic

material, of thickness ¢ and area 4 >> >, is compressed by two : l
plane, parallel, broad, rigid surfaces — see the figure on the right. !
Assuming that there is no slippage between the sheet and the T
surfaces, calculate the relative compression (-A#/¢) as a function of A

the compressing force. Compare the result with that for the tensile
stress calculated in Sec. 7.3 of the lecture notes.

Solution: Let the z-axis be directed across the sheet — see the figure above. Due to the system’s
geometry and the no-slippage condition, the sheet cannot shrink substantially in either of the transverse
directions (x and y), so we may take sy = s,, = 0 and Tr (s) = s.. = A#/t. Plugging these relations into
Hooke’s law in the form of Eq. (7.49a), we get the following expression for the applied force F = —o,,4:

F=— ) (1_,_ i jSZZA:_MgA’
1+v  1-2v (1+v)1-2v) ¢

44 Note that using the component index in these relations for the numerators only rather than for the whole
fractions would be an error, giving a wrong result for s,, — exactly this point was difficult for some of my Stony
Brook students, perhaps because in the Cartesian coordinates, this is permissible.
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so the relative compression
At 1F : _(t+v)i-2v) .
T E A f(V)a with f(V) = (1 — V) . ()
This result is substantially different from Eq. (7.45)
describing the longitudinal deformation at the tensile stress l l l
experiment shown in Fig. 7.6 of the lecture notes. Namely, since
in the realistic range of the Poisson's ratio values, 0 < v < 4, the
factor f{v) in Eq. (*) is always less than 1 (see its plot in the
figure on the right), the longitudinal deformation is always / (V) 0.4 .
smaller than that at the tensile stress, at the same applied force
per unit area. Physically, the difference is due to the impossibility
for the sheet to swell/shrink in lateral dimensions, because of the 0
no-slippage condition. This is why only this situation, rather than
the tensile stress, deserves the name of a purely one-dimensional
deformation.

0.8 n

0.2 u

Problem 7.3. Two opposite edges of a thin but wide sheet of an isotropic elastic material are
clamped in two rigid, plane, parallel walls that are pulled apart with force F, along the sheet’s length /.
Find the relative extension A/// of the sheet in the direction of the force and its relative compression A/t
in the perpendicular direction, and compare the results with Eqgs. (7.45)-(7.46) of the lecture notes for
the tensile stress and with the solution of the previous problem.

Solution: Introducing the Cartesian coordinates as shown in the figure
on the right, for our case t << [ << w, we may immediately write s,, = 0
(because the sheet cannot shrink along the y-axis, due to its large width), o.. = w
F/A (describing the uniform distribution of the applied force over the sheet’s F F
cross-section of area 4 = wt), and oy, = 0 (no forces in the x-direction, because % y g
of free horizontal surfaces and small thickness of the sheet). Plugging these
relations into Hooke’s law in the form of Egs. (7.49a) written for the two T
remaining diagonal elements of the stress tensor, we get a system of two linear
equations for sy, and s..:

E [ % } F
T Szz + (Sxx +Szz) ="
1+v 1-2v A
L[sw + Y (sxx +5_ )} =0.

1+v 1-2v

~]

Its solution gives us the final answers:

M_ 1V F A

v(l+v) F v
S —, S =~ = S,
[ = E 4 t E 4 1-v

These results are different from those for both the standard tensile stress experiment discussed in
Sec. 7.3, and the purely 1D deformation discussed in Problem 1. Namely, the longitudinal extension in
our current problem is intermediate: smaller than that at the tensile stress, but /arger than at the purely
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1D deformation (for the same applied force per unit area). The differences are due to the possibility of
the sheet’s shrinkage along just one of its transverse dimensions (7). Note also that the relative transverse
shrinkage,

is larger than that at the tensile stress — cf. Eq. (7.46). Physically, this increase is a partial compensation
for the impossibility of shrinking in the second transverse direction.

v

Problem 7.4. Calculate the radial extension AR of a thin, long, round F<<R

cylindrical pipe due to its rotation with a constant angular velocity @ about its
symmetry axis (see the figure on the right), in terms of the elastic moduli £
and v.

Solution: The problem may be solved in two ways. In the first, more
general approach, valid for an arbitrary pipe thickness, we may use the results of Sec. 4.6 of the lecture
notes to rewrite the static equilibrium equation (7.53) in the non-inertial reference frame rotating with
the pipe, by adding the bulk-distributed centrifugal inertial “forces” (4.93), f. = —pox(@xr) = pw’p, to
the real bulk forces f (which are assumed to be negligible in our current case):
E(1-v) E

mV(V-Q)_2(1+V)(1_2V)VX(VXq)+pa) p=0. *)

(Please mind the fonts: here p is the pipe material’s density, while p is the 2D radius vector in the pipe’s
cross-section.) Because of the evident axial symmetry of the problem, q = n,g(p), where p = |p]|, the
double cross-product in Eq. (*) vanishes, while the remaining terms have only one (radial) component.
As a result, in our case, the mathematical identities MA Egs. (10.4) and (10.2) are reduced to,
respectively,

F=Vq=—L(pg) and V(V-q)=vf=n,%L n d{li(pq)},

pdp ? dp = d_p E dp
so Eq. (*) yields the following ordinary differential equation:
i li(pq) — _Cp’ Where C = pa)z w .
dp|p dp E(1-v)

It 1s straightforward to integrate this equation over p twice, just as it was done for the spherical shell
problem in Sec. 7.4 of the lecture notes. The result is

C b
61(p)=—§p3 +ap+—, (*%)
p

where a and b are the integration constants. Now this result and Egs. (7.16) of the lecture notes may be
readily combined to calculate diagonal elements of the strain tensor:
_dq _ 3C ,. b q

c b c
S = —, S =—=- +a+——, SZZZO, so Tr(s)=—— +2a.
PP dp 8 p p2 (24 p 8p p2 () 2p
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Applying Hooke’s law in the form given by Eq. (7.49a) of the lecture notes, we get the following radial
diagonal element of the stress tensor:

o S (S 2+a—i +—7 _c > +2a
S Y g " p> ) 1-2v 2P ‘

Per Eq. (7.19), at both the inner (p = R) and outer (p = R + ¢) surfaces, o,, should equal —7. Our task is

to calculate the deformation due to the rotation alone, so at these boundary values of p, we may take o,,
= 0. These two boundary conditions give us a simple system of two linear equations for the constants a
and b. Solving it, we get

C

a=§(3—2v)[(R+t)2+R2], p=C37%

8 1-2v

(R+t)’R*.

This general result is valid for arbitrary R and ¢. For our simple case ¢ << R, it reduces to

a=£(3—2v)2R2, b:£3_2VR4.
8 8 1-2v
Plugging these values into Eq. (**), we finally find
2
AREQ(R):ER3 (—1)+2(3—2V)+3 2v Epw2R3l_V_ (*5%)
8 1-2v E

Curiously, the deformation does not vanish in the limit # — 0, because both the centrifugal “force” £, and
the material’s resistance to the force decrease in the same proportion to the pipe’s thickness.

The second, much shorter way to solve this problem is to reuse the results of Problem 2. Indeed,
the centrifugal “force” is equivalent to the net outward pressure 2 = F/A = (m/A)&’R = pta'R.
Applying the arguments given in the lecture notes to derive Eq. (7.63), we can say that the pressure is
equivalent to the effective force (per unit length of the pipe)

F
7" RP, = pto’R?,

applied tangentially to each wall of the pipe. But as it was shown in the solution of Problem 3, such a
force, applied to a thin sheet that cannot shrink along its widest transverse dimensions, gives the
following relative extension:
A _1-v'F
I E It

where / is its length and ¢ <</ is thickness. For a round pipe, this relative extension is equal to AR/R, so,
combining the last two formulas, we return to Eq. (**%*).

Problem 7.5." A static force F is exerted on an inner point of a uniform and isotropic elastic
body. Calculate the spatial distribution of the deformation created by the force, assuming that far from
the point of its application and the points we are interested in, the body’s position is kept fixed.

Solution: In a coordinate frame with its center at the force application point, it may be described
by the following force density f participating in Eq. (7.52) of the lecture notes:
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f=Fo(r)>
where Ar) is the 3D delta-function.*> Let us look for the solution of that equation,
L_V)V(V.q)_ Vx(Vxq) :_Fé‘(r),
1+v)1-2v) 2(1+v)
in the form q = q; + q2, where q is the solution of the following Poisson equation:
2l+v
qul _ ( )F§( ) (*)

so ( satisfies the following equation:
V(V-q2)+(l—2v)vzq2 :_V(V'q1)~ (**)

Let us start with Eq. (*). Aligning one of the coordinate axes with the direction of the vector F,
we see that the Laplace equations for other Cartesian components ¢i; have zero right-hand sides (i.e. are
the Laplace equations: VZCIU = 0). Since, according to the problem’s assignment, we may neglect the
deformations at » — oo, these Laplace equations have trivial solutions gi; = 0. Hence we may take q; =
qging, where np = F/F and ¢, is a scalar function satisfying the spherically symmetric equation

2(1+
Vig, =- (EV)

F5(r),

with spherically symmetric boundary conditions: g; — o at » — oo. Hence its solution should be
spherically symmetric as well: ¢; = ¢i(r), and for such a function, the Laplace operator may be
simplified,*¢ reducing this equation to

ii(,ﬂ d4, j __ 20+ V)F(S(r).

r? dr dr E

Since the high-hand side equals zero for any » # 0, we may readily integrate this equation twice, getting
q, = g, for r > 0.
,

where C) is a constant. This constant may be found from the requirement that the 3D integrals of both
sides of the equation over a closed volume containing the point » = 0, for example, a sphere of some
radius R > 0, gives the same result:*

R
47ZJ-r2dl”i2i( dqlJ 4r _[ ( j 47:(7/2 %J E—47ZC=—2(1+V)F,
0 r-dr dr ), _p E

finally obtaining

B (1+V)F

= skkck
: 27Er ( )

45 See, e.g., MA Egs. (14.5) and (14.6).

46 See, e.g., MA Eq. (10.9) with 6/00= 6/0¢p= 0.

47 This is a fast (and admittedly, not very rigorous :-) derivation of the mathematical equality behind the well-
known Gauss law of electrostatics — see, e.g., EM Sec. 1.2.
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Now proceeding to Eq. (**), let us take the curl of both sides. Since the curl of any gradient
equals zero,*® we get Vx(V2qa) = V(Vxqy) = 0. But at » — oo, we should have q — 0. Since, according
to Eq. (***), q1 — 0 in this limit as well, so both q» and hence its curl should also vanish. Hence, just as
for the non-aligned components g;;, we may conclude that Vxq, = 0 everywhere. But such a zero-curl
(“vortex-free”) vector field may be always represented as a gradient of some scalar function: q, = V.
With this substitution, Eq. (**) becomes

V(V-Vg)+(1-20WVVg=-V(V-q,) ieV]2(1-v)V$+V-q,]=0.
Hence the function in the last square brackets is constant in the whole space. Since both its terms should
tend to zero at » — oo, the function has to be zero everywhere, so we get
1 1+v 1
V¢=-—-V.q=——F+——F-V—.
/ 2(1-v) i 47(1-v)E r
We may rewrite this equation as
l+v
VI0g+—F————F -Vy |=0,
P 47[(1 - V)E l//}
where y(r) is a spherically symmetric scalar function that satisfies the following Poisson equation:
1 .1 d dg) 1
Vi =—, ie. ——| r’—|=—, HAAK
v r r* dr [ drj r ( )
and argue, just as was done twice earlier in this solution, that the expression in the square brackets has to
equal zero everywhere, so

I+v
=———F-Vy.
? 47(1-v)E v
What remains is to find the function y(r). A simple double integration of Eq. (****) yields
r C
=———+0C,,
|4 e 2

where C, are the integration constants. The first of them scales an unphysical singularity at » — 0,
while the second one is not essential, because it gives no contribution to V. So, taking C, = C, = 0, we
get Vi =n,/2 (where n, = r/r is the unit vector directed from the origin, i.e. the force application point,
toward the point r where the deformation is observed), so

o=

1+v 1+v
F-n_, and q,=Vg=———-—
4 ? 8z(1-v)E

_87z(l—v)E ' V(E-n,)

The last gradient is most simply calculated in polar coordinates, by aligning the
z-axis with the force F. In this case, F-n, = Fcosd, where 8 is the polar angle —
see the figure on the right. Since this scalar product depends only on 6, its
gradient has only one component,* ngy [0(Fcos6)/06]/r = —ng Fsin@/r. However,
since in these coordinates, the vector F may be represented as (n,Fcosd — ny

48 See, e.g., MA Eq. (11.1).
49 See, e.g., MA Eq. (10.8), with 6/0r = 0/0¢p = 0.
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Fsin ), this simple result may be also rewritten in another form: (F-n,)n, — F. Hence we may write
__lv  Fsin 1+v  (F-n )n, —F
87r(1 - V)E r ’ 87r(1 - V)E r .

Merging this result with Eq. (***), we finally get

q

l+v (3—4v)F+(F-nr)nr_ l+v [(3—4v)n +cosén ]E
F r )

=474 = 87z(l—v)E r - 872'(1—V)E r

Note that the scaling g oc 1/r agrees with simple physical reasoning. Indeed, in this case,
according to Eq. (7.9b) of the lecture notes, the elements of the strain tensors scale as 1/7%. According to
Hooke’s law (7.32), the stress tensor elements should follow the same scaling, so the total stress force
exerted on a sphere of radius r, drawn around the force application force, is independent of » — as it
should be because in the static situation we have analyzed, this force has to exactly compensate the
exerted force F.

This problem, first solved by Lord Kelvin in 1848, is important due to the mighty linear
superposition principle (valid in the elastic limit): the deformation of a body, due to an arbitrary
distributed force f(r) exerted on its interior, may be represented as a spatial integral of this function
multiplied by the weight (essentially, the spatial Green’s function®?) calculated above. The next
(practically, even more important) step in this field was made in 1879 by J. Boussinesq who solved a
similar problem for an elastic half-space with a plane open border, with a force F exerted on some point
of this border; this Boussinesq solution3! is especially valuable for various aspects of geophysics.

A —> L <

Problem 7.6. A long uniform rail with the cross-section shown in the
figure on the right is being bent with the same (small) torque twice: first
within the xz-plane and then within the yz-plane. Assuming that t <</, find /
the ratio of the bending deformations in these two cases.

[
Solution: At thin rod bending by torque 7, the deformation ¢ at any

point is proportional to 1/R, where R is the created curvature radius. In Sec. 7.5 of the lecture notes, it
was proved that

Iz
R EI
where the “moment of inertia” / is given by the integral over the cross-section’s area A4:

I:Ir;dzr
A

and r,is the point’s distance from the neutral plane. (For our symmetric geometry, the plane evidently
passes through the geometric center of the cross-section, x = y = 0, for both bending directions.) Using
the specific geometry of the rail, shown in the figure above, and the strong relation ¢ << /, we get the
following deformation ratio:

30 Note that in our current case, the Green’s function is a tensor because it relates two proportional but generally
not parallel vectors q and F.
31 It may be found, for example, in Sec. 8 of the Theory of Elasticity by Landau and Lifshitz — see References.
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1/2

4 [ y*dy L
0 6

<3|

q. I, 7, AT
2t£x dx+2l§ t 12 2

We see that the rail is much more rigid when it is bent within the xz plane. This result explains the
standard shape of the rails used on railroad tracks and in construction, though, in engineering practice, ¢
is not much smaller than /.

Problem 7.7. Two thin rods of the same length and
mass are made of the same isotropic and elastic material. The
cross-section of one of them is a circle, while the other one is
an equilateral triangle — see the figure on the right. Which of -
the rods is stiffer for bending along its length? Quantify the
relation. Does the result depend on the bending plane’s
orientation?

Solution: According to the analysis in Sec. 7.5, the rod’s stiffness (at a fixed applied torque) may
be characterized by its curvature radius, which is, in turn, proportional to the “moment of inertia”

I, :J.yzdzr,
A

where y is the distance of the point from the neutral plane that passes through the cross-section’s center
of mass — see the dashed line in the figure above. For a circle, we can readily get the following result:

2 R

R 2z R 2z R
L. = [ pdp [doy* = [ pdp [dp(psing)® =] p*dp [sin’ ¢d¢>=7rfp3dp=%R4,
0 0 0 0 0 0 0

which is of course independent of the bending direction. For an equilateral triangle with side a, the
moment of inertia has been calculated in the solution of Problem 4.2(ii):

V3

]triangle = 96 a,

and also does not depend on the direction of axis y, i.e. on the bending plane orientation.

For the rods of the same mass and density, the areas of their cross-sections have to be equal:

From here,

1, /I HR* 7 96(B) 9
circle = -~ | — =__ ~ 0827 < 1’
Itriangle (\/5/96)614 4 '\/g 4r

27z\/§

as could be expected, because the points of the round cross-section are, on average, closer to the neutral
plane. Hence, the round cross-section gives the rod a slightly lower bending stiffness than the triangular
cross-section.
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Problem 7.8. A thin, uniform, initially straight elastic beam is x
: . -z, Z,
placed on two point supports at the same height — see the figure on the | |
right. Calculate the support placements that: -a é 0 é a -
(1) ensure that the beam’s ends are horizontal, and g l
(i) minimize the largest deflection of the beam from the

horizontal baseline.
Hint: For Task (ii), an approximate answer (with an accuracy better than 1%) is acceptable.

Solution: Due to the problem’s symmetry, the optimal support placement should be also
symmetric, so it is sufficient to calculate the position of just one support point — say, its distance zo from
the beam’s center 0 — see the figure above. For that, we may integrate the system of the first-order
differential equations given by Eqs. (7.74)-(7.77) of the lecture notes — just as it was done for the similar
system in Sec. 7.5, but now separately on each of two z-segments: [0, zo], and [z, a], where a is the half-
length of the beam. Denoting the variables on these segments with upper indices (respectively, — and +),
we have to use the following boundary conditions — see Fig. 7.9b of the lecture notes:

Position z=0 z=2z z=a
Boundary | Fy=0 F. =0
conditions - 4 +

5 =7 7 =0
o =0 | ¢ =9
g =¢qx =0

With £, = —pg, where p is the beam material’s density, the straightforward sequential integration
of Egs. (7.74)-(7.77), using the above boundary conditions for each segment (at this stage, besides those
for 7, and g at z = zy), yields:>?

F. = pgAz, F! = pgd(z—a),
] 2 . (z—ay
T, =—pgAd ?+c1 , T, :—pgAT,
3 3
¢_ :_&A Z_+ClZ , ¢+ :_&A (Z_—a)+c2 ,
EI \ 6 EI, 6
4 4 2 2 4 4
" :_pgA(z -z, e, z° =z j’ 7 :_pgAl:(z—a) —(zo—a) +cz(z—zo):|.
EIl, 24 2 EI, 24

Now we can find the two integration constants c > by using the two remaining conditions (for z,
and ¢ at z = zg) — see the middle column in the above table:

AT 3 AN
+cl:(zo a)’ Z—0+0120=(20 a)

2
Zo0
2 2 6 6

52 As a sanity check: the first pair of these formulas correctly describes a jump of F,, at the point z = zy, by AF, =
—pgAa, due to the point support force.
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By solving this system of equations (an easy job, because the first equation includes only ¢;), we get

2 3 2
a a az;

¢, =——az,, Cy=———.

2 6 2
Now we are ready to address the problem’s tasks.

(i) The beam’s ends being horizontal means that their slope ¢'|. - , should vanish. From the
above formula for ¢, we see that this happens if ¢, = 0, and the last formula for this coefficient shows
that this happens if the supports are placed in the so-called Airy points:>3

3 2
a__aizo, 1.e. zo—+—a~05773a

6 2 N}

(i1) Since the beam’s bending is rather smooth, its deflection from the horizontal line may reach
its maximum either in its middle or at its ends, so we need to spell out our result for ¢, (z) only at the
points z =0 and z = a: 34

(o _ __piA _i_ i pgAa . _ g4 3 2
qx(Z_O)_ ( 24 ¢ ZJ 24EI, fo(f) with fo(é:)—g 1287 + 657,

N A Aa*
qx(zza):_pg Cz(a_zo):pg -

EI 24FI, 1.&), with f,(&)=&* —16&° +18&% -

where &= zy/a is the normalized position of the support. The functions fy(<&) and f,(&) are plotted in the
figure below. (The right panel is a zoom-in on the region where the function plots cross.)

1 -0.102
0 -0.1025
-1 Ja Jo -0.103

-2 -0.1035

-3 —0.104

-4 -0.1045

-5 —-0.105
0 0.2 0.4 0.6 0.8 0.5535 0.5536 0.5537 0.5538 0.5539 0.554

E=zy/a E=zy/a

The plots show that the minimized largest deflection’s magnitude,

33 After G. B. Airy (of the Airy functions’ fame), who calculated these points in 1845.

34 A good sanity check here is that if the support is placed directly under the point of interest, the vertical
deflection vanishes: f;(0) = f,(1) = 0.
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4 4
q )]z 0.1036 2249 _ 00432 2249
x 24E] 1

y y

min ;. [max 5 (

1s achieved at
z,=8=0.5537a.

Note how close the “minimum-sag” support positions *z, are to the Airy points. Just for the
reader’s reference, these points are even closer to the so-called Bessel support points (zo = 0.5594 a)
providing the largest longitudinal extension of the rod’s length by its weight. (Their calculation, using
our intermediate results, is a good additional exercise recommended to the reader.) Historically, the
Bessel points were of large importance for the legacy length standards in the form of rigid rods: since
they maximize the length, small changes due to unintentional errors in zy are minimized. For example,
the meter’s legal definition accepted internationally between 1927 and 1960 prescribed placing the
meter’s standard on supports positioned at these points.

Problem 7.9. Calculate the Ilargest longitudinal
compression force & that may be withstood by a thin, straight, (i)
elastic rod without buckling (see the figure on the right) for each
of the shown cases:

(i) the rod’s ends are clamped, and (i) N - - - === --
(i1) the rod is free to turn about the support points. N

Solution:

As was discussed in Sec. 7.8 of the lecture notes, the longitudinal stretching of a rod with force
7 adds the additional term 0°¢,/dz” to the equation of transverse waves propagating along the rod,
leading to the modification of their dispersion relation (7.136) to the form (7.137):

0 = (E1k* +9%*).
PA
Reviewing these arguments, we may see that they all hold even if the rod is compressed rather than
stretched, besides that if & means the compression force’s magnitude, the sign before it now has to be
changed, giving
1
0> =—(E1 k* - g%*).
pA
This formula shows that at a fixed wave number £, the increase of compression reduces the
wave’s frequency and that eventually, at

TsSg = 2 *
4> =ELK", (*)
@" becomes negative. This means that » becomes imaginary, i.e. the time dependence of the transversal
deviations changes from the exp{—iawr} assumed at the derivation of the dispersion relation, to

exp{tAt}, with real A = iw. Physically this means that at & = 4, the transverse perturbation of the
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rod’s initial straight shape, in the form of a sinusoidal>® standing wave with wavelength 1 = 27/,
becomes unstable and leads to buckling.

For the geometry shown on panel (i) of the figure above, with both ends of the rod clamped (i.e.
not only the deviations gy, but also the slopes 0¢./0z equal zero at z = 0 and z = /), the longest possible
standing wave, and hence the lowest & max, correspond to A =1, i.e. k =27/l so Eq. (*) yields

P ' ,
S =4r , for geometry (i).

max 2

However, the geometry shown on panel (ii) clearly allows for a longer wave, with 4/2 =, i.e. k = 7/l, so
Eq. (*) gives a four times lower buckling threshold:3¢

L EH, B
S =7 , for geometry (ii) .

max 2

Note that the thresholds are proportional to the “moment of inertia” /, defined by Eq. (7.70), so
the buckling occurs within the plane [x, z] with the smallest /,. Another notable feature of these results is
a strong (inverse-quadratic) dependence of & n.x on [, so in very long rod-like structures (such as
vertical beams of tall buildings, carrying their weight), the buckling is hard to avoid at even modest
compression, and additional stabilizing elements (such as transverse beams in building frames and
spikes on railway trackss7) are necessary to ensure their stability.

Problem 7.10. A thin elastic pole with a square cross-section of area 4 = axa is firmly dug into
the ground in the vertical position, sticking out by height # >> a.

(1) What largest compact mass M may be placed straight on the top of a light pole without
stability loss?

(i1) In the absence of such an additional mass, how massive a uniform pole may be to retain its
stability?

Hint: For Task (ii), you may use the same WKB approximation as in Problem 6.18.

Solutions:

(1) This task is almost completely similar to the two situations considered in the previous
problem, besides different boundary conditions, so we may use Eq. (*) of its model solution, with the
compressing tension & duly replaced with Mg:

35 A thoughtful reader might have noticed that generally, both dispersion relations displayed above allow, for a
given &, not only positive but also negative values of k¥, and hence not only sinusoidal waves proportional to
exp{tikz} but also additional exponential terms proportional to exp{*kz}. The latter solutions are, indeed,
important for the analysis of standing transverse waves — see, e.g., Problem 23 below. However, in our current
case @ = 0, these exponential terms have k = 0, and hence describe just the average displacement of the rod,
clearly visible on the (quite realistic) sketches in the assignment.

36 This formula was first derived by L. Euler himself — as early as in 1757.

37 In the latter case, the compression force is caused by the thermally induced stress. Such stress may be very
high, necessitating small distances between the spikes in the modern gap-free (“continuously welded”) rails.
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with the “moment of inertia” /, calculated from Eq. (7.70) of the lecture notes, for our square cross-
section:

+al/2 4
I, :Ixzdxdy: a szdx:f—z.
A —al/2

that arises at M > Mp.x. Sketching this mode (see the figure on the right), we may note
that this boundary condition at the top end of the pole allows its slope only to grow with
height, because the poll’s curvature (7.73), proportional to the torque, cannot change its l
sign. On the other hand, at its lower end, the slope has to equal zero because of the g
“clamping” boundary condition. Hence the lowest k corresponds to the pole’s height 4
equal to one-quarter of the sinusoidal deviation’s wavelength A = 27/k, i.e. h = A/4 = 2k,
s0 k= 7/2h, and, finally,

Let us find the lowest possible wave number £ of the transversal deflection mode I?" M
|

*)

E _Ei(ﬂ'jz:ﬂzEa“

M, =—1k —| ===
g’ g 12\ 2h 48 gh

(i1) In the absence of an additional weight, the poll’s compression force & grows, from its top to
the bottom, under its own weight. For a uniform poll with the mass ¢ = M/h per unit length,

T = pglh—z)= Mg(l —%J

where the vertical coordinate z is referred to the ground level. Repeating the arguments made in the
model solution of Problem 6.18, we see that the local wave number k(z) of the WKB standing wave of
the transversal displacements, in the limit @ — 0, may be found from the following natural
generalization of the solution of the previous problem:

ELK(2)= ()= Mg[l _ ;) e k(z)= {%(1 _iﬂm |

EI, h
Now, with the same boundary conditions as in Task (i), the stability threshold may be found from the

requirement
T Myg) 2, x
[[1-2] dz=|=mE] Zp=Z,
h El, 3 2

0

finally giving a result that differs from Eq. (*) only by a numerical factor:
o (25 By 3 B

"\ 4) gh® 64 gh’’
It is only natural that the additional factor (9/4) is larger than 1, because a substantial part of the
uniform pole’s mass is closer to the ground than in Task (i). Note, however, that for a wave that long (1

= 4h), the WKB approximation may give an error of more than 10%.
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Problem 7.11. Calculate the potential energy of a small and slowly changing but otherwise
arbitrary bending deformation of a uniform, initially straight elastic rod. Can the result be used to derive
the dispersion relation (7.136)?

Solution: The general expression for the potential energy density of an elastic deformation is
given by Eq. (7.50) of the lecture notes:
1 3
U= Iu(r)dSr, u(r)zE D oSy (*)
v JuJ'=1
According to Eq. (7.64), at weak bending of a very long (and/or very thin) rod, the stress tensor is
diagonal,

c,;=0.0,,

where the z-axis is directed along the rod’s axis — see Fig. 7.8 of the lecture notes. If the bending is
elastic, the stress o, is related to the strain s., by Eq. (7.42). Taking into account the definition (7.44) of
the Young modulus FE, this relation may be rewritten simply as o, = Es,;, so the second of Egs. (*) is
reduced to

u(r)=——o? .

Now we may plug into this relation the distribution of oz, given by Eq. (7.67), getting

_ L (Ex)_E _ _Eqdzpo
u(r)—ﬁ(?j BEYE x°, SO U—J.dz.[dxdy u(r)— > J.sz;x dxdy =

Bl dz
2 JRY’

where R = 1/(0¢,/0z) is the curvature radius (which may, for an arbitrary deformation, vary along the
rod’s length), 4 is the rod cross-section area, /, is its “moment of inertia” defined by Eq. (7.70), and the
integration over z is extended over the whole length of the rod. Finally, using Eq. (7.77), which is valid
for small bending of an initially straight rod, we may express the energy U via the rod’s deviation g,(z)

from its equilibrium (straight) shape:
U= E]y J aqu- zdz (*%)
0’z .

2

As it follows from its derivation, this expression is valid when the deformation has an
equilibrium distribution over every cross-section of the rod, but not necessarily over its length. This is
why this formula may be used, in particular, for an analysis of bending waves g,(z, t) with wavelength A
>> a, where a is the largest linear dimension of the cross-section. Indeed, complementing Eq. (**) with
the evident expression for the kinetic energy of the rod’s bending,

2
T = P J' (%) dz»
2 ot
we may write its Lagrangian function as

> EI (8%¢ Y
L=T-U=[¥4d, with,f:p—A(‘aqu— y[a%) (¥

2 \ ot 2 | 0’z

While the first term on the right-hand side of the last expression, for what is called the Lagrange
function’s density ¥, is very ordinary and was repeatedly encountered earlier in the course, the second
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term is not. This is understandable because here we are dealing with a distributed system, which may be
viewed as a system with infinitely many degrees of freedom — say, displacements ¢, in all
infinitesimally close points z. Handling such distributed Lagrangian (and Hamiltonian) functions is the
subject of field theories — either classical or quantum.3® However, we may use the following plausible (if
not completely strict) reasoning.

Since #is a quadratic form of ¢, (or rather of its derivatives over z and ¢), we may expect the
resulting Lagrange equation of motion for ¢, to be linear. Thus its arbitrary solution may be Fourier-
expanded into a linear superposition of standing waves of the type ax(f)coskz or ai(t)sinkz, with real a(¢)
and £.5° Plugging such a standing waveform into Eq. (***), and averaging the Lagrangian function over
any spatial interval equal to a multiple of the half-wavelength,®® we get

EI EI
v :p—;a; (e P =P k.

Let me hope that the reader recognizes in the last expression the usual Lagrangian function (5.1) of a
harmonic oscillator, in this case with the frequency

1/2
o= (EI)’] k.
pA

But this is exactly the dispersion relation (7.136).

Problem 7.12. Calculate the torsional rigidity of a long uniform rod whose cross-section is an
ellipse with semi-axes a and b.

Solution: Since the cross-section of the rod is not circular, its rigidity C has to be calculated
using general Egs. (7.101) of the lecture notes, with the function y(x, y) calculated from Eq. (7.100),

o> 0’
_ — _1 s *k
[ o T o Jz *)
with the boundary condition (7.99): y|poundary = const. Directing the x- and y-axes along the major semi-
axes a and b of the ellipse, we may describe the boundary in the well-known canonical form

2 2
X
Frl
boundary

Due to the similarity of the functional forms in Egs. (*) and (**), the solution of this boundary
problem may be readily guessed: y = ci(x*/a” + y*/b*) + ¢,. Now selecting the constant ¢, to satisfy Eq.
(*), and the inconsequential constant ¢, to have lpoundary =0 (just for convenience), we get

38 In this series, these theories are discussed only in passing: in EM Sec. 9.8 and QM Sec. 9.1.

39 Such superpositions do not limit us to standing waves alone. For example, a traveling wave Re[aexp {i(kz —
wr)}], with an arbitrary complex amplitude ¢, may be represented as the standing wave superposition a.(f)coskz +
a(t)sinkz, with phase-shifted real functions a.(f) = | a | cos[ ot — arg(a)] and a,(¢) = | a | sin[ @t — arg(a)].

60 Such averaging excludes from consideration the fast (with frequency 2w) “re-pumping” of the standing wave
energy between its kinetic and potential components — see, e.g., the model solution of Problem 6.9.
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zzl—xz/az—yz/bzz a’b’ (1 x sz

2/a*+2/b*  2a* +b?)

With this expression, Eq. (7.101b) gives

2ua’h? x?
C= -2 -2 \dxdy =
a’+b’? ;[[ a’ b’ =

j 2Vagde

A

where, in the last form, £ = x/a and {'= y/b. According to Eq. (**), in these dimensionless coordinates,
the ellipse is just a circle of a unit radius, so, by using the dimensionless polar coordinates defined as &=

peosgand C= psing (so that & + ¢ = p and d&d = pdpdp), we get
313 31,3 343
2,ua b 2”_[ 2,ua b 1 _ ab

This simple result is very illuminating. Indeed, for the particular case a = b = R, we get

I,
c="ER*,
2
i.e. recover Eq. (7.90) of the lecture notes (with R; = 0, R, = R) for a rod with a circular cross-section of
radius R. On the other hand, in the limit of a very stretched cross-section, say with a >> b, we get an
expression,

C =ruab’ = %,u(Za)(Zb)3 : (¥5%)

which is functionally similar (and even numerically close) to Eq. (7.104), C = uwt’/3, for the rectangular
cross-section with w >> ¢.

Problem 7.13. Calculate the potential energy of a small but otherwise arbitrary torsional
deformation ¢.(z) of a uniform and straight elastic rod.

Solution: First, for rods with round cross-sections, the strain and stress tensor elements are
described by the following simple relations — see Egs. (7.86)-(7.87) of the lecture notes:

_ _ K _ _K
Sz =84, __Ey’ Syz _Szy _Ex’

c,=0,=0.=0, o ,=0,=0, o,=0_,=—uky, 0,=0_, = Uk,

s =5 =5 =0, s =5 _=0

&
F
S
&

where the z-axis is directed along the rod’s axis, the direction of the x-axis is arbitrary (due to the axial
symmetry of the system), x = 0¢./0z is the torsional parameter defined by Eq. (7.83), and u is the shear
modulus of the rod’s material. Plugging these expressions into the general Eq. (7.50) for the potential
energy density of a deformation,

we get
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where p is the point’s distance from the rod’s axis. Now integrating this expression over the rod’s cross-
section, we get the following linear density of the potential energy:

dU ﬂ ll’l[z a¢z ’ _ 2
_.f dxdy—EK 1. 5 (g , where 1 =;[p dxdy .

The total potential energy U of the rod now may be readily expressed as the following integral:

U=jd dz = ML j[aq’zj 2, (*)

over its length.

As was discussed in Sec. 7.6 of the lecture notes, for rods with non-circular cross-sections, the
deformation distribution over the cross-section is more complex, but U still may be readily calculated
using a different, more general approach. Let the torque T = z.n., causing the torsion, be created by a
pair of forces F (see Fig. 7.10 of the lecture notes) applied at a distance p from the axis and
perpendicular to the polar vector p; then the basic Eq. (1.34) gives z. = Fp. A small change 6¢: of the
torsion angle causes a displacement, of magnitude or = pdg., of the force’s application point, and hence
causes the elementary work o/ = For = Fpdp. = 7.0¢. of the forces on the rod.6! At slow torsion, all
this work goes to an increment of the rod’s potential energy U:

oU =1.50¢. . (**)
For an elastic deformation whose distribution does not change significantly on a small segment of length
dz, the torque is proportional to the torsion parameter x — see Eq. (7.84):
dg.
5
where C is the torsional rigidity, so the integration of Eq. (**) from ¢. = 0 to a certain nonvanishing
torsion d¢, yields

7. =C

do,
dU:j&U:jrzagoz =% I(pzé(pz :c‘;—ii,
0

and the potential energy density per unit length of the rod is

2 2
dU_Cd¢Z g(dgozj .

dz  2dz? B 2\ dz

This expression is valid even for time-dependent phenomena (e.g., waves) if their longitudinal length
scale is much larger than the largest size of the cross-section, provided that the derivative over z is

considered partial, so
0.
[ S ] ]

61 Tt is intuitively clear that this relation is independent of the way the torque has been created. A good additional
exercise: use Egs. (1.34), (7.1), and the “operand rotation rule” MA Eq. (7.6) to prove the following
generalization of this result: /= 1-&p, valid for any direction of the vectors T and &.
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This expression is valid for rods with any cross-section; if it has a round shape, we may use Eq.
(7.89), C = ., and the general result is reduced to Eq. (*), providing a useful sanity check.

Problem 7.14. Calculate the spring constant x =
dF/dl of a coil made of a uniform elastic wire with a
circular cross-section of diameter d, wound as a dense
round spiral of N >> 1 turns of radius R >> d — see the
figure on the right.

Solution: The dominating deformation in this ]
system is the wire’s torsion, due to the torque
F
T=— *
7 *)
created by the stretching force F applied at the center of the coil (see the figure above), i.e. p
at the distance R from the wire cross-section’s center. The full torsion angle Ag caused by do

the torque is uniformly distributed along the full length L = (2zR)N of the wire. As the d.
figure on the right shows, any elementary twist of the wire’s cross-section by angle dp Y |
leads to the spring end’s shift (along the coil’s axis) by d/ = Rdg. Summing up such shifts l

R

———— - -

over the whole wire’s length, we may express the full spring’s extension as

N=Fap, RS
so the torsion parameter, defined by Eq. (7.83) of the lecture notes, is

dp _Ap A __N
dlL. L LR 2aNR*’

According to Egs. (7.84) and (7.90), the torque corresponding to such torsion is
do _ mu(d/2)t Al udt

T = C > = ) Al .
dL 2 27NR~  64NR
Comparing this expression with Eq. (*), we get the following final result for the spring constant:62
o B (o)
Al 64NR’

Note that for the ultimately dense winding, / = Nd, this result may be rewritten as

5 3 3 3
Kzﬂd3 =ﬂ(i) =Lﬁ(i) Kl:;(ﬁj K<< K,
8ID° 24\ D) 2z E\D 4r(1+v)\ D

62 Note that this result may be also obtained using the solution of the previous problem — by expressing the
potential energy U of the spring via its extension A/, and then requiring it to be equal to x(Al)*/2. Though this
additional exercise is highly recommended to the reader, this approach does not eliminate the need for the only
non-trivial step of the above solution — derivation of the kinematic relation (**).
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where D = 2R is the coil’s diameter, while x’ = AE/l, according to Eq. (7.47), is the spring constant of a
straight wire of the same cross-section area A = z(d/2)* and the same length /. Due to the large value of
the elastic moduli of typical construction materials like steel (see, e.g., Table 7.1 in the lecture notes),
such spiral coils with d << D are virtually the only simple way to implement compact but relatively
“soft” springs. As a result, they are very widely used in engineering and physical experimentation.

This solution gives a very nice illustration of how creative we should be when solving particular
problems of physics. Indeed, the above “hand-waving” reasoning leads to the solution much faster than
a more formal approach (say, solving the general Eq. (7.52) for the spring’s geometry) would.

F
Problem 7.15. The coil studied in the previous problem is now used as 4+ R
what is sometimes called the torsion spring — see the figure on the right. Find the
corresponding spring constant d7/d ¢, where t is the torque of the external forces F ¢ i
relative to the center of the coil (point 0).

Solution: In contrast to the situation in the previous problem, the
dominating deformation here is wire bending resulting in an additional, torque- F
induced curvature — on top of the initial, stress-free curvature 1/R:

-2
R L 27RN
where L is the total length of the wire. Hence, using Eq. (7.69) of the lecture notes, we may write
EI
Z_; =&, d(clz;R) = RN
where [, is the “moment of inertia” of the wire’s cross-section, given by Eq. (7.70):

*)

I, =[x,
A
and x is the local axis within the coil’s plane, directed perpendicular to the local wire’s axis. For a wire
with a round cross-section, this integral may be readily calculated — either as in the model solution of
Problem 7 or by noticing that due to the axial symmetry of the cross-section, the integral of * must give
the same result, so

I, :%J'(xz +y2)d2r :%27zd':|:2r2rdr = 7[6624 .

A

Plugging this result into Eq. (*), we see that the spring constant,

dr __Ed’
dp 128RN’

depends only on Young’s modulus, but not on the shear modulus. This is natural because the
deformation of the “torsion” spring’s material (bending) has nothing to do with the genuine torsion that
was discussed in Sec. 7.6 of the lecture notes.
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Problem 7.16. Use Egs. (7.99) and (7.100) of the lecture notes to recast Eq. (7.101b) for the
torsional rigidity C of a thin rod into the form given by Eq. (7.101c¢).

Solution: Let us first calculate the divergence of the vector }V y, at this stage without any special
assumptions about the scalar function y(r):

V-(Vy)=Vr - Vy+xV-Vy=Vyy+ Vg,

Now let us apply this result to the particular function y(x, y) defined by Egs. (7.98), which does not
depend on the third Cartesian coordinate (z), and whose 2D Laplacian operator equals (-1) — see Eq.
(7.100). The result is

Vo, o 2)=_ 2 -2 gving =V, 2) -V, -2V, 2)

Plugging the last expression into Eq. (7.101b), and applying the 2D form of the divergence theorem®3 to
the second term, we get

C= 4/1]‘ (Vx’yl)z dXdy ~ Xborder [A + §(VX,YZ)n dlj )
A

border

But according to its definition, the function y(x, y) is defined to an arbitrary constant, and according to
Eq. (7.99), it does not change at the cross-section’s border, so we always may take yporder = 0, thus
arriving at Eq. (101c¢).

Problem 7.17." Generalize Eq. (7.101b) of the lecture notes to the case of a thin rod with more
than one cross-section’s boundary. Use the result to calculate the torsional rigidity of a thin round pipe,
and compare it with Eq. (7.93).

Solution: As was noted in Sec. 7.6 of the lecture notes, Eq. (7.99)
does not forbid the function p(x, y) from having different values at
different boundaries of the rod if their contours at the rod’s cross-section
are disconnected. For example, in a hollow pipe (see the figure on the C
right), the values of yo. and yi, may be different. In this case, reviewing
the integration by parts in Eq. (7.101b), we may express the torsional
rigidity as

Zout

out

C= 4/,1 J.ZdXdy + ZinAin - ZoutAout > (*)
AV
where Aoy and A;, are the areas within, respectively, the external and internal boundary contours, so the
area of the material-filled part of the cross-section is A’ = Aoy — Ain. In this case, only one of the
constants you and yi, may be selected arbitrarily; their difference evidently affects the results.

The relation between these constants may be obtained from the requirement for the longitudinal
deformation function y(x,y) to be unique, and hence the integral of its differential dy along any of the
borders (say, the Kt boundary contour Cy) to equal zero. From this condition and Eq. (7.98), we get

63 See, e.g., MA Eq. (12.2).
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0= §dw §( "’dx+a'/’ ] 2§(a’fd a"dyj i(xdy—ydx).

Using the same argumentation as at the derivation of Eq. (7.97) from Fig. 7.11, we see that the
expression under the first integral is equal to (8y/dn)dl, where n is the external normal to the A"
boundary. The second integral may be worked out by transferring to polar coordinates: x = pcose, y =
psing, so (xdy — ydx) = peose d(psing) — psing d(pcosp) = prdp, i.e. twice the elementary area dd; —
see, e.g., Fig. 3.4 of the lecture notes and its discussion. As a result, we get the following boundary
condition:

§ % g1=—4, (*%)
on

where Ay is the area limited by the ™ boundary.

Let us use Egs. (*) and (**) to calculate the torsional rigidity C of a pipe with a constant and
small wall thickness ¢ << a, but otherwise with an arbitrary cross-section. In this case, 0y/0n in Eq. (**)
for the outer border may be approximated as (Your — ¥in)/t, so the left-hand side of this equality is
approximately equal to p(yout — ¥in)/t, Where p is the border’s perimeter, while its right-hand side is (—-4),
where (in contrast to A’ = Agyt — Ain) A = Ain = Ao 18 the area limited by the pipe’s cross-section. (For
the inner border, Eq. (**) gives the same result, because of the opposite direction of the external normal
to that border.) In this approximation, the first term in Eq. (*) is negligible,% while the two other terms
yield
4,utA2

p

C ~ 4M(le’l Zout) (***)
For a round pipe of radius R, 4 = zR* and p = 22R, so Eq. (***) is reduced to Eq. (7.91b), which was
derived in Sec. 7.6 using the assumption  (x, y) = 0.

It is interesting (and practically important) that the torsional rigidity of a thin pipe may be
strongly decreased by making an even a very thin cut of its wall, parallel to the pipe’s length. Indeed,
after such a cut, the outer and inner surfaces of the pipe become a single surface, and the function y on
them should be the same. As a result, we can repeat all the arguments leading to Eq. (7.104) to see that it
is applicable to this case, with the replacement of w with p ~ a. The resulting torsional rigidity is of the
order of uaf’, i.e. much lower than that given by Eq. (***) — which is of the order of uta’. The physical
reason for this dramatic reduction is that the cut pipe’s torsion causes a large longitudinal shift kAy
between the cross-section’s points on both sides of the cut, while in the uncut pipe, such a shift is
impossible.

Problem 7.18. Prove that in a uniform isotropic medium, an arbitrary (not necessarily plane)
elastic wave may be decomposed into a longitudinal wave with Vxq; = 0 and a transverse wave with
V-q: =0, and find the equations satisfied by these functions.

64 Indeed, taking one of the boundary values of y for zero, we see that the term’s contribution is of the order of
4uyA’, i.e. is much smaller than the last two terms.
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Solution: Per the discussion in the lecture notes, such a wave is described by Eq. (7.107) with
f(r, /) = 0. Plugging into this equation the suggested decomposition q = qu(r, ?) + q«(r, ?), dividing all
terms by o, and taking into account Egs. (7.112) and (7.116), we may represent the result as

2
ot*

because, by the definition of q, its divergence vanishes. Let us take the divergence of both sides and use
the same condition again:

(q,+49,)=vV?(q, +q,)+(? —v?)V(V-q,), *)

0’ 22 2 2\o2 . 0’ 22
Vol =V (Vq)+ (2 =v?)V’[V-q] e V- S vV, [=0.

By the definition of q, not only the divergence but also the curl of the last parentheses have to be zero,
and vector algebra tells us that if this is true for any vector in the whole space, this vector should equal

zero everywhere. Hence we may write
2

——q,-v/Vq,=0.
o q,—viVq

This 3D wave equation is a very natural extension of the 1D wave equation (6.40) whose
solutions were discussed in Secs. 6.4 and 6.5 of the lecture notes. It describes the longitudinal acoustic
(dispersion-free) waves propagating with velocity v;. (Note again that Eq. (7.107) is more general.)

Now, very similarly, taking the curl of both sides of Eq. (*), using the fact that Vxq; = 0, and
repeating the same arguments about a vector with vanishing divergence and curl, we may see that the
transverse waves satisfy a similar 3D wave equation, but with the speed ..

Problem 7.19." Use the wave equations derived in the solution of the previous problem and the
semi-quantitative description of the Rayleigh surface waves given in Sec. 7.7 of the lecture notes, to
calculate the structure of the waves and to derive Eq. (7.127).

Solution: Let us direct the x-axis normally to the surface we are considering, and analyze a “1D-
plane” wave whose variables are independent of one of the remaining Cartesian coordinates (say, y):

X,
2.
Oy
Let us align the z-axis with the direction of the wave’s propagation — see the 0

figure on the right. Then, according to the description of the Rayleigh waves
in Sec. 7.7, the net particle displacement vector q may have only two
nonvanishing Cartesian components:

q,=0.

In this case, the equations for the longitudinal and transverse components q; and q; of the
Rayleigh wave, which were derived in the solution of the previous problem, are reduced to

0’ o[ 0° 0 0’ o[ 0° 0
] e e =

Problems with Solutions Page 234



Essential Graduate Physics CM: Classical Mechanics

Let us look for their solution in the form of “monochromatic” (single-frequency) waves propagating
along the z-axis with a common wave vector &:

q, = Re[a, exp{i(kz — ot )}], q, = Re[a, expli(kz — o1 )}].

Plugging these solutions into the above wave equations, we get two similar 1D differential equations for
the z-dependence of the wave amplitudes:
d’a d’a ’ o’
y L =kla,, y t=xla, where kl=k’——, xkl=k’-—. (*)
X x v, v

These equations have physically acceptable solutions a; oc exp{xix} and a; oc exp{xix}, decaying
into the medium’s bulk (i.e. at x — —oo, see the figure above), with real and positive xj and &3, only if
their squares are positive, i.e. if the common constant &* is larger than both @’/ and @’/vZ. (This
means that the Rayleigh wave’s velocity vg = @/k has to be lower than both v; and v..) If so, we may
spell out the above expressions for q; and q;, by representing their Cartesian components as

Re[A exp{ac,x +i(kz - a)t)}] —Re[A expix,x +i(kz - a)t)}] (**)

where j means either x or z, while 4); and 4;; are certain complex amplitudes. The relation between these
amplitudes depends on the wave’s type. As was discussed in Sec. 7.7 of the lecture notes and in the
previous problem, in longitudinal waves, Vxq; = 0; in our case of just two nonvanishing components of
this vector, this means 0q../0x — 0q1/0z = 0. For the spatial dependence given by the first of Eq. (**), this
gives the relation x4, — ikA4). = 0, so we may take, for example,

A, =—ixd, A =kA,

where 4 is the effective complex amplitude of the longitudinal wave. On the other hand, in transverse
waves, V-q; = 0, so in our 2D case, 0g/0x + 0q./0z = 0, and using the second of Egs. (**), we see that
the relation between its Cartesian amplitudes is different: x4, + ikA. = 0, so we may write

A, =—ikA,, A =xA, .

The relation between the effective amplitudes 4; and 4; of the composite Rayleigh wave is
determined by the boundary conditions at the plane surface x = 0. Since the surface is free, all Cartesian
components of the surface forces dF should vanish for all of its elementary areas dA,. According to the
definition (7.18) of the stress tensor, this means

c,=0,=0,=0, for x=0.

zx

According to Hooke’s law in the form (7.49a), with s, = 0 (because of ¢,, = 0), this is only possible if

s,=0, 5.=0, and s+

V2 (sm + szz)z 0, ie. (1 —v)sm +vs_ =0, for x=0. (**%)

With the definition Eq. (7.9b) of the symmetric stress tensor, the first of these equations,

1(0
s A % =0, for x=0,
" 0z Oy
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is in full agreement with our initial assumption that ¢, = 0 and 0/0y = 0 everywhere, but does not give
any additional information. So, let us spell out the second and the third of Egs. (**), in the latter case
using Eq. (7.117) to express the ratio v/(1 — v) as (1 — 2vZvd):

%_,_%:0’ Vf%+(vf_2vf)%:0, for x=0.
ox Oz ox Oz

Now decomposing both Cartesian components as above, ¢ = g1 + qu, ¢: = g1z + qr, employing
the spatial dependences (**) of the component waves to spell out their derivatives, using the above
expressions of their complex amplitudes via A4; and 4;, and (in the second case) plugging in the
expressions for v® and v following from Egs. (*), we get the following system of two homogeneous
linear equations:

2Alel+At(k2 +Kt2)=0, Al(kz +K[2)+ 24kk, =0. (k)
These equations are compatible if the determinant of the system equals zero:
2kx, Kk + K]

=0, ie. (k2 +K‘2)2 =4k’ K, .
K+’ 2kk t o

t

Squaring both parts of this characteristic equation and plugging in Eqgs. (*) for &° and &, we get the
following relation:

2 \* 2 2
) @ 4|2 @ ) W
t t 1

which is equivalent to Eq. (7.127) for the Rayleigh wave’s
phase velocity vg = w/k.

The figure on the right shows this velocity (and also vi | 5
— please revisit Eq. (7.117) if you need) in terms of v, as
functions of the Poisson ratio v. One can see that in the
physically realistic range 0 < v < ', vr is just slightly lower s
than v, while v; is significantly higher than both of them.

2

1.75
v, /v,

Now the Ay/A; ratio, i.e. the proportion of the
longitudinal and transverse components in the Rayleigh wave,

may be obtained by plugging the solution of the characteristic ﬂ

: : /
equation back into any of Egs. (****). The result may be VRV
represented as 0.75 |4,/ 4,
2 2 \/2
4 (1 —vp /V; )

4, 1—vp /2v]

i

t
. . . 0'50 0.1 0.2 0.3 0.4 0.5
and is also plotted in the figure on the right. We may see that v

the magnitude of 4 is somewhat lower than 4, but not by

much, so for a quantitative description of the Rayleigh waves, the account of both components is indeed
necessary. Let me emphasize again that per the above analysis, in any of these partial waves, the body
particles oscillate in both the x- and z-directions, with +772 phase shifts between them, so the particle
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trajectories are elliptic, with the ellipse axes decreasing simultaneously and exponentially with the
distance from the surface.

Problem 7.20." Calculate the modes and frequencies of free radial oscillations of a sphere of
radius R, made of a uniform elastic material.

Solution: The term “radial oscillations” means that in the spherical coordinates with the origin in
the sphere’s center, the displacement vector q(r, ), at all points with 0 < < R, may have only the radial
component depending only on | # | = r and time 7. According to the vector algebra,® the curl of such a
vector equals zero. Hence, transforming Eq. (7.107) of the lecture notes exactly as this was done in
statics at the transfer from Eq. (7.52) to Eq. (7.53), taking Vxq = 0 and f(r, ) = 0, and with the account
of Eq. (7.112), we reduce this equation to

o°q
or’

Spelling out the right-hand side for our case q = n,q(r)cosax,°® we get the scalar differential equation
d| 1 d
~w'q=v} —|——I\r’q)|.
=" dr| r* dr ( q)

Now comes the only creative step of this solution (which justifies the problem’s star marking) —
the trick that is common for analyzing spherically symmetric waves of any nature.®’” Looking for the
solution of the above equation in the form g = —d@/dr, with ¢ = f/r, for the function f'(r) we get the well-
familiar 1D Helmbholtz equation®®

=vV(V-q).

2
TS krfo0,  with k=2,
dr v,
whose general solution may be represented as a linear combination of functions sinkr and coskr.
However, only the former of these functions corresponds to a final (and hence physically acceptable)
value of ¢(0), so for the “displacement potential” ¢ we get the following oscillation waveform:

@ lsin kr, ie.q= Ai sin kr , ()
r dr r

where 4 is an arbitrary constant (scaling the vibration amplitude) determined by initial conditions.

The eigenvalues of the wave vector k£ (and hence the set of free oscillation frequencies @ = vik)
may be found from the boundary condition on the sphere’s surface. The assignment implies it to be
open, so all scalar components of the elementary forces dF should vanish for any dA = dAn, at the
surface. According to Eq. (7.18), this means, in particular, that

o, =0, at r=R.

65 See, e.g., MA Eq. (10.11).

66 See, e.g., MA Eq. (10.10) and then MA Eq. (10.8).
67 See, e.g., EM Sec. 8.1 and QM Sec. 3.1.

68 See, e.g., Eq. (6.69).
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According to Hooke’s law in the form (7.49a), this condition requires the elements of the strain tensor to
be related as

s+

rr

(s,r + 849 +SW)= 0, ie (1-v)s, +v(s93 +SW): 0, for r=R.

According to Eq. (7.17), for a purely radial displacement g, = g (i.e. for go= q, = 0) giving s, = dq/dr,
S00= Spp= q/r,%° this means
(l—v)@+2vg: 0, at r=R.
dr r

Now calculating the left-hand side of this relation from Eq. (*), we get the following characteristic
equation for the dimensionless product kR:

tan kR 1

kR 1-[(1-v)/20-2v)](kR)

' 02 LHS
The figure on the right shows the plots of both

sides of this equation, with the right-hand side plotted
for several values of the Poisson ratio v (blue lines).
The plots show that for either kR — oc or v— Y2 (or
both), the eigenvalues of & are well described by the
following simple formula: v =0.45

k=k =Zn, ie o, =ln, with n=123,.., 0.3
R R

n
-0.2

meaning that n half-waves #/k of the longitudinal 0.0
standing waves fit the sphere’s radius R. However, 0 | ) 3
for smaller values of v, the lower oscillation modes kR /7

correspond to somewhat smaller £ (and hence of @ = vik) because of the 3D geometry of the sphere. (For
most common materials, with v~ 0.3, this reduction does not exceed 20%.)

Note that besides such purely radial oscillation modes, an elastic sphere also has resonances
involving angle-dependent displacements. However, their analysis involves special functions called
spherical harmonics; in this series, their discussion is postponed until the EM and QM parts.

Problem 7.21. A long steel wire has a circular cross-section with a 3-mm diameter and is pre-
stretched with a constant force of 100 N. Which of the longitudinal and transverse waves with a
frequency of 1 kHz has the largest group velocity in the wire? Accept the following parameters for the
steel (see Table 7.1 in the lecture notes): £ = 170 GPa, v=0.30, p=7.8 g/cm”.

Solution:

(1) Longitudinal waves. Making a guess that the wavelength 4 = 277k is much larger than the
wire’s diameter D = 3x10™ m (so we are dealing with the tensile waves), we may use Eq. (7.133) of the
lecture notes:

9 Please note that neglecting the non-radial components 540 and s, of the strain tensor would give an error.
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v=(E/p)".

For our parameters, v = 4.7 km/s, corresponding to the wavelength 4 = v/f = 4.7 m, so our guess
A >> D and hence the above result for v are indeed valid. Since such tensile waves are dispersion-free,
the calculated value of v is valid for both the phase and group velocities.

(i1) Torsional waves. Again assuming that the relation 4 >> D is valid for these waves, we may
use Eq. (7.141) of the lecture notes for v. Since the rod has an axially-symmetric cross-section, its
torsional rigidity may be calculated using Eq. (7.89). As was discussed in Sec. 7.8 of the lecture notes,
the resulting velocity coincides with that of the bulk transverse waves — see Eq. (7.116):

- ﬁ 1/2_ E 1/2
\p)  L20+wvp]

For our parameters, this velocity is close to 2.9 km/s, i.e. lower than that of the longitudinal
waves; the assumption 4 >> D is again valid. These waves are dispersion-free as well, so the above
result is valid for the group velocity as well as for the phase velocity.

(ii1) Bending waves. Generally, for bending waves in a rod with a background constant tension,
we have to use Eq. (7.137),

1

2 4 2

o =— E] k + (g‘k Iy *
it ) *)
which yields a quadratic equation for k. However, the specified background tension & of the wire is so
low that we may guess that the corresponding second term on the right-hand side of this formula is
negligible is comparison with the first one. (This guess is to be justified a posteriori.) By ignoring that
term, we get

1/2 174 1/2 1/4
= & kz’ k= E]y ", erd_wzz Ely k=2 Ely a)l/Z’
pA pA ® dk pA pA

where /, is the “moment of inertia” integral (7.70). For a round cross-section, the integral may be easily
worked in several ways; perhaps the most elegant one (already used in the solution of Problem 15) is to
notice that due to the axial symmetry of the cross-section, the integral of y* must give the same result, so

I =1, :%J;(xz +y2)d2r:%DfrzZ7zrdr: ﬂéz:.

y

For our parameters, the resulting group velocity turns out to be close to 0.30 km/s (i.e. is much
lower than that of both the tensile and torsional waves), and k ~ 42 m™, so the wavelength A = 27k ~
0.15 m is comfortably larger than D = 0.003 m, confirming the validity of our analysis. Finally, plugging
the calculated value of k into Eq. (*), we see that our other guess was also correct: the second term in
parentheses of Eq. (*) is an order of magnitude smaller than the first one and hence is negligible for our
semi-quantitative purposes.

Comparing all the results, we see that the longitudinal (actually, tensile) waves have the largest
group velocity. This is very typical for all elastic waves.
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Problem 7.22. Define and calculate the wave impedances for (i) 7
tensile and (ii) torsional waves in a thin rod, that are appropriate in the
long-wave limit. Use the results to calculate the fraction of each wave’s
power # reflected from a firm connection of a long rod with a round Lz
cross-section to a similar rod with a twice smaller diameter — see the
figure on the right.

Solution: As follows from the discussions in Secs. 6.4 and 7.7 of the lecture notes, the wave
impedance Z is the ratio of the appropriate cross-section-global force variable to the displacement
velocity. The reason for such a “global” definition is that the strain and stress distributions over the
rod’s cross-section, which may be quite elaborate near a sharp interface, relax to their quasi-stationary
forms (calculated in Secs. 7.3 and 7.6) on a relatively small length scale Az ~ D << A = 2a/k, which may
be disregarded at the analysis of long waves’ propagation.’? Such definitions, in particular, enable one to
repeat all the arguments leading to Eq. (6.55)-(6.56), and use the latter of these results to calculate the
required power ratio:

ﬁ_ -7 ’ (*)
L \zZ+7')

For the tensile (longitudinal) waves in thin rods, the appropriate force variable is just the total
force,

F.=[dF. = [o_dxdy,
A A

while for the torsional (transverse) waves in such rods, it is the total torque,

T, = J(rxdF)Z = J.(xdFy —dex): '[(xayz —yaxz)dxdy.
A

A A

As a result, the modification of the impedance definition (6.47), appropriate for the tensile

waves, 18
Ztensile = FZ = AGZZ = AE aqz /dZ = AE& = ﬂ = 14(Evp)l/2 5
oq,/ot 0oq, /0t 0q. /ot o v

where A is the cross-section area, and Egs. (7.130) and (7.133) have been used. For a rod with a round
cross-section of diameter D, this impedance is proportional to D?, so Z’/Z = 1/4, and hence Eq. (*) yields

o _ 2 2
% :(—Z ZM) =(§j —36%.
(C/i tensile Z + Z /4 5

Similarly (but not identically!), for the torsional waves

. _0ploz _

4

Z torsional — - - = g
oplot  oplor

ck_ <
Y

70 Note that such simple definitions of global variables are not valid for all elastic waves, because the strain and
strain redistribution over the cross-section may give rise to other wave modes (of the same frequency). However,
in thin rods, all other modes have wavelengths of the order of the diameter D of the rod’s cross-section (or even
smaller), so their lowest (“threshold”) frequency is of the order of D/v;or D/v;, and hence is much higher than the
frequency of the long waves we are considering here.
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where C is the torsional rigidity (7.84), and, by using Egs. (7.89) and (7.141), we get

Ztorsional = (lup)l/zlz = (lup)l/z_“(xz + yz)dxa’y o« D4 .

A

Accordingly, for these waves, the impedance ratio for our case is higher, Z’/Z = 1/2* = 1/16, so per Eq.
(*), the wave reflection is much closer to the full one:

7 _ 2 2
/) =(z Z/16j =(1_5j ~78%
'%) torsional Z+Z/16 17

Problem 7.23. Calculate the fundamental frequency of small transverse standing waves on a free
uniform thin rod, and the position of displacement nodes in this mode.

Hint: A numerical solution of the final transcendental equation is acceptable.

Solution: The dispersion relation of such waves, given by Eq. (7.136) of the lecture notes, allows
for two signs of &* for each (positive or negative) frequency w:

1/2
k*=+ ’O—A w,
El,

with the positive sign resulting in real values tk of the wave number, and the negative sign in its
imaginary values ik, where £ is real and positive:

1/4
k= pA PRIEY
EI,

This fact implies that, somewhat counter-intuitively, standing waves on the rod may have not only the
usual terms proportional to exp{tikz} but also the terms proportional to exp{ti (tik)z} = exp{Fkz}. For
x-polarized standing waves of a uniform rod positioned along the z-axis, described by Eq. (7.135), this
means that the general single-frequency (“monochromatic) solution g.(z,#) of this equation is
proportional to the following spatial factor:

+

g.(2)=a,e™ +a ™ +be™ +b e, realif a.=al, b =b . (*)

The constant coefficients a+ and b+ may be found from the boundary conditions — in our current
case of a free rod, the conditions that the transverse forces F. and the bending torques z: exerted on both
ends, equal zero. According to Eqs. (7.75)-(7.77) of the lecture notes, for a rod of length 2a, centered at
z =0, this means that

d’q,

, d’q
dz*

dz?

X

:O,

z=ta z=taq — 0.

Applying these conditions to the solution (*), we see that it should be a symmetric function of z,

q.(z) = Acoskz + Bcoshkz, (*%)

Problems with Solutions Page 241



Essential Graduate Physics CM: Classical Mechanics

with the coefficients 4 and B satisfying two homogeneous linear equations:’!
Asinka + Bsinh ka =0, — Acoska+ Bcoshka =0. (**%*)

They are compatible only if the determinant of this system equals zero:

sin ka sinh ka

2

—coska coshka
1.e. if the product ka coincides with one of the roots of the (beautiful!) transcendental equation

f(f)ztan§+tanh§ =0.

The left panel of the figure below shows the “global” plot of this function f{&), while its right
panel zooms on a close vicinity of its first root & corresponding to the lowest value of £ (and hence of
m), i.e. to the fundamental standing wave mode.”?

10 1x107
5 5x1074

gl 52 53 é:l

1) | | | 1) |
0 0
-5 “sx107 Y
- 10 - 1x10_°

0 1 2 3 23645 23647 2365 23653 23655
Slx g

They show that with the accuracy sufficient for most purposes, & = 2.36505, i.e.

1/2 1/2 1/2
EI ET 2 EI
klzézm, 0)12( yJ klzz( yJ §—1z55934( 2 ] .

a a pA pA a’ pAa’

It is instructive to compare this result for & with that for the usual sinusoidal standing waves described
by the standard 1D wave equation (6.40) with “open” boundary conditions dq/dz|.-+, = 0 — valid, for
example, for longitudinal elastic waves on the same free rod. In that case, the displacements are
proportional to sinkx, with the lowest value ka = 7/2, i.e. k= 7/2a = 1.57/a — a very significant (~30%)
difference from our £;.

71Tt is straightforward to check that the first of these equations guarantees the absence of oscillations of the rod’s
center of mass, providing a good sanity check of our calculations for a free rod.

72 Note that since with the growth of & the function tanhé& rapidly approaches 1, the higher roots &, of the function
f(&) are very close to their asymptotic values z(n — 1/4), and even for the fundamental mode (n = 1) we are
discussing, this expression gives an error below 1%.
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To complete our assignment, we need to plug the calculated value k& into Eq. (**), and use it to
find the points +zy where g.(z) = 0, using any of Egs. (***) to find the A/B ratio:
sink,a k,a

q.(z)=4 [cosklz —_—coshklzJ =4 (cosklz MRLLLILE

coshkz |.
sinh k,a coshk,a

The left panel of the figure below shows the general view of this function, i.e. of the fundamental
mode’s waveform, while its right panel zooms on a close vicinity of its positive root zo. They show that
2o = £0.55168 a; note how close are these values to the “minimum-sag” support positions (£0.5537 a)
calculated in the solution of Problem 8, as well as to the Bessel support points (£0.5594 a) mentioned in
the same model solution. The physical importance of the z, calculated in our current solution is that two
point supports of a horizontal rod, placed at points +z,, would cause no disturbance of this fundamental
mode of the transverse oscillations.

3x10~*
1 1.5x10° "

—Z, + Z, : z,

q,(z) l l q,(z) l

A A
0 0
1 ~1.5x107 Y
- ~3x10_ "
21 ~05 0 0.5 1 05516  0.55162 055164 055166 0.55168  0.5517
z/a z/la
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Chapter 8. Fluid Dynamics

Problem 8.1. For a mirror-symmetric but otherwise arbitrary shape of a
ship’s hull, derive an explicit expression for the height of its metacenter M — see
Fig. 8.3 of the lecture notes, partly reproduced on the right. Spell out this
expression for a rectangular hull.

Solution: As was discussed in Sec. 8.1 of the lecture notes, an important
point of this problem is the buoyancy center B: the center of mass of the
submerged part of the hull, filled with any uniform material. According to the z
c.o.m.’s definition (4.13), we may find the buoyancy center’s radius vector as

1
R, =— J.rd3r, where V = J.d3r. (*)

submerged submerged
part part

We may expect that in our case, due to the mirror symmetry of the hull, its tilt by a small angle &
results only in a proportional horizontal shift of that point, while its vertical shift is of the order in 6 or
higher — a reasonable guess that still has to be verified. As the figure above shows, in this case, the
metacenter’s height over B is just’3

MB = lim,_ % . (**)

Let us redraw the critical part of the above figure, the
waterline’s vicinity, in the reference frame bound to the ship,
with the x-axis positioned at the waterline in the absence of the —-qr----—=ot—=""------
tilt, and the y-axis residing in the hull’s symmetry plane — see the _—
figure on the right. Since the tilt does not change the
contributions to the integrals (*) from the parts that were and still
are submerged, their changes are restricted to the two triangular volumes shaded in the figure — the right
one getting under the waterline and the left one getting above it. Since the areas of these triangles are, to
the first order in small &, equal to each other,’ the vertical component of Rg does not change, while its
horizontal component changes by

y=0x

1 & | ¢
Axg =— .[xdxdz J.dy =— .[xzdxdz, (*¥*%)
waterline 0 waterline

so Eq. (**) yields a tilt-independent value

MB = 2z , where I_ = Ixzdxdz.
V

waterline
area

73 Note that the popular term metacentric height refers not to this MB but to the height of M over the full ship’s
center of mass C — see Fig. 8.3. As was discussed in Sec. 8.1, it is the metacentric height that determines the
floatation stability.

74 If the hull’s sides are nearly horizontal (| dw/dy | >> 1) at the waterline, this is true only for very small tilts.
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(Just as in the theory of deformations,’ the last integral is commonly called the moment of inertia of the
waterline area of the ship for its rotation about the hull’s longitudinal axis z.) This means that in the
small-angle approximation, point M does not move with the tilt, thus justifying the very notion of the
metacenter.

If, in the absence of the tilt, the submerged part of the hull has a rectangular shape: V' = wxhxl,
1.e. its sides are strictly vertical (dw/dy = 0), the above result may be not only spelled out but even
generalized for an arbitrary tilt 6. Indeed, in this case, the line y = 6 in the figure above becomes y =

x tand, and we readily get
2 2

w w
Ax, =——tané, Ay, = tan” 6.
512k & h

In the limit 8 — 0, the first of these expressions agrees with Eq. (***), while Ay is indeed quadratic in
this small parameter:

2 2 3
[
AX’B — RO, AyB —)R%’ where sz__ﬂ

120 whi V'
Comparing these results with the Taylor expansion of the Cartesian coordinates of a point near the

bottom of a circle of radius R:
2

Ax, = Rsind — RO, Ay, =R(1—cosl9)—>R%, at @ — 0,

we see that at small tilts 6, the buoyancy center B moves along a circle of the radius R around the
metacenter — see the dotted line in the first figure above. Since point B is at the height 4/2 above the
body’s bottom, the metacenter M is located at the height (/2 + w?/12h) above the same level.

If the body with the same simple geometry and full dimensions wxHx/
(see the figure on the right) is also uniform, its center of mass C is located at =——F -1 H ----x"1 —
height H/2 above the bottom, and the above result for M means that the h1
floating position is stable with respect to rotation about the z-axis (directed
along the length /) if w
MC = (h ld J—E >0
2 12h) 2

This formula shows that at the given dimensions, there is a value of 4, equal to w/\/6, at which

the distance MC is smallest:
H

min \/_ 2

i.e. the floating position is the least stable. This means, in particular, that if w > (3/2)"?H ~ 1.22 H, then
MC > 0 at any A. This means that any rectangular floating body with /, w > (3/2)"?H is rotationally
stable at any 4 < H, 1.e. at any mass that still enables floatation.

(MC)

5 See, e.g., Egs. (7.72) and (7.89) and their discussion in Chapter 7.
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Problem 8.2. Neglecting surface tension, find the stationary shape of ”
the open surface of an incompressible heavy fluid’s surface in a container a

rotated about a vertical axis with a constant angular velocity @ — see the

figure on the right. h‘
Solution: In order to spell out the condition (8.4) of the fluid’s gl .

equilibrium in the non-inertial reference frame rotating with the container, .
we have to add, to the real bulk—distributed gravity forces with the volumic density pg = —n.pg, the
centrifugal “forces” (4.93), with the volumic density nppa)zp, where p = (x* + yz)l/ ? is the distance from

the rotation axis (taken for axis z), while p is the fluid density. The result is

~VP-n_pg+n,pw’p=0, (*)
so the radial component of this equation,
oP 5
- +tpop=0,
op

may be immediately integrated over p to yield
7‘3:%,0502;)2 +C, (**)

where the integration “constant” C may be a function of z — the function still to be determined. Plugging
this solution into the z-component of Eq. (*),

2 e =0,
oz rE

we get a very simple differential equation —dC/dz — pg = 0, with the evident solution, C = —pgz + const.
Thus, Eq. (**) becomes

1
P = E,oa)zp2 — pgz +const.

Now, neglecting the surface tension, we may require the pressure at the surface to be equal to the
constant external pressure (say, 7)), getting the following result:

1

(Epa)zpz -~ png =P, = const,
surface

showing that the surface has a parabolic shape,

Z

_ I 5,
surface @ P + const ’
2g

independent of the fluid’s density and the container’s shape.

As a parenthetic remark, this shape is perfect for light focusing, with no so-called spherical
aberrations’® typical for the spherical surfaces of traditional refracting and reflecting lenses. This fact is
being used for making large telescope mirrors by rotating dishes with liquid mercury. (To the best of my
knowledge, the largest one ever built was the Large Zenith Telescope near Vancouver, Canada, with a

76 See, e.g., Chapter V in M. Born et al., Principles of Optics, 7" ed., Cambridge U. Press, 1999.
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mirror diameter of 6 meters, rotating at ~6.7 revolutions per minute, i.e. with @ ~ 0.7 s™', so its focal
distance /= g/2a" was close to 10 m.””) The reader is invited to contemplate the challenges faced by
such telescopes. (Hints: telescope aiming at a target, surface waves, harmful mercury vapors, etc.)

Note also another possible approach to the solution of this problem: use the variational calculus
to minimize the effective potential energy (4.96b) of the fluid in the rotating, non-inertial reference
frame:

1 2 2
surface _Ep w z

1 1
U, = .[ (pgz—zppza)zjd%:%rpj‘(zgzz surfaceJPdP
0

<
Z>Zgurface

(where the first term in the parentheses describes the potential energy of the fluid in the gravity field,
while the second one is the effective potential energy of the centrifugal “force”), upon the condition of
constant fluid volume

surface p dp .

z=Zz

V= jd3r = 27[}2
surface 0

Such a solution is left for the reader’s exercise. (If your variational calculus skills are a bit rusty, the
solution of Problem 4 below may serve as a reminder.)

Problem 8.3. In the first order in the so-called flattening = (R. — Rp)/R, << 1 of the Earth (where
R. and R, are, respectively, its equatorial and polar radii), calculate it within a simple model in that our
planet is a uniformly-rotating nearly-spherical fluid ball, whose gravity field is dominated by a relatively
small spherical core. Compare your result with the experimental value of £, and discuss the difference.

Hint: You may use experimental values R. = 6,378 km, R, = 6,357 km, and g = 9.807 m/s’.

Solution: In our simple model, in the 0™ approximation in f << 1, the Earth is an exact sphere
rotating about its polar axis with the angular velocity g~ 27/(24x60x60)s ™ ~0.727x10°s™".
According to Egs. (1.15) and (3.49) of the lecture notes, the gravitational potential energy of a small
element dm of the fluid at its surface, in the field of the Earth’s compact core of mass Mg, is

M R.+R
dUg(r):—G—Edm, at r~R, ~ ——F.
r 2
In a non-inertial reference frame rotating with the Earth (which is natural for our analysis because, in it,
the fluid is in static equilibrium), this dU, should be supplemented with the centrifugal potential energy
dU (4.96b) due to the inertial “force” (4.93), so the full effective potential energy of the element is

M M
U, (r)=dU, +dU, = —M—%(% xr) dm = —(&—“’ETrsin2 H]dm, (*)

r

where @ is the polar angle (“colatitude”) of the point’s location on the planet.

77 See https://en.wikipedia.org/wiki/Large Zenith_Telescope. A somewhat smaller but apparently more practical
International Liquid Mirror Telescope (ILMT) was recently started at the 2,450-meter Indian Observatory on
Mount Devastal in the Himalayas — see, e.g., https://www.science.org/content/article/liquid-mirror-telescope-

opens-india.
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According to Eq. (8.4), in the absence of a substantial horizontal gradient of atmospheric
pressure, the effective force dFes = —V(dU,s) exerted on the mass dm should have no tangential
component, i.e. Uy has to be constant on the fluid’s surface. Per Eq. (*), this condition gives the
following equation for the latitude-dependent Earth’s radius R:

GM, iR’
R

Due to the relative smallness of the second term (resulting in the smallness of the Earth flattening), this
equation may be simplified by expanding the first term into the Taylor series in the small deviation
AR(6) = R — R of R from the average Earth’s radius Rg, and then keeping only two leading terms:

. 2
sin” @ = const.

+ 2E AR —EE 5in’ @ = const.
Ry R;

From here,

2p4 R.—R AR 2)— AR 2 p3

ZX]?((?) = -fgbi__g;_81112 69'+ C()IlSt, SO Lf155 P ~ (72'/ ) (()) _ CDE . .

My RP Ry 2GM

Now recalling that the average gravity g on the Earth’s surface is GMg/Rg’, we may finally write
[ ok
2g

With the given data and the above value of g, this simple model yields £~ 1.72x10~°, while the
experimental value 1s somewhat higher, fo, = 3.30x107°. The difference is mostly due to the fact that in
reality, the Earth’s gravity is provided by all its parts rather than a small core. (A similar model but with
a constant mass density gives /'~ 4.37x107, on the opposite side of the actual value.)

Problem 8.4." Use two different approaches to calculate the ¥
stationary shape of the surface of an incompressible liquid of density
pnear a vertical plane wall, in a uniform gravity field — see the figure
on the right. In particular, find the height / of the liquid’s rise at the
wall surface as a function of the contact angle &..

Solutions: meniscus near flat wall

Approach 1. Let us introduce the Cartesian coordinates as
shown in the figure on the right, with y = 0 corresponding to the
unperturbed liquid level, i.e. to the height of its surface at x — .
The cylindrical geometry of the system (0/0z = 0) means that one of
the principal radii of the surface curvature (e.g., R,) is infinite, while R, is expressed by the well-known
formula for the curvature of a smooth in-plane line y(x):78

2 2
L — Q 1+(d_yj
R, dx’ dx

-3/2

8 See, e.g., MA Eq. (4.3).
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Plugging these expressions, as well as the Pascal equation (8.6) for the pressure difference at both sides
of the surface,

71 _'72 = pPgy,

into the Young-Laplace formula (8.13), we get

Iyl (dvY
rer=7 dx’ { (dx
Using the definition of the capillary constant a. given by Eq. (8.14), this nonlinear differential equation
for the surface’s shape y(x) may be rewritten in a more compact form:

-3/2

) d2 d 2 -3/2
a Y y
=2 1+ — . *
Y 2 dx? { (dx] :l ©)
For the first integration of this second-order equation, let us denote dy/dx = & so we may rewrite

dyldi® = d(dyldx)/dx as d&ldx = (dEdy)(dyldx) = (d&ldy)E Then Eq. (*) becomes

_a; dé VPR _al &éE
y= > dy§(1+§2) , Le. ydy = (1+§2)3/2'

[\

Now integrating both sides of the last equation, we get

ﬁzﬁjﬂg a; Id”fz A
2 2 (1+§2)3/2 2 (1+é:2)3/2 2 (1+§2)1/2
The integration constant C may be found from the condition that at large distances from the wall, where

v — 0, the derivative &= dy/dx should approach 0 as well — see the figure above. This condition yields C
= a.’/2, so after the division of all terms by a*/2, this first integral may be rewritten as

+C.

N & -
o™ "

This formula is sufficient for the calculation of the maximum height /4 of the liquid’s meniscus.
Indeed, as the figure above shows, at the wall, where y — A, the derivative & = dy/dx has to equal (—
cotand,), so Eq. (**) yields

1/2
1 )
" a°[1_( )] =a,(1-sin6,)"”. (+4%)

1+ cotan’#6),

Thus, for a good hydrophilic surface with 8, << 1, we get & = a., giving a simple way to measure the
capillary height (8.14), and hence (at known p and g) the surface tension constant y of a liquid.”

79 An alternative, more popular method of measuring y is to use the Jurin rule (8.16) for the liquid’s rise in a
capillary tube with a known small internal radius a << «..
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Now to find the surface’s shape, we may solve Eq. (**) for 1/&= dx/dy, selecting the proper sign
at the square root to ensure that dy/dx < 0 — see the figure above. The result is

2 2
a, — )y

y (26102 _y2)1/2

d P-y’ .
Lo b Le. dx=—

dy y (ZaC2 —yz)l/2 ’

Integrating both parts of the latter equation, we get

dy.

10 I I I
2

x =2 cosh’ &—(24202 —yz)l/2 +x,,

V2 y

where the constant x, has to be selected so that at x — 0, y

— h, where & is given by Eq. (¥*%).

This result is a bit bulky but conceptually very V.
simple: the meniscus’ shape (in the units of a) is universal, a,
and does not depend on the contact angle &,; this constant
affects only the horizontal shift x, of the profile relative to
the wall — see the figure on the right.

Approach 2. An alternative way to solve (or rather to
begin solving) this problem, without appealing to the
Young-Laplace formula, is to notice that the stationary
shape y(x) of the meniscus should minimize the total
potential energy (per unit width) of the system,

U o J’(X), , o 2
—=pgde Iydy +)/l:pgjy—dx+7l,
W 0 0 0 2

where the first term is the gravitational energy (referred to its value for the
undisturbed surface level y = 0), and the second term, in which / = A/W is the y(x)

length of the line y(x), is the surface energy (8.10). From the elementary dy
geometry (see the figure on the right),

2 1/2
dl = (ax* +dy*)" :d{l{%} } : dx

X

so we have to minimize the integral

under the following boundary conditions:

ﬂz_cotanec, for X=0; y—)(), for x — . (****)

dx

The necessary condition of the minimum of U that its variation due to an arbitrary small
variation dy(x) of the surface profile vanishes:
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© 2 2 172 0 ©
ﬂzaj pgy—+71+(ﬂj dengy&ydx+}/j§[(l+§2)m]dx:0,
2 dx 0 7

where, as in Approach 1, &= dy/dx. As was discussed in Sec. 2.1 of the lecture notes (see, in particular,
Fig. 2.3 and its discussion), the usual (in this case, dx) and variational differentials may be swapped at
will, so the expression under the second integral may be recast as

22|, 0 1/2 _ S [dJ’j 9 d(@’) - S
o dx =— o0& dx = ————9 dx = dx = d(oy).
[(1+§ ) ] PP [(l—i- ] 4 (1+§2)1/2 dx (1+§2)1/2 dx (“_52)1/2 (@’)

Now we may take that integral by parts:

X=00

7 ¢ | ¢ sl 6

Due to the boundary conditions (****), which require £ to be constant at the lower limit and oy to
vanish at the upper limit, the first term is constant, so ignoring this inconsequential constant, we get
-3/2

:_Iayd{ﬁ} I > §)M§ Idy f)” Iay[ (d)ﬂ i’_ydx

As a result, the zero-variation condition takes the form
-3/2

0 dy 2 dzy
ogy+y| 1+ — dx=0.
'[éj} { (dxj :l dx’

0

This equality should be valid for an arbitrary (though small) variation dy(x), which is possible only if the
expression in the curly brackets vanishes at each point. But this condition,

C{ 2 -3/2 CZZ

3% Y

+y 14+ — =0,

rey 7{ (dxj :l dx’

is exactly Eq. (*) obtained in the first approach, so from this point on we may proceed similarly. The

reader may see that for this problem, the variational approach leads to longer calculations, but for other
problems, it may be the only way toward the solution.

Problem 8.5." A soap film with surface tension y is stretched
between two similar, coaxial, thin, round rings of radius R — see the figure
on the right. Neglecting gravity, calculate the equilibrium shape of the y
film, and the external force needed for keeping the rings at distance d.

Solution: Just as in Approach 2 in the solution of the previous
problem, one way to get a differential equation for the (evidently, axial-
symmetric) shape p(z) of the film, where p = (x* + 1%)"? is the distance
from system’s axis (see the figure), is to require that the stationary shape —d/2]
minimizes the potential energy U of the system. At negligible gravity
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effects, U is just twice the energy (8.10) of each surface of the film, i.e. U = 24, so the requirement is
reduced to that for the film’s area,

+d /2 +d /2 dz +d /2 dp 272
A=2r =27 =27 1+ — dz ,
Ipd J.pcosé’ ;[2'0 (d j

-d2 -d2 z

to take the smallest possible value at a fixed distance d. (The last step in the above formula uses the
geometric relation dp/dz = tan@ — see the figure above.)

While such calculation by using the variational method is a very useful exercise, highly
recommended to the reader, a much faster solution of this particular problem may be carried out just by
noticing that in the equilibrium, the total force between two parts of the film, mentally separated by any
horizontal plane z = const,

P P
F|=|F |=2yx2npcosl =4y ————=—~ =4ny ,
| | | | [l+tan29]1/2 [l—i-(dp/dz)z]l/z

has to be independent of z. (Indeed, otherwise, the vertical component of the total force acting on the
film’s fragment between two horizontal planes with some z; and z,, would not vanish, as it is necessary
for the film’s equilibrium.) Moreover, this constant should be equal to its value 47zyp at the film’s
“neck” (in the figure above, at z = 0), where dp/dz = 0 because of the system’s mirror symmetry with
respect to this plane. This condition yields the following differential equation for the function p(z):

P

— . (*)
[1+(dp/az) ]
Let us first solve this equation for dp/dz, and then separate the variables p and z:
d 5 1/2 d
_p:i(p_z_J ’ >0 . 1/z=idz'
dz "\ po (0> / p2 -1)

Now we may integrate both parts from z = 0 to an arbitrary z — for example, on the interval [0, +d/2]
where dp/dz > 0:

p : PPy
I PR sz _p
g(p’z/pé—l)”2 !dz, -~ !)‘ -1 »° where ¢ 00

The integral on the left-hand side may be worked out using the variable substitution &= cosha, because
then both the numerator, d& = sinha de, and the denominator, (& — 1)"> = sinhg, are proportional to the
same function of ¢, which cancels. As a result, the integral is just [da =a, and the equation yields
simply a = z/py, i.e.
M =& =cosha = cosh—-.
Po Po

This is the equilibrium shape of the film. What remains is just to find the constant py from the
boundary condition imposed by the rings supporting the film: p(£d/2) = R. This condition yields a
transcendental equation for py:

Problems with Solutions Page 252



Essential Graduate Physics CM: Classical Mechanics

L cosh—d , (**)
Po 2p,

which has a solution3? only if the ratio R/d is larger than a 3 I
certain dimensionless constant, approximately equal to R/d
0.75444 — see the figure on the right. (It shows both sides of
Eq. (**) as functions of the ratio d/py, for three close values
of the parameter R/d.) 2 7

8
75444
7

As the solution shows, the equilibrium shape of the |cosh ——
film is independent of its surface tension coefficient y. This 2py
coefficient, however, scales the total (vertical) force acting 1 R/ p 1
on each supporting ring. As was argued above, the force has 0
to be equal to the total tension force at the film’s neck:

|F|:47z;/p0. 0 L L L L

2 3 4 5
Note that since the neck’s radius py, and hence the force, d/p,
decrease as the rings are pulled apart (i.e. as d is increased at fixed R), this arrangement cannot be used
for a stable suspension of the lower ring on the top one in a uniform gravity field.

In addition to this solution, let me show how Eq. (*) may be obtained in a longer but more
regular way. Applying the Young-Laplace formula (8.13) to two points very close to some point of the
film, but on its opposite sides, we see that since both points are outside of the film, i.e. 7 — 72 =0, the

principal radii of the film’s curvature should satisfy a very simple relation:

1

R,

1

R,

(***)

—=——, e

(The negative sign in the first of these formulas means that the +d/2°
corresponding curvature centers should be located on the opposite sides 01~

of the film — as they indeed are if the film’s shape is as sketched in the R -
first figure above, reproduced on the right with a few additions, with the 0
neck’s radius py = p(0) smaller than the rings’ radius R.) 0 o

For our axial-symmetric geometry, one of the principal radii (say,
R)) has to reside in the plane passing through the axis, i.e. in the plane of
the drawing of the figure on the right, and hence R; is just the radius of _d/21
curvature of the planar curve p(z):8!

1 dipld
R 1+(aprazy|"”

The second principal radius, R,, has to lie in the perpendicular plane; the dashed line in the last
figure above shows the common line of this plane and that of the drawing. Since the angle between this

80 Actually, as the figure on the right shows, at the ratios R/d above the critical value, Eq. (**) has two solutions,
but only one of them, with a larger value of py, is stable.
81 See, e.g., MA Eq. (4.3). Note that this formula was already used in the model solution of Problem 3.
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line and the line z = const equals 6= tan ' (dp/dz), the principal curvature 1/R; is cos@ times that of the
cross-section z = const, which is evidently 1/0:32

1

R2

cosd _ 1
pli+(dprazy]”

As aresult, Eq. (***) yields the following equation for the function p(z):83

d*pldz’ 1 L dp (d,oJ2
[+ @pracf [ i+ (aprap]™ |

It is straightforward to find the first integral of this second-order differential equation. For this,
we may represent the second derivative as®

d’ p_d (dp] d (dp]dp 1d [a’p)
dz*  dz\dz) dp\dz)dz 2 dp\ dz
so the equation becomes

ld(dpj H(d_pjz . 1d|1+(dp/az) ] o
2dp\ dz dz) 2 1+(dpldz) P

Now both sides may be readily integrated from py to an arbitrary p > py, giving

P 2 1/2
lln 1+(@j =lnp-Inp,, ie. 1+(d—pj =£,
2 dz dz Lo

1.e. exactly Eq. (*). Such a more general approach may be invaluable in less symmetric situations.

Problem 8.6. A solid sphere of radius R has been placed into a vorticity-free steady flow, with
velocity vy, of an ideal incompressible fluid. Find the spatial distribution of the fluid’s velocity and
pressure, and in particular their extreme values. Compare the results with those obtained in Sec. 8.4 of
the lecture notes for a round cylinder.

Solution: Just as in a similar problem for a round cylinder (see Sec. 8.4 of the lecture notes), we
should solve the Laplace equation V¢ = 0 for the velocity’s potential, with similar boundary conditions:

¢

—v, 7 cosf, —
0

r—)cc

Now, however, we should use the spherical rather than cylindrical coordinates, with the polar axis
directed along the unperturbed fluid velocity, to better exploit the problem’s symmetry. In this case, the

82 This and other useful formulas for such axially-symmetric “surfaces of revolution” may be found in literature —
see, e.g., a good online collection at http://mathworld.wolfram.com/SurfaceofRevolution.html.

83 This is exactly the equation the variational approach would give us.

84 As a reminder, such transformation (in various forms) was used in this course repeatedly — the first time, at the
derivation of Eq. (1.20).

Problems with Solutions Page 254



Essential Graduate Physics CM: Classical Mechanics

standard variable separation procedure gives the following general axial-symmetric solution of the

Laplace equation:?3
o(r,0) = Z(Ar + MjP(cos@)

where P/(x) are the Legendre polynomials. Since the boundary condition at infinity includes only one of
these polynomials, cos@ = Pj(cosé), only one term (with / = 1) of the above sum may have a non-zero
coefficient, with the matching value of 4;:

o(r,0) = (— Vol + %j cosd.

In order the find the remaining coefficient B, we have to use the second boundary condition:

o9
or

R E(—vo—chosé’:O, I —_—

giving By = —wR’/2, i.c., finally,

¢(l’ 49)——v0(r+§ )cos@ %
—

The Cartesian components of the fluid’s 0 z
velocity may be found by direct differentiation of
the potential: v,=-0g/dr. (The figure on the v

right shows the corresponding streamlines.) In
particular, the maximum magnitude of the
velocity is achieved on the sphere surface’s
“equator” (€ = m/2):

“olo=n/2 =7 Vo (*)

Note that in the solution of a similar problem for a cylinder (Sec. 8.4) the coefficient in the
corresponding expression was 2 rather than 3/2.

In order to find the pressure distribution, we may use Eq. (8.27) with u = const:

b

P =7, —gvz

where 7 is a constant having the physical sense of the pressure’s maximum, which is achieved at the
sphere's “poles” (8 = 0, n), where v = 0. (Note that with this reference value, the base value of pressure
at infinity is not 7, but rather 2, = 2 — pv;*/2.) Combining Eqs. (*) and (**), we see that the minimum
pressure, achieved at the sphere’s equator, is

9 5

Poin =50 _gp"o = _gp"o

85 See, e.g., EM Sec. 2.8, in particular Eq. (2.172).
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Problem 8.7." Solve the same problem for a long and thin solid strip of width 2w, with its plane
normal to the unperturbed fluid flow.

Hint: You may like to use the so-called elliptic coordinates {y, n} defined by their relations with
the Cartesian coordinates {x, y}:

x=Ccoshucosv, y=Csinhusinv, with 0< u<oo, —7r<v<+r1,

where C is a constant; in these coordinates,

) 1 o> 0’
ve= 2 2 2 2t |
C*(cosh” g—cos“v)\ ou~ oOv

Solution: The elliptic coordinates are an
example of curvilinear orthogonal coordinates
— of which the polar and spherical coordinates
are other examples. Such coordinates are
especially convenient for considering objects
on whose surfaces some of these coordinates
are constant.8¢ In our current case, let us direct
the y-axis along the initial fluid flow, i.e.
normal to the strip’s plane, and the x-axis
across the strip, so the z-axis is aligned with the
strip’s length. (Obviously, with this choice, our
solution should be z-independent.) As the red
lines in the figure on the right show, in this
case, with the natural choice C = w, the lines of
constant u# tend to the strip’s surface at £ — 0,
while approaching round circles at 4 — 0. In
the latter limit, the lines of constant v (shown
blue) become straight radial lines at angles v to
the x-axis, while at ¢z — 0 these lines run into ) ) x/w
the strip’s cross-section (shown with the bold
red line) at

2

Figure adapted from https://en.wikipedia.org/ as
public-domain material.

X, = x‘ 0 = WCOSV. (*)

The main value of these coordinates is that (as the formula given in the Hint shows), the Laplace
equation (8.29) looks very simple in them, just like in the Cartesian coordinates:
2 2
af+afzo
ou~ ov

**)

Because of that, some boundary problems of this geometry may be solved with the corresponding
potential being a function of just one coordinate, either x or v. Unfortunately, in our case, this is not true
because due to the boundary condition (8.31), which, with our coordinate choice, becomes

86 Several examples of such applications are given in the EM part of this series — see, especially, EM Sec. 2.4.
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op x? +y2

-~ 5 -v,, at
oy w

-, (%)
the equipotential lines far from the strip should be parallel to the x-axis, and the figure above shows this
is not the case for either & or v, and hence for any function of one of these arguments.

However, a thoughtful look at the coordinates’ definition shows how simply this issue may be
addressed: it is sufficient to swap the operands of
these two products, i.e. to consider a new function

@ =acosh usinvy, (HHEE)

-_______'-'-—-__________-_________._______
where a is a constant. An elementary \/f___.

differentiation shows that this function satisfies

T <

the Laplace equation (**), and as the top figure
on the right shows, its equipotential lines do 0

—
satisfy Eq. (***), provided that a = —vow. Indeed, y Qh‘ﬁ

at 11— oo, cosh g — sinh u — €72, so

y—)%e”sinv, ¢—>—v0%e“sinv=—voy. _I-JA;

_____________‘-""""--—-__
Finally, this function also satisfies Eq. (8.30) on 5_____“_\’0______““*-—--__
both surfaces of the strip: since at z — 0, we have _______________-———————-___:
y — wusinvand ¢ — —vowsiny, then T .
-1 0 / +1
o4 o I x/w
oy|¥0 ayls0
| x|<w

So, Eq. (****) with a = —vow is the solution of
our boundary problem. (The solutions of such +1
Laplace problems are unique.)

s I<

The bottom figure on the right shows the
corresponding fluid streamlines. (As it follows 0
from Eq. (***%*), they coincide with the constant-
value lines of another product of the same basic

S

functions of x and v:
w oc sinh 2 coshv ; -1
Vo
actually, w and ¢ are the real and imaginary parts
of the same complex function sinh(x + iv), while
x and y are those of a sibling function, cosh(u + +1 0 +1
iv).) x/w

Now it is easy to calculate the fluid
velocity at the strip’s surfaces, 1.e. at 1, y — 0 and |x | < w. Indeed, in this limit, x follows Eq. (*), so the
only nonvanishing (tangential) component of the velocity is
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y :_% :_% . d(sinv)_ cosv _ X
! ax [ V=0 ox 1470 7" d(cosv) *sinv ’ [w2 —xz]l/2 ,

|x|<w

with the upper (negative) sign on the top surface, y = +0. This formula shows that the velocity vanishes
at the “stagnation points” x = 0, y = £0, and diverges at the strip’s edges x = +w, y = 0, where the
surface’s curvature is formally infinite.8? The last feature is typical for the potential flow of
incompressible fluids around sharp points of solid surfaces.

A remark for the reader already familiar with the basics of turbulence (e.g., by reading Secs. 8.5-
8.6 of the lecture notes): looking at the Reynolds parameter definition (8.74), it is natural to guess that at
the points where v — oo, turbulence should start at very low initial velocities vy, i.e. even if the formal
evaluation of this parameter using v for velocity and w for the object size gives a number much smaller
than 1. This turns out to be true; indeed, for all thin flat objects normal to the fluid flow direction, the
drag coefficient Cy defined by Eq. (8.73) remains nearly constant (close to 1) in an extremely very broad
range of velocities — see, e.g., the data for a flat disk in Fig. 8.15.

Problem 8.8. A small source, located at distance d from a plane wall of a P
container filled with an ideal incompressible fluid of density p, injects additional

fluid isotropically, with a time-independent mass current (“discharge”) Q = I

dM/dt — see the figure on the right. Calculate the fluid’s velocity distribution and : 3 L

its pressure on the wall, created by the flow. d [\
Hint: Recall the charge image method in electrostatics,’® and 0

contemplate its possible analog.

Solution: Since an isotropic source does not create vorticity, we may N
assume that in the whole stationary velocity distribution, there is no vorticity as well: Vxv = 0,8 so we
may use Eq. (8.24) of the lecture notes, v(r) = —V¢@, where the spatial distribution of the velocity’s
potential ¢ satisfies the Laplace equation (8.29),

V=0, *)

everywhere inside the fluid, besides the source point. If the isotropic source were inside an infinite fluid,
the potential distribution would be spherically symmetric with respect to the source position r

= ¢(R), where R = | R

, R=r-r'.

For the stationary flow we are interested in, the function R) might then be readily found from the
continuity equation (8.20), with 6/0t = 0, applied to a sphere of radius R with the center at point r:

87 As the Bernoulli equation (8.27) shows, at the later points, the fluid’s pressure tends to —o.

88 See, e.g., EM Secs. 2.9, 3.4, and 4.3.

89 Indeed, an even very small viscosity leads to eventual decay of any possible initial vorticity — unless it is
continually created by either an external source or spontaneously arising turbulence — see Sec. 8.5 of the lecture
notes.
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0 W0

o¢
=pbv d’r=—pp(V@) d*r=—-pp——d’r=—p4 , ie —= .
0 pi \ p)}f( 4), pi — pATR) 2o, i =
An elementary integration of the last equation yields
—=—+const, for R#0.

47rp j 47rpR

(In what follows, I will follow the convenient custom of taking this inconsequential constant for zero, so
AR) —> 0at R — x.)

For our system, this solution cannot be strictly valid everywhere, because the normal component
of the velocity, and hence the normal derivative of the velocity potential, have to vanish on the wall’s
surface:?0

o¢

on
From here comes the basic idea of a simple solution of our problem: The Laplace equation (*) is
evidently satisfied by the potential distribution describing two rather than one point sources:

(r _ Q + QII
47rp| 47zp|r—r"

=0. (**)

wall

, forr=r'.r", P

with any Q" and r”, provided that the additional source point is not : >

located inside the actual fluid. If we use this discretion to take Q" = \/

0, and the additional source’s position r” at the point of mirror P LI ,
reflection of the real source point r” in the wall (see the figure on the !; A
right), then the boundary condition (**) becomes satisfied as well, —d 0 +d z
because the real source and its image give equal and opposite
contributions to the derivative d@/On on the wall surface located
exactly between them. In another language, the radial flows created
by two sources add up creating a flow parallel to the wall — see, e.g.,
the velocity vectors shown in the figure on the right.

In the cylindrical coordinates {p, @, z},%! the resulting solution is

_ 0 1 1 .
dnp [P2+(z—d ]1/2 [p +(z+d) ]1/2 o for==0s

in particular, at the wall’s surface (z = 0),
_ 9 1
27p (p2 +d 2)

/2 °

90 A very similar situation may be met in electrostatics (where the similar boundary condition for the electrostatic
potential is valid on the surface of a dielectric with a very high dielectric constant x>> 1), and at the Ohmic
conduction (on the interface between a conductor and an insulator).

91T hope that the difference between the two fonts used for the same Greek letter “ro” is sufficient to distinguish
their different meanings.
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Since this distribution is axially symmetric, the fluid’s velocity at the wall is purely radial, and its
magnitude is

_ 9 P
=0 27T,O (p2 +d2)3/2 .

Now the change of the pressure on the wall, due to the fluid’s flow, may be calculated from the
Bernoulli equation (8.27):

V z=0 8p

o 9
87 p (p2 +a’2)3 .

=0 —

AP =-L5
2

According to this result, the fluid’s velocity is the largest, and hence its pressure change is the
lowest at the distance pg = d/\2 from the z-axis.

Problem 8.9. Calculate the average kinetic, potential, and full energies (per unit area) of a
traveling sinusoidal wave, of a small amplitude ¢4, on the surface of an ideal, incompressible, deep
liquid of density p, in a uniform gravity field g.

Solution: The full energy of such a wave, on an infinite surface, is infinite as well, so let us
calculate its kinetic and potential components per unit area of the surface (in Fig. 8.9 of the lecture
notes, at the [x, z]-plane), by time-averaging them over one wave period 7= 27/ @:%?

T 17 ymax(z,t) pl Vinax (Z51) i [ER) v (zd)
e T NS T O O 2

where ymax(z, ) 1is the local height of the liquid’s surface, and ymin is an artificial depth level necessary
to keep U finite. (At k| ymin| >> 1, the wave-related part of U does not depend on the choice of yyin.)
Per the discussion in Sec. 8.4 of the lecture notes, in the small-amplitude limit 4 << A, we may replace
Vmax (referred to the unperturbed liquid’s surface) with just zero in the first integral, and with qy(y 0, z,
7) in the second integral. Indeed, the function under the first integral is already proportional to 4, so the
further refining of ymax would give us just small corrections to the non-zero result. However, if we took
vmax = 0 in the second integral, we would get only the background energy U of the liquid in the gravity
field, independent of the wave, so we do need to use a better approximation there. Now using Egs.
(8.43)-(8.44), and then the dispersion relation (8.47): ok = g, we get

= 7
T p 2 1 2ky P > 1 _p > 1 pga;
— ==k ,) —|dt |d =—(kD, ) —=— — =

y 2( A) ! tJ;j ye ( A) %k 2(%10)) ok 4
— 7 0 CIV(}’:O»ZJ) 7 2

g_ i ) _ﬂ i qy(yZO,Z,t)
A-pgf!dt yJ‘ldyy—i- !).dyy —A+pg7£dt 5

U iy U
=—°+%ljsin2(kz—wt)dt S B Yy
A 2 73 A

92 Tt is almost evident (and will be confirmed by this calculation) that this average does not depend on z.
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So, as we could expect from the analogy with the waves discussed in Chapter 7, the average
kinetic and potential energies of the wave are equal, and its total energy on a surface of area 4 is

2
E=P81y
2

The result shows that the energy is of the order of the gravitational energy of the liquid in the
volume Aq, lifted by the height g4. Figure 8.9 of the lecture notes illustrates how exactly the much
larger but sign-alternating contributions to the potential energy, of the order of dU/dA ~ pgqiA, cancel
each other at their averaging over the spatial (or temporal) period of the wave.

Problem 8.10. Calculate the average power carried by the surface wave discussed in the previous
problem (per unit width of its front), and relate the result to the wave’s energy.

Solution: The energy flow (i.e. the wave’s power) per unit area of the surface (in our case, of the

[x, z]-plane) is given by the z-component of the Umov vector (7.123), where z is the direction of the
wave’s propagation, which is normal to the wave’s front x = const:
oq, o4, 0q

fr. =0 +o0, +0, .
% ot ’ ot ot

¥4

In an ideal liquid, the tensor o is diagonal, with o; = —7 (see Eq. (8.2) of the lecture notes), so this
expression is reduced to
qu — _73% (*)

(o .
ot ot

According to Eq. (8.45) of the lecture notes, the sum (-po@/ot + P + pgy) should remain constant

through all ideal liquid’s volume. Equating its values at an inner point {x, y, z} and at the surface point
{x, g)|,=0, z} just above it,

/.=

o 0
-p af(y,z,t)ﬂ’(y,z,t)wgyZ‘pa_f(qy\y_oszaf)”’o+Pg%‘y—0’
we get
0 0 ogy
P(y,Z,l‘): pa_f(yaz,f)_pa_f(% y:O’Z’t)+ 730 +pgqy »=0 )

Just as at the derivation of Eq. (8.46) in the lecture notes, due to the condition % | ¢, | << 1, the second
term on the right-hand side of this equality may be replaced with po@/0t(0, z, t), so using Eqgs. (8.42) and
(8.43), we get

o¢

o

o¢

o

P(y,z,t)zp (y,Z,t)_p (Oazat)+730+pgqy y:O_pgy

=,0(I)A(—a)eky+a)—g§jsin(kz—a)t)+73, where P =2, — pgy,

so 7P has the sense of the pressure’s static part. According to the dispersion relation (8.47), the y-
independent terms in the first parentheses of the last expression cancel, so

P(y,z,t)=—pad & sin(kz - at)+ 2 .
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With this result, and with the last of Egs. (8.43) for 0q./0t = v., Eq. (*) yields
S = —Paaitz =—|- pa)CI)Aeky sin(kz — ot )+ 73][kCDAeky sin(kz — a)t)]

At the averaging over time, the term proportional to P vanishes, and we get
Ji = g k@M.

To get the full average energy flow (per unit width of the wave front), this expression should be
integrated over y, giving

The physical meaning of this result may be revealed by its comparison with that of the wave’s
energy calculation in the previous problem:

7 JE 7/ E o
wl 4 " dz 2k

But according to the dispersion relation (8.47), this ratio is just the surface wave’s group velocity:

_do_d (g :l(gj”z ®

u, = = =—.
® dk  dk 2\ k 2k

Hence our results show, in particular, that the energy of a narrow wave packet would move with the
same velocity as its envelope — just as it should.

Problem 8.11. Derive Eq. (8.48) of the lecture notes for the surface waves on a finite-thickness
layer of an incompressible ideal liquid.

Solution: Let us review the derivation of Eq. (8.47) in Sec. 8.4 of the lecture notes, modifying it
for the case of waves on a uniform liquid layer of a finite thickness 4. In this case, the vertical
component v, = —0@/0y of the liquid’s velocity has to vanish not at y — —o, but at the layer’s bottom, y =
—h, so the solution of Eq. (8.41) for wave potential’s amplitude @ has to be modified as

® = , cosh[k(y +7)]
(thus ensuring that 0®/0y = 0 at y = —h), and instead of Eq. (8.42), we get
¢=d , cosh[k(y +h)] 'K~
leading to the corresponding modification of Eqs. (8.43) and (8.44). In particular,

v, = —% = —k® , sinh[k(y + 7))’ =) and q,= J.vydt = —igd)A sinh[k(y + h)]e" & =@

This result shows, in particular, that the liquid particle trajectories are not circles as at # — o (see Fig.
8.9 of the lecture notes), but vertically-squeezed ellipses with the major axes ratio
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A
A—y = tanh k(y + h),

X

tending to zero near the bottom of the layer.

Now let us repeat the reasoning given in the lecture notes: based on wave amplitude smallness,
from Eq. (8.45) applied to liquid’s surface (with y = 0 in the first term and y = ¢(y =0, z, ¢) in the last
term), we get the following generalization of Eq. (8.46):

— p(=ia® , cosh kh) k= pg(— ikd)A sinh khjei(kz —oh .
@
This relation is satisfied for all z and ¢ (and any @) only if

— p(~iwcosh kh)+ pg(— iﬁsinh khj =0,
1)

immediately giving the dispersion relation (8.48):
" = gktanhkh .

The reader may like to revisit the brief discussion of this relation in the lecture notes.

Problem 8.12. The utmost simplicity of Eq. (8.49) of the lecture notes for the velocity of waves
on a relatively shallow (h << 1) layer of an ideal incompressible liquid implies that they may be
described using a simple physical picture. Develop such a picture, and verify that it yields the same
expression for the velocity.

Solution: According to the solution of the previous problem, at 2 << A4, i.e. kh << 1, the liquid
particles’ motion is nearly horizontal, so in the notation used in Fig. 8.9 of the lecture notes, v = vn..
The small vertical displacements g(z, £)n, of the surface are important only because according to the
Pascal equation (8.6), they create the pressure changes,

P(z,t)= pgq(z,1),

which sustain the waves. Per the z-component of the Euler equation (8.23), the longitudinal gradient of
this pressure creates the liquid’s acceleration

ov _ 1 0P . Ov oq

- - ——0o—= (*)

= , ie. :
ot p 0z ot oz

One more equation relating the variables v and ¢ may be provided by the continuity relation (8.20a)
applied to the mass dM = p(h +q)dz of an elementary fragment of the liquid layer with a unit width and
length dz:

a_ o o 0
dt ot

ov
dz = —phdv=—phLdz, e v
ZT TPy =P, 4 o ez

**)
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Combining Egs. (*) and (**),9 we get the usual 1D wave equations (6.40a) for each of these variables,
with the velocity given by Eq. (8.49):

U= (gh)m. (%)

Note, once again, a different notation for the wave’s velocity, used to avoid its confusion with
the liquid particles’ velocity v. Note also a remarkable analogy between Egs. (*)-(**) and the so-called
telegrapher’s equations describing TEM waves in electrodynamics.”*

Problem 8.13. Extend the solution of the previous problem to calculate the energy and power of
the shallow-layer waves, and use the result to explain the high tides on some ocean shores, for two
models:

(1) the water depth /4 decreases gradually toward the shore, and
(i) & decreases sharply, at some distance / from the shore — as it does on the ocean shelf border.

Solution: The simple picture developed in the previous solution enables us to calculate the
wave’s energy much more simply than it was done (for a more general case) in the solution of Problem
9. Indeed, from this simple picture, we readily get the following expressions for the kinetic and
potential energies (again per unit width of the wave front) of a wave’s fragment of length dz:

2 q 2
dr = %hdz, dU = pg( jyddeZ - Pg(hq + % + COHStJdZ : *)
Zn

For a sinusoidal traveling wave, with v, g oc exp{i(kz — wt)}, Egs. (*) and (**) of the previous problem’s
solution yield two linear homogeneous equations relating the complex amplitudes (and, due to the lack
of dispersion, also the instant values) of these variables:

v = gkq, @q = hkv. (**)

The condition of their consistency gives @’ = ghk’, i.e. confirms the expression u = w/k = (gh)"?, while
plugging this equality back into any of Egs. (**), we get

1/2
q_|h
v g '
With these relations, Eq. (*) gives the following expressions for the full energy of the wave:%

dE _dT+dU _ 2 _ o
dz  dz PEL = PRV

In a “monochromatic” (sinusoidal) wave, ¢* = g, sin’(+kz — @t + const), so its time (or space) average is
g.4*/2, and we get the following average energy per unit length and width of the system:

93 For example, by differentiating Eq. (*) over z, Eq. (**) over ¢, and then requiring the two results for the mixed
derivative &*v/toz to coincide.

94 See, e.g., EM Egs. (7.110)-(7.111).

95 The dU term linear in ¢ vanishes at the averaging over the wavelength — see the solution of Problem 9.
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dE _ pgq;
dz 2

The average power carried by the wave is just the average energy crossing some plane z = const per unit
time, i.e.
Inl Inl inl 2
= d_E — id_E% — id_Eu — i_pqu
dt dz dt dz 2

Now we can address the two last tasks of the assignment.

N

(gh)'? oc q2n'">. (*¥¥)

(1) As we know from Sec. 6.4, relatively slow changes of the wave system’s parameters (in our
case, of the liquid layer’s thickness /) do not lead to wave reflection, so the product (***) should not
depend on z, and the wave’s height g4 grows as it approaches the shore:

qA oC h—l/4 )

Unfortunately, this scaling cannot predict the limit of this increase at # — 0 quantitatively. Its crude
estimate may be obtained by using it up to a distance Az ~ A from the shore (where | dh/dz|A becomes
comparable to 4, so that the approximation of slow parameter variation stops being valid), where /& ~ Ay
= | dhldz |shored ~ | dh1dz |shore(gho) > 7, where 77is the wave’s time period. This equality yields

h, ~ 7—2(@j2 (qA )shore ~ hocean v - h(iﬁ,an -
’ 8 dz shore ’ (qA )ocean ) hO gl/27| dh/ dz shore ‘

For the tidal waves (7" = 4x10%) on a typical Earth ocean shore, with focean ~ 4 km, and | dh/dz |shore ~
0.05, this estimate gives an amplitude ratio close to 10, in a very reasonable agreement with
observations. For example, on the South Shore of our Long Island, the tides’ full swings are close to two
meters, the number to be compared with ~0.5 m on deep oceans — see the solution of Problem 4.33.

(i1) From Sec. 6.4, we know that a sharp and strong change | — v —> 00
of the wave system’s leads to a nearly complete reflection of the
wave. causes a partial reflection of the wave. The wave reflection h
analysis may be quantified by the introduction of an appropriate
wave impedance but for our simple case (see the figure on the
right), we do not need this notion. Indeed, it is evident that at the
shallow layer’s boundary with the shore, the particle velocity has
to vanish, while at its step border with a deep ocean, the velocity
has to be the highest because just beyond the step, the water’s flow is redistributed to a much thicker
layer, while its total discharge Q oc vh has to remain constant. As a result, as the discussion in Sec. 6.5
shows, the standing waves® with the velocity profile

o --------

z

V(Z):VA sin kz, q(2)=qA coskz (k)

may be almost self-sustained if their wave number takes one of the resonance values given by Eq. (6.72)
— see also Fig. 6.10b:

k, = n—l z, with n=1, 2, 3,...,
2)1

96 In geophysics, such standing-wave resonances are called seiches.
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corresponding to the standing wave frequencies @, = kuu = k,(gh)".

The standing waves (****) may be induced, for example, by solar/lunar tides, if their period is
close to one w,. At the Earth’s oceans, such a situation is created by the continental shelf, whose bottom
is nearly horizontal with the typical depth 4 = 150 m, corresponding to u = 40 m/s. For this value and the
tide time period 7= 7g,y/2 ~ (24x60x60)/2 s ~ 0.43x10’ s, the fundamental resonant value of / is /; =

2k; = 11/4 = u7/4 = 430 km. The continental shelf is on average more narrow; however, the resonance

condition / = /; is approached in a few long bays, resulting in very high tides. For example, in the Bay of
Fundy on the eastern coast of Canada, the tide swings reach 17 meters.

Problem 8.14." Derive the differential equation describing 2D propagation of relatively long (4
>> ) surface waves in a plane layer of thickness 4, of an ideal incompressible liquid. Use this equation
to calculate the longest standing wave modes in a layer covering a spherical planet of radius R >> A, and
their frequencies.

Hint: The last task requires some familiarity with the basic properties of spherical harmonics.®’

Solution: Starting with a plane layer, we may generalize the approach discussed in Sec. 8.4 of the
lecture notes and in the model solution of Problem 11, by looking for a solution of the Euler equation
(8.26) in the form

#(r,e)= f(p.t)cosh[k(y + h)]

(where p is the 2D radius vector of the points on the liquid’s horizontal surface, y = 0), which satisfies
the boundary condition at the bottom of the layer: v, = 0 at y = —A. The substitution of this expression
into Eq. (8.26) yields the following 2D equation,?®

2 2
Vif+kif=0, (*)
where sz is the 2D Laplace operator acting in the layer’s plane.

For relatively long waves, with 4 >> h, there is a broad range of lateral distances (7 << Ap << 1)
at which any sinusoidal wave (f o« Re[F (p)exp{—iat}]) may be considered as “1D plane”, i.e.
propagating in one dimension. This means that at these distances any sinusoidal wave may be
represented as

f _ Re[Fwei(kp—wt)],

where k is some locally constant 2D wave vector, with the magnitude | k | = k£ — meaning the same k as
in Eq. (*). Selecting the z-axis in the direction of this vector, we get, for the scalar potential ¢, Eq. (8.40)
of the lecture notes, and may repeat all the calculations made in the model solution of Problem 11 to get
the dispersion relation (8.48):

o® = gktanhkh ;

97 See, e.g., QM Sec. 3.6.

98 Tt is formally similar to the Helmholtz equation (see, e.g., EM Secs. 7.6-7.9 and QM Secs. 1.5, 3.1, and 9.1);
however, typically this term is reserved for the case when the function f'is time-independent, i.e. when it is the
time-independent wave’s amplitude, rather than the 2D wave as such — as in the case of Eq. (*). For example, Eq.
(***) below is the “genuine” Helmholtz equation.
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due to the condition A >> h, i.e. kh << 1, this relation becomes free of dispersion (see also Eq. (8.49) of
the lecture notes and the solutions of two previous problems):

o = uk, with u = (gh)">. (**)
Hence, a 2D Helmholtz equation similar to Eq. (*) is also valid for the complex amplitude of the wave:
2 2
V F,+k°F,=0, (**%)

with the condition that @ and & in this equation are related by Eq. (**). The values of the wave number £
should be calculated from the solution of Eq. (***) with appropriate boundary conditions on the lateral
borders of the layer.

For a uniform liquid layer covering a planet of radius R >> A, Eqs. (**) and (***) are still valid
because the gravity acceleration g is virtually constant through the layer, and the planet’s curvature is
negligible on the spatial scale ~4 used at the derivation of Eq. (**). If the layer covers a spherical planet
as a whole, the boundary conditions for Eq. (***) are those of the angular periodicity:

where 6 and ¢ are the usual angular spherical coordinates (with 0 < @ < 7). In these coordinates, Eq.

(***) takes the form%
2
lz ! i(sinﬁi}r% o - |F, +k°F, =0.
R” | sinf 06 060) sin” 0 op

The eigenfunctions of this equation, with the periodicity (****), are either the so-called spherical
harmonics Y;"(6, @), or their real linear combinations Y,(6, @), with integer numbers / and m (restricted
by relations / > 0, and —/ < m < +1);1% the corresponding eigenvalues of & are

1(+1)

2
ki = e

, so that o, = uk, =%[l(l+l)]m.

(As this formula shows, these eigenvalues are independent on m, i.e. are (2/ + 1)-degenerate.)

However, not all these modes of this spectrum may be implemented for the surface waves
because the liquid’s incompressibility (i.e. the liquid volume conservation) imposes the following
additional restriction on the surface displacement (g,),, ¢ Re[F]:

§lg,) do= Tsin Qdﬁzfd(p(qy ) =o0.
0 0

4

This requirement bans the lowest mode with / = m = 0 with Y,°(8, ¢ ) = Yoo(6, @) = const, which would
correspond to a uniform swelling of the liquid layer and have the frequency ay = 0; all other modes
satisfy the requirement. Hence the lowest-frequency standing waves are the three modes with / = 1 and
m=-1, 0, and +1, which may be selected, for example, in the form

99 See, e.g., MA Eq. (10.9), with 6/0r =0 and r = R.
100 See, e.g., QM Sec. 3.6. In particular, the explicit expressions for the harmonics with the lowest /, and hence the
lowest &, are listed in QM Eq. (3.174)-(3.176).
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Y,, =acos@, Y, =asinfcos o, Y,

() =asinfsing.

(Since these standing waves differ only by their spatial orientation,!°! and have the same frequency o, =
\2u/R, any their linear combination also describes a possible standing wave.)

If this simple model is applied to the Earth’s oceans, taking R = Rg~ 6.37x10° m, g ~ 9.8 m/s,
and % equal to the oceans’ average depth of 3.7x10° m (thus completely ignoring the scattering by
landmasses and other depth irregularities), it gives u ~ 190 m/s and @, ~ 4.2x107 s, corresponding to a
time period 77 = 27w, of 1.5x10° s ~ 41 hours. Note, however, that the calculation of the wave’s
attenuation due to the water’s viscosity (see Problem 24 below), shows that the Q-factor of such a
standing-wave resonance would be rather low, even in the absence of scattering.

Problem 8.15. Calculate the velocity distribution and the dispersion relation of the waves
propagating along the horizontal interface of two thick layers of ideal, incompressible, non-mixing
liquids of different densities.

Solution: Since the equation describing the fluid dynamics inside each liquid (located, say, below
and above the horizontal plane y = 0), the wave structure is the same as on the surface of a single liquid
(see Sec. 8.4, in particular, Fig. 8.7 and Eq. (8.42) of the lecture notes) with the amplitude decaying into
the bulk of each liquid:

4. = Re q)iei(kz—a)t)iky ’ *)
where the upper sign refers to the top liquid (located at y > 0), while the lower sign, to the bottom liquid
(y < 0). Note that the wave vector k (also playing the role of the amplitude decrease constant) and the
frequency w have to be the same for both liquids because their vertical velocities (and hence the vertical
displacements) at the interface (at y = 0) should match for all z and ¢: 102

__99.

40 = o o = Re[kq)+ei(k2—wt)]: Re[—kd)fei(kz_a”)].

v ¥

The last equality can hold for all z and ¢ only if
O =-0,. (**)

+

The second matching condition at the interface is the equality of the corresponding values 7 of

pressure in each liquid (valid at negligible surface tension). These values may be calculated from Eq.
(8.45) written for each liquid. Integrated over coordinates (within each liquid), it yields

09,
Pt :pi( ; _gy]

— besides inconsequential constants. With the substitution of Eq. (*) for ¢, and the same small-
amplitude approximation as was discussed for a single liquid in Sec. 8.4:

101 See, e.g., the second row in QM Fig. 3.20.

102 Please note that we cannot impose a similar requirement on the “horizontal” velocities v,, because at the
interface, the two ideal fluids can slip relative to each other without consequences — just as at the fluid-solid
interfaces — see the discussion in Sec. 8.4 of the lecture notes.
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y—>q,= J.vy =0 dt = Re[i£®+ei(kz—a)t):| — Re|:— l-ﬁq)ei(kz—a)t)} ’
) ) o -

the requirement 7. = 7 yields the following condition:
. k . k
p.(cie®, )= p.gli—®. |=p (-ie® )=p g —i—d_|.

Plugging it Eq. (**), we get the dispersion relation,

a)Z _ P-— P gk, (***)

P-T P,
which is evidently a generalization of Eq. (8.47) — to which Eq. (***) reduces at p. — 0.

According to this result, as the top liquid (with the density p:) becomes heavier, the same &
requires a lower o, i.e. the interface wave becomes slower, and its velocity formally vanishes at p. = p..
This is natural because if the liquids have the same density, a static deformation of their interface does
not carry any energy penalty (provided that we ignore the surface tension — as was done in the above
analysis), and may persist forever.

However, the most interesting corollary of Eq. (***) is that if the top liquid is made heavier than
the lower one (p; > p_), then @ becomes negative, i.e. @ becomes purely imaginary. This means that the
interface is unstable; indeed, in this case, the exponents exp{i(kz — @f)} in our solution become
exponential functions of time. This result is also natural because any attempt to put a layer of a heavier
liquid on top of a lighter one would result in a spontaneous transient process, which would eventually
lead to the flipping of these two layers. (Our linear equations may adequately describe only the initial
stage of this process.)

Problem 8.16. Derive Eq. (8.50) of the lecture notes for the capillary waves (“ripples”).

Solution: To account for the surface tension effects, we may repeat the surface wave analysis
carried out in Sec. 8.4 of the lecture notes, all the way up to Eq. (8.45). However, the surface tension y#
0 makes pressure 7 right under the surface uneven: according to the Young-Laplace formula (8.13),

1 1
P—-P =—y —+—|, *

0 v ( R R, J ()
where R, are the surface curvature radii. For the “1D-plane” waves (with 0/0x = 0) analyzed in Sec.
8.4, one of these radii is infinite, while for the remaining one we may use the wave smallness (k| g, | <<
1, meaning in particular that | 6g,/0z| << 1), and write!03

1 0,

R 0

For the sinusoidal waves (8.40), the double differentiation over z is equivalent to the
multiplication by (—%). As a result, the addition of the term (*) to Eq. (8.46) of the lecture notes yields

103 See, e.g., MA Eq. (4.3) with dffdx — 0.
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i ) ® ) }/kz(_ l.ﬁq)Ajei(kz ~an) | pg(_ iﬁq)A}ei(kz o _g.
@ @
so requiring this relation to be satisfied for all z and ¢ (and any amplitude @), we get
—pl-iw)+ Mz(—iiJ + pg(—iﬁj =0,
@ @

immediately giving the dispersion relation (8.50):

3
o =gk +]/k—~
P
y
Problem 8.17. Use the finite-difference approximation for the a\\\\\\\k\\\\\ \\\\{E
Laplace operator, with the mesh step # = a/4, to find the maximum N B lA IB %
velocity and the total discharge Q of an incompressible viscous fluid’s \\: N
flow through a long tube with a square-shaped cross-section of side a. %_,L,O_,A_%
Compare the results with those described in Sec. 8.5 of the lecture notes § B IA IB k
for the same problem with the mesh step # = a/2 and for a tube with a ;\: %
circular cross-section of the same area. .
a x

Solution: Due to the evident symmetry of the problem, besides the
points on the wall (where v = 0), there are only three species of points (O, A, and B) with different
values of fluid velocity, on the a/4-mesh grid — see the figure on the right. Using Eq. (8.66) of the
lecture notes to write, for each of these points, the finite-difference version,

V. +v, +v.+v, —4v . oP
2T v =% with ¥ =—— = const,
h n 0z

of the nonvanishing part of the reduced Navier-Stokes equation (8.57), we get the following system of
three linear equations for the values of v in those points:

PointO: 4v, —4v, =C,
Point A: vy +2vy —4v, =C,
PointB: 2v, —4v, =C,
where C is a constant:
2
c=-ZLpr=_27%

n Y
Solving this (easy) system of three linear equations, we get:
9 7 11
Vo =—=C, v, =—-C, vg=—-C.
° 8 b P16

The fluid discharge may be calculated as

al2 al2

0= pjdxjdyv(x, Y =4p [I(x)dx,  with I(x)= [v(x,»)dy,

0
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where the chosen Cartesian coordinates are shown in the figure above. To calculate the integrals /(x) and
then O with a comparable precision, we can use the Simpson formula,!04 getting

a
1(0)~-2(0+0+0)=0
(0) 12(++) ;

a a a Y153 . 17, g 7
~dp—|1(0)+41] = |+1| = ||==4p| — | =2C=——A’pL ~0.03324°p %,
¢ plz{() @ (2ﬂ p(lzj 8 512”0y 7

where 4 = a* is the area of the tube’s cross-section. We may see that the maximum velocity,

b mvg m—2C =2 4 % 0.0703 4%,
8 128 7 n

in this approximation, is ~12% higher than that (vmax = 0.0625 43/ 7) calculated in Sec. 8.5 of the lecture
notes for the a/2 mesh step, while the fluid discharge Q is ~19% larger.

On the other hand, the analytical results given by Egs. (8.60) and (8.62) of the lecture notes, for
the Poiseuille problem of a pipe with a circular cross-section expressed in terms of its cross-section area
A= 7R look as follows:

v =L aZ007964%, Q

max

L2 003984204
dr n n 87 1 n

Thus the discharge through the tube with a square-shaped cross-section is ~20% lower than that
through a round pipe of the same cross-section area 4. This difference may be attributed to the tube’s
parts near its cross-section’s corners where the fluid’s velocity is relatively low — please compare the
calculated values of vg and va.

Problem 8.18. A layer, of thickness 4, of a heavy, viscous,
incompressible liquid flows down a long and wide inclined plane,
under its own weight — see the figure on the right. Calculate the
liquid’s stationary velocity distribution profile and its discharge
per unit width.

Solution: Assuming the laminar flow and with the
coordinate choice shown in the figure on the right, we may write v
= n,»(x), so the z-component of the Navier-Stokes equation (8.53), in the stationary case (0v/ot = 0),

becomes
2

pgsina+77—v— 0
dx’ '

104 See, e.g., MA Eq. (5.3) with N=2.
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(Due to the open surface of the liquid, it cannot sustain any pressure gradient in the z-direction.) This
equation should be solved with boundary conditions

Vo =0, 0,

ax:h:

the latter one resulting from the absence of forces in the z-direction (and hence the stress tensor element
o) on the surface. The (easy) solution of this boundary problem yields

. _ h 2 3 .
v(x):pgsma x(2h x)’ gzp'[v(x)dx:’o gh sina
2 w 0 3n
Note that the velocity scales as the reciprocal kinematic viscosity 7/p rather than the reciprocal
dynamic viscosity 77 — the fact illustrating the popularity of the former notion in all problems where the
fluid’s flow is caused by gravity.

Problem 8.19. An external force moves two coaxial round disks of radius R, with an
incompressible viscous fluid in the gap between them, toward each other with a constant velocity u.
Calculate the applied force in the limit when the gap’s thickness ¢ is already much smaller than R.

Solution: When the disks are being pressed together, the incompressible fluid is being squeezed
out of the gap. Due to the axial symmetry of the problem, the fluid moves radially outward, driven by
the local pressure gradient y(p) = —0#0p > 0, where p is the distance from the system’s symmetry axis.

Let us start with finding the distribution of the fluid’s velocity across the gap. Due to the strong
inequality ¢ << R, the flow inside any quasi-rectangular surface element of the area d4 = dpxpd¢ with ¢
<<dp, pdp << p <R, does not differ from that in an infinite-area gap. Hence repeating the arguments
of Sec. 8.5 that have led to Eq. (8.57), we see that we may use the 1D version of this equation:

2
%:— (p), for 0<z <y,
/4

where z is the distance from one of the disk surfaces, with boundary conditions similar to Eq. (8.55):
v(0) = v(¢) = 0. The solution of this boundary problem is elementary:

no2 7
giving the following total volumic discharge from a fluid disk of radius p:10

t l3 t3
¢(p)=27p [ vdz= 2ﬁp#§ = 72—77/3;((/9)- )
0

Since the fluid is incompressible, the radius-dependent discharge (*) should be equal to the
decrease of the volume 7zp’f of the fluid disk per unit time, due to the disks’ approach with velocity u,
i.e. to p'u. As a result, Eq. (*) yields the following differential equation for the pressure inside the gap:

105 In order to avoid using the same letter p for two different quantities, I am using the volumic discharge q. The
mass discharge Q discussed in the lecture notes equals this ¢ multiplied by the fluid’s density.

Problems with Solutions Page 272



Essential Graduate Physics CM: Classical Mechanics

Z—jf—z(p)=—6;up,
with the boundary condition AR) = A, where 7, is the pressure just outside the gap. An easy integration
yields the result,

P=7, +3’%(R2 -p%),
which enables us to calculate the external force necessary to compensate for the pressure difference:

3z nR*
NI

F= [(P-R)d*p =i—?2ﬂT(R2 - p* Jpdp
disk area 0

Very naturally, the necessary force increases fast as the gap is narrowed, due to the increasing
fluid’s drag.

Problem 8.20. Calculate the drag torque exerted on a unit length of a solid round cylinder, of
radius R, that rotates about its axis with an angular velocity @, inside an incompressible fluid with
viscosity 7, kept static far from the cylinder.

Solution: Tt is natural to work in cylindrical coordinates, with the z-axis coinciding with the
cylinder’s axis. Due to the axial and longitudinal symmetry of the problem, the fluid’s velocity may be
looked for in the form v(r) = n,(p), so the full expression for the Laplace operator of a vector

variable!% is reduced to
\% d>v ldv v
V2V=nw(V2v——2J:n¢[ 2+————2j.
p dp” pdp p

Also, in this stationary situation (0/0t = 0), the circular integrals of the pressure gradient and the
distributed potential force f (if any) have to equal zero, so they cannot have any effect on the fluid’s
rotation. Because of that, the Navier-Stokes equation (8.53) is reduced to just V?v = 0, i.e. to an ordinary
differential equation

2+____2:09 (*)

with the following boundary conditions
v(R)= R, v(0)=0.

Looking for the solution of the homogeneous linear equation (*) in the natural form v = Cp” with
constant C and ¢, we see that it is satisfied if the latter constant obeys the following characteristic
equation:

a(a—1)+a—1=0, giving o =*1.

Thus Eq. (*) is satisfied by any linear combination of the functions p and 1/p.197

106 See, e.g., MA Egs. (10.6) and (10.3). Note that V*(n,v) is not equal to n,V>v even in this simple case!

107 Such a linear-combination solution allows a ready generalization of this problem to the case of two concentric
cylinders rotating with different angular velocities (the so-called Couette flow) — an additional exercise highly
recommended to the reader.
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Our boundary conditions may be only satisfied by the latter partial solution, with C/R = @R, so

_ R’
P

It may look like the problem is virtually solved, but the recalculation of this velocity distribution

into the stress tensor oy by using Eq. (8.52a) of the lecture notes still requires some y

care because Eq. (8.52b) for the strain derivative tensor e; is valid only in the

Cartesian but not in curvilinear (such as the cylindrical) coordinates.!® Perhaps the
easiest way to do this calculation is to rewrite Eq. (**) in the Cartesian coordinates

v

**)

X = pcose, y=psing, (**%) @ /

with the x-axis passing through the point at which we want to calculate the tangential
component dF), of the force acting on a small surface element d4, — see the figure on
the right. For an arbitrary point {x, y} (with p= (x> + y*)"”? > R), the differentiation of dF
Egs. (***) over time, for our velocity distribution (**), and with p =0 and pp =v,

gives

wR’y . _ oR’x
, Vv, =V =veosp=—

v, =EX=-vsingp=-———— 7
X 4y X 4y

X

so the needed element of the tensor (8.52b), taken at point {x =R, y =0}, is

7 =0, =0, =2ne, =-2no. (F***)

Evidently, due to the arbitrary direction of the x-axis (within the cylinder cross-section plane),

this expression is valid for the tangential force dF; exerted on an arbitrary elementary area dA4 of the
cylinder’s surface. From here, the drag torque per unit length of the cylinder is

d

F F
r_ * dA = 27R* aF, = —4rnoR*.
dA dA

)

! [ RdF, = ! [R
l A l A
The negative sign in this expression shows that the drag force is directed, naturally, against the rotation.

Problem 8.21. Solve a similar problem for a sphere of radius R, rotating about one of its principal
axes.

Hint: You may like to use the following expression for the relevant element of the strain
derivative tensor e;;’ in spherical coordinates:

108 For the reader’s reference, the tensor element we would need to solve our problem is e,, = % (dv/dp —v/p). As
you may readily verify, its use gives the same result (****).
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1 avw v,
e =—| —2—--"21.
o2l or r

Solution: In this case, it is natural to work in spherical coordinates, with the z-axis coinciding
with the sphere’s rotation axis. Hence we need to look for the solution of the vector Laplace equation
V?v = 0 (see the previous problem’s solution) in a similar but more general form v = n,v(r, ), so the
equation remains partial rather than ordinary:10°

in(rz @j+ - 1 i(siné’ﬂJ—%:O, for R<r<oo; (*)
r- or or) r”sinf 06 00) r°sin” @
It has to be solved with boundary conditions

v—>0, atr— o v=wRsinf, at r=R.

Besides that, from the problem’s symmetry, v has to vanish at the rotation axis (just as the boundary
condition at » = R does) for any » > R. This is why it is natural to look for the solution of this boundary
problem in the form typical for the variable separation method (already discussed in Secs. 6.5, 6.6, and
8.4 of the lecture notes), but with a specific form of the polar-angle functions:

Wr,0)=>'% (r)0,(0), with ©,(0)=sinnd, n=12,. (*%)

(For any given r, this is just the general Fourier series for a function turning to zero at =0 and 6= r.)
Plugging the ™ term of this sum into Eq. (*), and then multiplying all its terms by %/ &,0, and carrying
the two last terms over to the right-hand side, we get

1 d{ ,d&, 1 d( . ,dO, 1
— | —" | == —— —| sind + .
g, dr dr ®,sind do do ) sin’6
The left-hand side of this equation depends only on », while its right-hand side depends only on &, so
they both have to be equal to some constant C,,.

First, let us consider the resulting equation for the function @,(6):

1 d( . n 1
- ————| sin +——=C,.
®, sinf do do sin~ @
The direct substitution shows that only the function ®;(6) = siné satisfies it (giving the variable
separation constant C; = 2), so all other functions %&,(r) have to equal zero. Now let us look for the

resulting equation for &,
Li(rz ﬁJ -2,
&R, dr dr

in the form similar to that used in the previous problem: & oc r*. The direct substitution shows that the
equation is satisfied, provided that the constant « is a root of the following quadratic equation:

ala+1)=2, e a’+a-2=0.

109 See, e.g., MA Egs. (10.9) and (10.12) with £, = f,= 0 and 6/0¢p = 0.

Problems with Solutions Page 275



Essential Graduate Physics CM: Classical Mechanics

The standard solution of this characteristic equation shows that it has two roots, o = 1 and a_ = -2, so
the function & is generally a linear combination of two terms proportional, respectively, to 7 and 2.

The first of these terms does not satisfy our boundary condition at » — 0,110 so we have to take v =
constxr “siné. Selecting the constant so that this solution satisfies the boundary condition at » = R, we
finally get

3
sind.

Yy =
2
r

Now using Eq. (8.52) of the lecture notes, with the tensor element provided in the Hint,'!! we
may calculate the tangential force exerted on an elementary area of the sphere’s surface, located at a

certain polar angle 6
dF,

(4

dA,

=0, =0, =2ne, = 77(% —X) =-3nwsin6 .
r=R

r

What remains is to use this result to calculate the net torque exerted on the sphere:

dF
T= szin&qu, :J-Rsinﬁ a’A(ﬂ

sphere S r

dA, = —J.Rsinﬁx 3nwsin @ x 2R’ sin 010 = —-8rnw R’ .
0

As in the previous problem, the negative sign in this expression shows that the drag torque tries to stop
the rotation.

Note that this result coincides with that of the previous problem if, in the latter, we formally take
the cylinder’s length / equal to the extension 2R of the sphere along the rotation axis. Of course, such an
operation is quantitatively illegitimate because the previous problem was solved by assuming that / >>
R, but the coincidence indicates that the order of magnitude of both results makes sense, thus serving as
a good sanity check.

Problem 8.22. Calculate the tangential force (per unit area) exerted by an incompressible fluid,
with density p and viscosity 77, on a broad solid plane placed over its surface and forced to oscillate
along it with amplitude a and frequency .

Solution: Let us direct the y-axis vertically, i.e. normally to the oscillating plane, and the z-axis
in the direction of plane oscillations — as in Fig. 8.10 of the lecture notes. Then, due to the system’s
symmetry, in the absence of turbulence, the fluid’s velocity is horizontal at any point: v(r, ¢) = n.w(y, f),
while the distributed force f = pg and the gradient of pressure 7 = Ay) do not have horizontal
components. As a result, the Navier-Stokes equation (8.53) is reduced to just

ov o’ «
P2 e (*)

This equation has to be solved with the following boundary conditions:

110 This term may be essential for the solution of other similar problems, for example, the flow of a fluid confined
between two concentric spheres rotating, with different angular velocities, about the same axis.

11 Otherwise, the force may be re-calculated using the Cartesian coordinates like in the previous problem, but in
our current case of spherical coordinates, such calculation is a tad more cumbersome.
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v(0,1) = gq(o,t) = %Re[ae_iwt ] = Re[— iwae™' ], v(—o0,t)=0,

where the position of the fluid’s interface with the vibrating plane is taken for y = 0. Since Eq. (*) is
linear, we may look for its solution in the form v(y, £) = Re [ vo(y)e ' ]. Plugging it into Eq. (*), we get a
linear ordinary differential equation for the complex amplitude v of the fluid’s velocity oscillations:
- d 2v0
—1 — —_—,

pVO 77 dy2
which has to be solved with the boundary conditions vo(0) = —iawa, and vy(—0) = 0. Due to the latter
condition, in the general solution of the equation, we need to keep just one exponent,

vo(7)=v,(0)e”,  where —iwp = nx?,

RCY

For the only oscillating element of the stress tensor (8.52) at the interface,

with positive Rex:!12

~ ov
O =0, = 77—‘ _
zy zy ay y=0 >

this solution yields

1/2
o, = nRe[Kvoe_’a’t]: [%) Re|v, (0)(1—i)e ™ ]
Per the definition (7.18) of the stress tensor, this is just the tangential force per unit area, in the top layer
of the fluid. By the 3" Newton law, the tangential force F' exerted by the fluid on a unit area of the plane
is equal and opposite:

% - —K%)m Rely, (0)(1—1)e @ | = K%)m [ Re (v, (0)e 7 )+ Re (wae " )|

Perhaps the most interesting feature of this result is the separation of the force into two
quadrature components, phase-shifted by 7/2. Namely, besides the purely viscous force, acting in
antiphase with the plane’s velocity (and described by the first term in the last square brackets), there is
another force of the same magnitude, acting in phase with the plane’s displacement Re [ ae "], i.e. in
antiphase with its acceleration. The latter force may be interpreted as a result of the oscillating plane’s

dragging with it the following effective mass of the fluid (per unit area):

M:ﬂﬂ):(ﬁ}” P 55(2_77)”2 1
2 2

A A 2w yol0)} " Rex’

independent of the oscillation amplitude a — if the amplitude is not high enough to induce turbulence.

112 Note that this solution, with Imx = —Rexk;, i.e. with the oscillation phase growing linearly with distance as —/5
(where 0= 1/Rex is the depth of the oscillations’ penetration into the fluid), is similar to that at the skin-effect: the
penetration of oscillating electromagnetic field and electric current into a conductor — see, e.g. EM Sec. 6.3.
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Using the data in Table 1 in Sec. 8.5 of the lecture notes, we may calculate that, for example, at

1-Hz oscillations on a water surface, the penetration depth o'is close to 0.56 mm, and the dragged mass
is about 0.23 kg/m’.

Problem 8.23. Calculate the frequency and the damping factor of P=0
longitudinal oscillations of a mercury column, of the total length /, in a U-shaped
mercury manometer (see the figure on the right), assuming that its tube has a round
cross-section with a relatively small radius R. Formulate the quantitative
conditions of validity of your result and check whether they are fulfilled for the
following parameters: /=1 m and R = 0.25 mm.

Solution: As the solution of the previous problem implies, if

PO R2 <<, (*)
2n
where w,r is the effective frequency of oscillations, then the distribution of the mercury’s velocity over
the cross-section is virtually the same as at its stationary flow, i.e. is given by Eq. (8.60) of the lecture
notes, with the discharge O expressed by Eq. (8.62). Assuming that this condition is satisfied, we may
use Eq. (8.62) to express the pressure drop along the mercury column due to the fluid’s viscosity:
8n I
AP =yl=———0Q. *x
== R (**)

Let the column be displaced from the equilibrium position (in which the difference of external
pressures on its surfaces is counter-balanced by the height difference /¢ in accordance with the Pascal
equation (8.6): A = pgho) by some small distance g. Then the height difference /# between the mercury
column ends becomes equal to 4y + 2¢, leading to the following imbalance between the pressure and
gravity forces:

2
F, =-2qpgAd=-27R"pgq ,

directed toward the equilibrium. Since we may use the virtual incompressibility of mercury in human-
scale experiments to express the discharge Q via the time derivative of the same displacement g,

0 =-ptg =R’

the total viscous drag force due to the pressure difference (**), directed against the column’s velocity g,
is

F = AAP, = aRAP, = —aR> S L2 i = 8ol

n n n ;;F pq=—onniq .

The total mass of the mercury column is M = pA/ = 7rR2pl, so we may spell out the 2" Newton law for
the column’s motion, M § = F, +F,, 113 a5

R pl i = -8mnlg —27R* pgq,

113 Note that for this problem, the effects of surface tension cancel, because it adds equal additional forces to both
sides of the column.
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giving us the standard differential equation (5.6b) of a damped oscillator,

2 1/2 4
G+255+wlq=0, with o, :(ng . and §=—1
The effective frequency of the height variation process is'!4
2
. @, *kok
o, = min| ®,, — |,
ef |: 0 25:| ( )

and this is the frequency that should be used in the condition (*).

For the parameters given in the assignment, using the data given in Table 8.1 of the lecture notes,
we get ay ~4.43 5™ (i.e. f= w27~ 0.7 Hz), 5~ 7.25s ', so the system is overdamped and for estimates,
we need to use for w.rthe second term in the square brackets of Eq. (***). The substitution shows that
the left-hand side of Eq. (*) is close to 0.4, so the condition is reasonably well satisfied.

Another validity condition is the absence of turbulence:
Re = 2vamax ~ 2Rpa)qmax < 2,100,

n n
where gmax 15 the oscillation amplitude. For our parameters, the result is gmax = 0.3 m ~ /.

Problem 8.24. A barge, with a flat bottom of V(t):?
area A, floats in shallow water, with clearance /& <<
A" — see the figure on the right. Analyze the time M /o
dependence of the barge’s velocity ¥(#), and the hd P x

water’s velocity profile, after the barge’s engine has
been turned off. Discuss the limits of large and small values of the dimensionless parameter M/pAh.

Solution: Because of the smallness of 4 in comparison with the lateral dimensions of the barge,
at virtually all the area under the barge’s bottom, the water velocity may have only one substantial
component: v = n,(),f), so the Navier-Stokes equation (8.53) is reduced to

v
o oyt
This equation may be satisfied by a sum of factorized (variable-separated) solutions of the type
v(y,t) =T()Y(y). In fact, by plugging such a solution into the equation, and dividing all terms by 77,
we get
1dr_ 1dY
Pra Ty a7

(*)

The left-hand side may be only a function of ¢, while the right-hand side, of y; this is only possible if
each part is a constant. It is convenient to denote this constant as —p/ 7 because then the solution of the
equation for 7 has a natural form 7 = constxexp{-#/7}, i.e. 7 has the physical sense of the motion’s
decay constant. Now, solving the equation for Y(y’), with appropriate boundary conditions (v=0aty =0,

114 See, e.g., Footnote 5 in Chapter 5 of the lecture notes.
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and v = J(t) at y = h), we get Y = constxsin()/0), where the physical sense of J'is the characteristic depth
of the barge’s speed spread under its bottom, so finally the solution is

sin(y/ o)

_ —t/t
(/o) W=V@e T

v=V(t)

We still need to find the constants 7and 6. One relation between them follows from Eq. (*):
p_TN
r o6

while the second relation is similar to Eq. (8.56), in our case for the water-to-barge bottom interface:

ov F.,

775},:;1— y

2

where F\,; is the drag force exerted on the water by the barge. This force satisfies the (horizontal
component of the) 2" Newton law for the barge:

Mci,_V:Fbw:_wa'
t

Combining these relations, we get the following algebraic characteristic equation for the constant &

tanﬁ = —'OA5

5 M’ ¢

which, a bit counter-intuitively, does not depend explicitly on water’s viscosity 7. (The viscosity,
however, does affect the time constant 7 of the barge's slowdown; see below.) This transcendental
equation allows for simple solutions in two limits:

(1) M/pAh >> 1, i.e. the barge is much more massive than the layer of water below it. Then we
may guess that M/pA6 >> 1 as well, so the tangent function in Eq. (**) is much smaller than 1, and
hence is virtually equal to its argument. In this case, the equation yields

1/2 1/2
o=h [il >> h, so that = [ﬁJ >>1,
pAh pAo  \ pAh

thus confirming the above guess. In this case, the water speed profile is approximately linear, v =
(//h)vi(?), as at the static flow, and the barge’s slow-down time constant 7 = pd/n = Mh/n is
proportional to its mass.

(i1) In the opposite limit of relatively deep water (or a relatively light barge), M/pA6 << 1, the
tangent function in Eq. (**) is much larger than 1, so its argument is very close to 7/2, giving
2
s=2n =P
V4 o n

This means that the water velocity profile corresponds to one-quarter of the sine function’s period. The
corresponding value of the slow-down time does not depend on the barge’s mass, i.e. the solution
describes the process of the water layer flow slowing down by itself.
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Please note that in the latter limit, our simple factored solution v =7(¢)Y(») is not always strictly
valid. In fact, let the barge move, at ¢t < 0, with a constant velocity (say, driven by its engine). At this
steady motion, Eq. (*) gives d°Y/dy* = 0, i.e. the water velocity profile is linear, regardless of the ratio
M/ pAh. Thus, at least immediately after the engine has been stopped, the velocity profile cannot be
sinusoidal. In order to describe the transient from the linear to the sinusoidal profile, the solution of Eq.
(*) should be sought in a more general form (typical for the variable separation method):

Wz = ST, 00, () = S C, exp(—t/ 7, )sin(y/5,). (¥r5)

where ¢, are the roots of Eq. (**), while the coefficients C, may be found from an expansion of the
initial (linear) velocity profile in the series (***) at ¢t = 0. However, according to Eq. (**), all 6, with n >
1 are relatively small (< A/7), so the corresponding time scales 7, = p(&,)*/7 are rather short. This result
shows that the higher terms (with » > 1) in the series (***) decay in time rapidly, so the simple solution
discussed above, which corresponds to n = 1, is a very reasonable approximation.

Problem 8.25." Derive a general expression for mechanical energy loss rate in an incompressible
fluid that obeys the Navier-Stokes equation, and use this expression to calculate the attenuation
coefficient of the surface waves, assuming that the viscosity is small. (Quantify this condition).

Solution: Perhaps the simplest (though not the most rigorous!!%) way to calculate the energy loss
rate, is to use the general Eq. (7.30) for the elementary work of stress forces (per unit volume)

3
Ge == 0,3,
INE
where, according to Eq. (7.9b), the variation of the symmetric strain tensor s;;> may be represented as

5 1 [a(éq,,-) N a(éq,oj_
) 6rj, 8rj

(*)

Let us apply these expressions to the variation os;; taking place in a unit volume of a fluid during
a small time interval or. Plugging into Eq. (*) the stress tensor given by Eq. (8.51), and dividing both
sides by o, we get

sv 1 s (g, &) g, 1o
—=P—-> 60, - (V)= Ly — .
o w25 (V)z[ or or

Jij=1 J j

But according to Eq. (7.13), the first sum is just 6V/V, while the last operand in the second term
describes elements of the tensor e defined by Eq. (8.52b):

1 avl. avj,
e/./., =—| —+ 9
’ 2 Grj, Grj

SO we may write

115 A (slightly :-) more strict derivation may be found, for example, in Sec. 16 of L. Landau and L. Lifshitz, Fluid
Mechanics, 2" ed., Butterworth-Heinemann, 1987.
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o€ 3
— =——+—, Wwhere —E—Zaﬂ,ej,j.
§t '1'=1

The first term evidently describes a reversible change of the bulk compression energy of the fluid, while
the second term, which depends only on the fluid’s velocity distribution (and is constant in time if v =
v(r) only), represents the rate of irreversible energy losses (per unit volume).

For an incompressible fluid, Tr (e) = 0, so Eq. (8.52) describing the viscosity effects in the
Navier-Stokes approximation is reduced to

G, (v)=2ne,,
and the above expression for energy loss rate may be rewritten as

o¢ 3
< 2y Zlej.j, . (*)
JsJ=

Now moving to the second task: as it follows from the discussion in Sec. 6.6 of the lecture notes,
the surface wave’s attenuation along the direction (say, z) of its propagation may be characterized by the
coefficient

dE | dz

I~ 9

E

where E is the local energy of a wave with a time-independent spatial distribution.!!¢ If the attenuation
is so weak that o is much smaller than the wave number & (i.e. if the wavelength A = 27/k is much
smaller than the decay length /; = 1/a), we may calculate the energy dissipation rate ignoring the
viscosity effect on the local (Az ~ 4 << /;) distribution of the fluid velocity components. For the surface
waves analyzed in Sec. 8.4 of the lecture notes, these distributions are given by Eq. (8.43), and since in
that “1D plane” wave, 0/0x = 0, the only nonvanishing elements of the tensor e are:

ov

e, = 6") =KD " cos(kz - at), ey, = % = kD " cos(kz — at),
y Z
ov
e, =e;, = Lfov, o K@ e sin(kz — o),
2\ 0z oy

so in this case the energy loss rate (*) does not depend on z and :

o¢ 3 2
<=2 Y = Ak 0le v

JoJ'=1
According to this formula, the rate of energy dissipation per unit area,

i dE
ot dxdz

0 0
= j%dy = —4nk*®’ jezkydy = 2nk’®?,

116 This definition implies that the wave is being continuously induced on one end of a long (formally, semi-
infinite) system, and propagates inside it, gradually losing energy to dissipation. As was discussed in Sec. 6.6, [, =
1/ has the physical sense of the length scale of such wave’s decay.
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is proportional to the wave’s energy (also per unit area), whose calculation was the task of Problem 7:

dE _ peqi _ pk g
= = 2,
dxdz 2 2

so their ratio does not depend on the wave’s amplitude (®4), and we may calculate the attenuation
constant as!!”

Fnl N2l Fnl Fnl 3
Lo dE/dz_ 1 6E/& _ 1 &(dE )/ dE =(2—kJ(277k3<Di) (pkq)ij=82k—,
E v, E v, Ot\ dxdz )| dxdz @ 2 p @

gr

where, according to Eq. (8.47), the wave’s group velocity uy = da/dk = o/2k. Using the same dispersion
relation (8.47) again, we may recast this result as a function of the wave number £ alone:

This formula (with the constants 7 and p taken from Table 8.1) shows that for very long waves
on water, the viscosity’s contribution to the attenuation may be very low. For example, for the longest
waves, with & ~ 0.1//max ~1073 m’, i.e. 1 ~ 6 km, for which, according to Eq. (8.48), the finite-depth
effects may still be neglected in the deepest parts of the ocean, we get & ~ 107> m ™' — i.e., almost no
attenuation on the ocean’s width scale ~ 10® m. This estimate explains, in particular, the virtually
attenuation-free propagation of tsunami waves between the continents. (Their amplitude’s drop with
distance from the source is mostly due to the circular-like propagation.)

Finally, as was discussed above, our approach based on the assumption of viscosity smallness, is

valid only if & << k. Using the above result for o, we get the following applicability condition:

1/2 1/3
g—m, 1e. k<< g—m .
8k (877 / p)
For the water waves on the Earth’s surface, this condition is fulfilled for £ below ~ 10° mﬁl, i.e. for any
wavelength larger than ~ 1 mm. (Actually, the surface tension effects, also neglected in our calculation,
limit its applicability even earlier, at A ~ a, ~4 mm — see Eq. (8.14) and its discussion.)

n<<p

Problem 8.26. Use the Navier-Stokes equation to calculate the attenuation of a sinusoidal plane
acoustic wave.

Solution: As was already discussed in Sec. 7.7 of the lecture notes, in fluids (i.e. materials with
vanishing shear modulus y), only longitudinal acoustic waves may propagate. In a plane wave of this
type, the fluid particle displacements q and velocities v, and also all gradients, have only one Cartesian
component: along the propagation direction — say, the z-axis: q = n.q, v=n.v, V =n,(0/0z). In this case,
the Navier-Stokes equation (8.53), in the linear approximation in v, is reduced to

117 The first of these steps is based on the equivalence of two expressions for the change dE of the local energy of
a k-narrow wave packet at an observation point’s shift by dz: either from the definition of the attenuation constant:
dE = —aFEdz or as a result of energy dissipation during the wave packet travel time dt = dz/v,, into the new
position: dE = (OE/ot)dt = (OE/t)dz/v.
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ov oP 4n\o*v
— ="y .
Pot ™ & (g 3 ja 2

For the pressure gradient calculation, we may use Eq. (7.37) with the relative volume variations (7.13)
having just one spatial component:

a_P_ﬁ(_Kde % Tr(s) 0 0’q

= =—K_—Tr(s)=-K—s..=-K—,
0z Oz V

0z 0z 0z
so the Navier-Stokes equation is reduced to
ov 62 4n\0*v
— + .
= [g j oz
Looking for its solution in the form of a usual sinusoidal wave,

q= Re[aei(kz_wt)], so that v = 2_3 _ Re[— l-a)aei(kz—a)t)]’

we get the following dispersion relation:
-1
. 4n . o’ . 4n
-’ :—Kk2+za)k2( +—j, ie k¥ =— l—z—( +—j , *
P ¢ 3 . X ¢ 3 *)

where u; = (K/p)"? is the sound velocity — see Eq. (7.114) with the notation change v — u;.

At negligible viscosity (or rather both viscosities ¢ and 77), Eq. (*) yields the standard acoustic
dispersion relation k = w/u;. However, in the general case, it gives a complex &* and hence a complex

wave number k = k' + ik". As we know from the discussion in Sec. 6.6, the attenuation coefficient « is
just twice the imaginary part of &, so Eq. (*) yields

_1/2
a=2k"=2ﬂlm{ —z—(§+477ﬂ |
U,

In the most important case of small attenuation (el << 1, i.e. k" << k'),!18 this expression yields:

2
az2£1m1+i£(§+4—nj =2ﬂ(§ 477} 20° [§+4—nj.
u, 2K 3 u, K 3 u'p 3

Its form without the {-term is called the Stokes law — not to be confused with the Stokes formula (8.71).

For example, for water ¢ = 3.1x107° Pas, n = 0.9x10°° Pa-s, K ~ 2.1x10° Pa, and p = 1,000
kg/m®, so at a typical sound frequency of 1 kHz (@ = 6x10° s™), at which u = (K/p)"* ~ 1.45 km/s, the
attenuation constant is very small: &~ 0.83x107 m ', i.e. ~0.36x10~> dm/km in engineering units,!!° in
good agreement with experimental data for distilled water. (In typical seawater, the attenuation is much
higher, ~60x 10> dm/km, due to the vibration damping by dissolved molecules.)

118 In typical media, this condition is violated only at extremely high frequencies above ~10'* Hz.

Pz =
119 Their definition is &| g, 1., =10 logmﬁ: 10 log,, Ve - lrll?OIO a~434x10°a
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Note that Eq. (*) does not give accurate results for most gases: due to a strong temperature
dependence of their bulk modulus on temperature, their sound velocity depends on whether the
compression/extension cycles of the wave are isothermal (as it happens only at extremely low
frequencies) or virtually adiabatic — as it takes place for the usual (audible) and higher sound
frequencies. In the latter case, the attenuation constant has an additional contribution due to heat transfer
from the compressed to extended parts of the wave. In addition, in gases of diatomic and more complex
molecules, the attenuation may be dominated, just as in seawater, by molecular damping. For example,
due to the latter effect, the sound attenuation in the air (at ambient conditions) is as high as ~5 db/km (at
the same frequency of 1 kHz).

Problem 8.27." Use two different approaches for a semi- v
quantitative calculation of the Magnus lift force F, exerted by an ——»
incompressible fluid of density p on a round cylinder of radius R, with its ‘ﬁ
axis normal to the fluid’s unperturbed velocity vy, which rotates about F,
the axis with an angular velocity @ — see Fig. 8. 17 whose augmented ——
version is reproduced on the right. Discuss the relation of the results.

Solution: One approach may be based on the fact (mentioned in Sec. 8.6 of the lecture notes) that
at high Reynolds numbers, there is a thin turbulent boundary layer that matches the fluid velocity at the
very surface and that of the external part of the fluid, which moves as a nearly ideal one. In our current
case, the layer adds the surface velocity v; = —@Rn,, to the near-surface velocity of the potential flow that
was calculated in Sec. 8.4 —see Eq. (8 37):

d .
vV, =— W&Rgo ¢‘pR: d(DZVORCOS(p:—anvOsmgo. (*)
If the cylinder’s rotation speed is not too high, | | < 2|vo|/R, the net velocity v, + v, turns to zero at two
stagnation points (in the figure above, both on the lower side of the cylinder) with
sin g, = _a)_R (**)
2v,

Now we may calculate the fluid’s pressure at the surface by using the Bernoulli equation (8.27):
P="P, +§v0 g =P +p[v0 (@R +2v, sin p)’ ]

If we assume that this formula is valid at all points of the cylinder’s surface, we may use it to calculate
the drag and lift components of the pressure force (see the figure above), per unit length of the cylinder:

2
—d_ §Pcosgodr = gRj[vj —(a)R +2v, Sin¢)2]cos¢d¢ =0,
r=R 0

2z
% =— :ﬁ’Psin pdr = —§RHV§ — (@R +2v, sin(o)z]sin pdp =27pR>wv,. (*FH%)
r=R

0

The first of these results, repeating the D’Alembert paradox mentioned in the lecture notes,
contradicts the experimental data for the turbulent flow, which show a very substantial drag force see
Fig. 8.15):
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F,
szpRvg.

This disagreement implies that Eq. (***) for the Magnum lift force is not strictly valid either. Indeed,
both wind-tunnel experiments and numerical simulations based on the Navier-Stokes equation show that
Eq. (***), while giving its correct sign and a reasonable functional dependence of the lift, overestimates
its magnitude. The reason is that, as Fig. 8.16 illustrates, for a typical object moving in a fluid, the thin
boundary layer covers only its leading edge, while the trailing edge is directly exposed to the vortices of
the turbulent wake, where the Bernoulli equation is not valid at all.

This is why we may use a different approach, guessing!?? that the rotation with not too high
speed, |@ | < 2|v|/R, just deflects the turbulent wake by the angle ¢y given by Eq. (**), without changing
its structure too much. For the (formally, negative) rotation direction shown in the figure above, the
wake is deflected down. By the 3™ Newton’s law, its reaction creates an upward lift force

F F
TIz—Tdsingoo z%pRza)vo. (HHHE)

This formula is functionally similar to Eq. (***) but has a much smaller numerical coefficient. This is
also natural because the derivation of Eq. (****) does not take into account the part of the Bernoulli
force exerted on the leading edge of the cylinder, where the boundary-layer picture is valid.
Experimental and numerical-simulation results reveal a rather complicated behavior of F as a function
of parameters,!2! with its magnitude generally in between the estimates (***) and (****).

However, the first approach outlined above is very valuable (and gives almost exact results) for
thin objects with a sharp trailing edge — most importantly, typical airplane wings and other airfoils. In
this case, the turbulent wake does not contact the moving body, and the boundary-layer picture is valid
for the whole surface. Since such objects are not rotated, it makes sense to generalize our analysis for
this case. For doing that informally, we may notice that the velocity v, = —wRn, we have added to the
potential flow (*), is not itself a potential one because according to the Stokes theorem,!2? it has a
nonvanishing average curl:

F=—[(Vxv,)-d’r=—fv, dr :zfa)RRd(p:ZEa)Rz,
N C 0

where S is the cross-section of the cylinder, and C is its outer contour drawn immediately outside of the
boundary layer. So, our result (***) may be rewritten as the Kutta-Joukowsky theorem!23

F, .
71 = pv, T, with I' = —§vr dr .
C

120 This guess finds an at least semi-quantitative confirmation in the results of numerical simulations of the
Magnus effect — see, for example, a nice video available at https://en.wikipedia.org/wiki/Magnus_effect and/or
very informative still pictures in http://repository.ias.ac.in/24676/1/316.pdf.

121 Indeed, for some values of v and @, the Magnus force F; may even change its sign — see, e.g., Z. Zheng et al.,
Flow, Turbulence, and Combustion 98, 109 (2017) and references therein.

122 See, e.g. MA Eq. (12.1).

123 Tt was derived in 1906 by N. Zhukovsky (legacy-spelled “Joukowsky”) and (apparently, independently) by M.
Kutta in 1910.
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Since Fj is the “global” characteristic of the flow, it should be no surprise that this theorem is
approximately applicable to any cylindrical object with a sharp trailing edge, regardless of the source of
the circulation T'. In a traditional airplane wing, the circulation is created by making the wing’s upper
surface convex, so the air speed near it is larger than that near the lower surface, so

r :—[— Ivrdr+ _[Vrer >0

upper lower

giving an upward lift force.
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Chapter 9. Deterministic Chaos

Problem 9.1. Generalize the reasoning of Sec. 9.1 of the lecture notes to an arbitrary 1D map g+
= flg.), with the function f{q) differentiable at all points of interest. In particular, derive the condition of
stability of an N-point limit cycle ¢ — ¢¥ — ...— g™ — ¢V ..

Solution: Let a 1D map have an N-point limit cycle {¢g", ¢?, ..., g™}

= @) ¢®=fg®) o g™ = £ V) g = £(g™).

Now let one of the points be slightly displaced from its initial position, for example, ¢, = ¢" + & with &

— 0. Then in the linear approximation in & we may write:
d

612=f(q1)=f(q(”+8)”f(q(l))+d_j;‘ f‘

&
g=q =M™’

&,.

Repeating this process N times, we return to the initial point g; with the small displacement

Evidently, the limit cycle is stable if | ¢’| < | ¢ |, 1.e. if124

N
Yy =<
dql9=4

k=1

(*)

For the simplest cases of a “one-point limit cycle”, i.e. a fixed point q(k), and a two-point cycle
{q+, q-}, Eq. (*) is reduced, respectively, to

d
A IRNE )
and
af af
d_q 9=q, d_q g=q_| <1 (%)

As the simplest sanity check, for the logistic map defined by Eq. (9.2) of the lecture notes, with
Aq) = rq(1 — q), i.e. dfidg = r(1 — 2g), the trivial fixed point ¢'” = 0 exists for any r. Applying to it the
condition (**), we see that it becomes unstable at » > 1, i.e. exactly when another fixed point ¢/ = 1 —
1/r appears. For the latter point, Eq. (**) reads

124 Notice that according to Egs. (9.8)-(9.9) of the lecture notes, the logarithm of this product, for N >> 1, is just a
particular case of the Lyapunov exponent.
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frs-fei

so the nontrivial fixed point becomes unstable at » > 2 — as was already mentioned in Sec. 9.1.

= ‘ I"(l—zq(l))‘ =

a
dg|9=4"

For this map, the spelling out Eq. (***) would require using the bulky Tartaglia-Cardano
formulas'?3 roots, but in the next problem, we will use it for another map.

Problem 9.2. Use the stability condition derived in the previous problem, to analyze the
possibility of deterministic chaos in the so-called tent map, with

rq, for 0<g <, ,
{ with0<r <2, Y LV Y=x

f(q) ) r(l - q), for 2<q <1, ! >

Solution: The tent map (shown in the figure on the right 4
for the particular value » = 1.5) coincides with the logistic map .
at ¢ — 0, so the stability of the trivial point ¢ = 0 is absolutely .
similar. Also, as soon as it becomes unstable (at » > 1), there is .
a nontrivial fixed point ¢", located at the “falling” branch of g
the function f{q): ¢ > "2, which has a constant negative slope: v
dfidg = —r. Hence, though ¢ may be readily calculated from 0 q. ¢V q. 1
the stationary condition ¢/ = fig") = (1 — ¢'"), giving ¢V =
r/(r + 1), this calculation is actually unnecessary to conclude, using the stability condition (**) derived
in Problem 1,

AN

y=f(x)

<1

i)

A
dg |a=a"

that this point is unstable as soon as it exists (at » > 1). This means that a small deviation from q(l)
grows, by magnitude, from iteration to iteration, at least until g reaches the positive-slope branch f= rq.

Superficially, it may look that since every other iteration point sits on that branch, a stable two-
point limit cycle {g:, g_} may be established — see the arrows in the figure above. Indeed, the set of Eqgs.
(9.5) of the lecture notes for this case,

q. :f(Q— <1/2)EFQ—’ q._ :f(q+ >1/2)Er(1_Q+)9

has a solution: ¢+ = /(1 + %), g_= r/(1 + 1), which satisfies our assumption ¢_ < ' < ¢-. However, its
stability condition, given by Eq. (**%*) of the previous problem’s solution,

daf daf

gy Yl <,
a’q q9=9. dq q9=q_

shows that this limit cycle is also unstable because, for the tent map, its left-hand side equals 7.
Moreover, the general Eq. (*) of that solution shows that for this map, any N-point cycle is unstable,

125 See, e.g., https://mathworld.wolfram.com/CubicFormula.html.
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because | dfidg | = r > 1 at any regular point (¢ # /2)! As a result, in contrast with the logistic map, the
tent map with » > 1 is always chaotic.12¢

Problem 9.3. Find the conditions of existence and stability of fixed points of the so-called
standard circle map:

qn+l = qn +Q_£Sin2ﬂqn?
2

where ¢, are real numbers defined modulo 1 (i.e. with ¢, + 1 identified with ¢,), while QQ and K are
constant parameters. Discuss the relevance of the result for phase locking of self-oscillators — see, e.g.,
Sec. 5.4 of the lecture notes.

Solution: Per the discussion in Sec. 9.1 of the lecture notes, fixed points ¢ of this map are the
roots of the following equation:

©) _ 0

q" =q +Q—2£sin27rq(o), 1e. sin27zq(°) @
/s

K

Obviously, on any segment of unit length, e.g., — 2 < g <+ ', there are two solutions to this equation:
1/2

2
qgro) _ LSil’l_l @, and qgo) — l — Lsin_l —Zﬂg! R with cos 272'qu0) == Sgn(gj 1- (2mj >
. K 2 2z K i K &

both existing only within the parameter range

—ls%sﬂ. (*)

With this map represented in the form used in Sec. 9.1 of the lecture notes (and in Problem 1):
. K .
4,1 =flg,) with f{g)=gq+Q=-—sin2m.

the fixed point stability condition derived in that solution becomes

Z—]; 1+ sgn(%)[Kz - (27zQ)2 ]”2

E‘1+K0052m(0) <1.

+

g=4."

Within the range given by Eq. (*), this condition is always satisfied for one of the points ¢-*’, which is
therefore stable as soon as it exists, and is never satisfied for its counterparts.

This result has implications for the theory of phase locking. Indeed, rewriting the differential
equation (5.68) describing this effect!?” as

do =(E+Acosg)dt, (*%)

126 Note that in the special case when the parameter r equals exactly 2, the tent map may be explored using binary
arithmetic (see, e.g., Sec. 2.1 in the book J. L. McCauley, Chaos, Dynamics, and Fractals, Cambridge U. Press,
1994) and hence is sometimes called binary tent map.

127 As the reader could see from the solution of Problems 6.20 and 6.21, this equation describes not only the phase
locking of a single self-oscillator by an external force but also the mutual phase locking of two or more
oscillators.
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we see that the standard circle map may be interpreted as its finite-difference version within the first-
order Euler approximation (5.96) in the small time step A = h:

¢n+1 = ¢n + (eg + ACOS ¢n )h ’ (***)

with the following notation correspondence:

T 27 K
p, < 2m, % Eo P A(—)h.

Thus the above stability condition means that the transfer from the differential to the finite-
difference version of the equation does not affect stable phase locking within its whole range —A < & <
+A. This fact is important because some digital phase-locking systems, in which the external signal is
applied to the oscillator not continuously but only at discrete times, are better described by Eq. (***)
than by Eq. (**).

Problem 9.4. Find the conditions of existence and stability of fixed points of the so-called Hénon
qn+1 = l_aQ5 +pn’

pn+1:bqn: with 0<b <.

Solution: The Hénon map is not one-dimensional, because it transforms the n™ value of the two-
component vector {g, p} into the (n + 1)™ value of this vector. However, a direct substitution of the
second equation, with the replacement n — n — 1, into the first one transforms it into a 1D map:

qn+1 = 1 - aqj + bgn—l s (*)

albeit with the right-hand part depending on two previous values of ¢. Obviously, a fixed point ¢ of
this map should satisfy the quadratic equation

¢ =1-a(gOY +5q®,

which may be readily solved, giving two roots:

0¥ =i +4a] - 1-n) ()
The expression under the square root is positive, and hence both fixed points exist if
1 2
a>——(1-b).
Li-5)

Considering their stability, we need to mind that the map (**) has a structure different from that
assumed in Sec. 9.1 of the lecture notes, so we need to repeat the analysis while using the same general
approach. Linearizing Eq. (*) with respect to small deviations ¢, = ¢, — q(o) — 0, we get

a’1+1 = _2aq(0)qn + banfl . (***)

128 This map, first explored by M. Hénon in 1976 (for a particular set of the constants a and b), has played an
important historic role in the study of strange attractors.
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The general solution of this linear algebraic equation is a linear superposition of two exponential
solutions proportional to e, Plugging such a solution into Eq. (***), we get the following characteristic
equation for these two constants A:

et =2aq" +be™,  ie E2+42agVE-b=0,  where E=e’.

Solving this quadratic equation, we get two roots:
1/2
£ = i[(aq(o))z + b] — aq(o)_

The deviation from a fixed point does not have an infinitely growing exponent (i.e. the point is stable)
only if both corresponding roots satisty the condition Re 4. <0, i.e. | & | < 1. Since b > 0, both roots &
are real, the stability condition is just —1 < & < +1, and is satisfied if

—(1-b)<2aq" <+(1-b). (xHHK)
Now comparing these two conditions with Eq. (**) rewritten as
2aq"") = £[(1-bY +4a] "~ (1-b),

we may readily see that for the fixed point ¢ ), the left of the inequalities (****) is never satisfied (and
hence that point is always unstable), while for the counterpart point ¢-*’, both of them are satisfied if

3 2
<—(1-b).
a<2(1-1)

Just for the reader’s reference: as a is increased just beyond this limit, the Hénon map has a
stable two-point cycle, and for even higher values of a, exhibits multi-point cycles and chaotic
dynamics.12?

Problem 9.5. Is the deterministic chaos possible in our “testbed” problem
shown in Fig. 2.1 of the lecture notes (reproduced on the right)? What if an
additional periodic external force is applied to the bead? Explain your answers.

Solution: As was discussed in Sec. 2. 2, this system is described by one
differential equation (2.25) of the second order, which is equivalent to two
equations of the first order, for example!30

0=p,/mR*

p, =mR’®” sin@cosd —mgRsin 6.

Hence, the situation is the same as in the system discussed in Problem 3: deterministic chaos is
impossible without an external force but is possible in its presence. Actually, the simple, externally-
driven pendulum, whose chaotic dynamics was discussed in Sec. 2, is just a particular case (for @ = 0,
but with an additional sinusoidal external force) of the testbed problem, i.e. ring’s rotation does not
create a qualitative difference in this aspect.

129 For details, including illustrations, see, e.g., D. Gulick, Encounters with Chaos, McGraw-Hill (1992).
130 Note that the p, so introduced is just the generalized momentum corresponding to the generalized coordinate €
—see Eq. (2.39) of the lecture notes, as well as Problem 10.1.
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Chapter 10. A Bit More of Analytical Mechanics

In each of Problems 1-3, for the given system:

(1) derive the Hamilton equations of motion, and
(i1) check whether these equations are equivalent to those derived from the Lagrangian
formalism.

Problem 10.1. Our testbed system: a bead on a ring rotated, with a fixed angular
velocity m, about its vertical diameter — see Fig. 2.1 of the lecture notes, partly
reproduced on the right.

Solution: The generalized momentum py (corresponding to the generalized
coordinate ¢) and the Hamiltonian function of this system were already derived in Sec.
2.3 of the lecture notes — see Egs. (2.39)-(2.40):

py =55 =mi?d. )

H:%Rz(éz -’ sinze)—ngcosé?Jrconst. (**)

Thus, to compose the Hamilton equations (10.7), we only need to express H via 8 and pg (In this
particular problem, time is not explicitly involved.) This is easy to do by using Eq. (*) to write

5 _ Po
0= , ok
R (**%)
and plugging this expression into Eq. (**), getting

2

2
H:ERZ( Po —wzsinzej—ngcosezng ~ P R2w? sin® @ — mgR cos @ + const .

2 \m’R* R’
Now, Egs. (10.7), with g; = @ and p; = ps, yield the following equations of motion:

0 = , =———=mR*w*sinOcosf —mgRsin b .
e, mrE P 50 &

The former of these equations merely reproduces Eq. (*), while the latter one, taking into
account Eq. (*), coincides with Eq. (2.25) derived using the Lagrangian formalism.

Problem 10.2. The system considered in Problem 2.3: a pendulum hanging
from a point whose motion x(¢) in the horizontal direction is fixed — see the figure
on the right. (No vertical-plane constraint.)

Solution: From the model solution of Problem 2.3, we already know the gl
Lagrangian and Hamiltonian functions of the system (besides arbitrary constants):
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L= %[1292 +17 @* sin® O+ X[ (t) + 2Ix, (t)(écosé?cosgo— @sin @sin (p)]+ mglcos@, (*)
H="[16"+1"sin> 0 ¢* - 22 (t)|- mgi cos 0 o
=5 +17sin” 0 ¢~ —x; (t)|—-mglcosb, (**)

where 6 and ¢ are, respectively, the polar and azimuthal coordinates of the pendulum, with the polar
axis directed vertically down — see the figure above. From Eq. (*), we can readily calculate the
generalized momenta corresponding to these two generalized coordinates:

Do E%:mlzé+mlxo(t)cosé?cos¢, r, —%—ml @sin’® @ — mlx,(¢)sin @sin . (**%)
By solving these linear equations for the generalized velocities:
s Do % (D) . Py X, (t) sing
0=—"-——-cosfcosp, = + , lolol
ml® P P sin? e 1 sing =9

and plugging the result into Eq. (**), we get the Hamiltonian function expressed in its canonical form,
1.e. via the generalized coordinates and momenta:

2
H = —[(&xo(t)cosé?coij J{
ml

2

2
p.¢, +%,(t)sing | —x;(t) |-mglcosh.
mlsin @

From this expression and Eqgs. (10.7) of the lecture notes applied to the generalized coordinates &
and ¢, we get the following four equations of motion:

OH _ py % (1)

0 = cosdcos o,
op, m12 v
. OH P, X, (%) sing
Q = = 2 .2 + . H
dp, ml”sin” @ [ sin@
cos@
Do :—a—H:— &—mxo(t)cosﬁcosgo X,(t)sinfcose + Po + mx, (t)sin @ p——mglsinﬁ,
00 / [sin@ mlsin’ @
p =_8£ Po. —mx,(t)cos@cos @ |x,(t)cosdsingp— Py +mx,(¢)sing |x,(t)cos .
? o [ [sin@

The first two equations just reproduce Egs. (****), while the two last ones, after plugging in Egs.
(***), a straightforward differentiation and several cancellations, give the same equations of motion,
0 —¢*sinfcosO +<= ; Esino+ Ol( ) cos@cosp =0,

@sin® @ +20¢sin O cos 6 — 1()s1n9s1n(p 0,

as those obtained in the solution of Problem 2.3 from the Lagrangian formalism. Note, however, how
much longer was the way toward these equations in this solution. This is a good illustration of why the
Lagrangian approach is discussed first in most classical mechanics courses — including this one.
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Problem 10.3. The system considered in Problem 2.8 — a block
of mass m that can slide, without friction, along the inclined surface of
a heavy wedge of mass m’. The wedge is free to move, also without
friction, along a horizontal surface — see the figure on the right. (Both
motions are within the vertical plane containing the steepest slope
line.)

Solution: The Lagrangian function L = 7'— U of this system
was already calculated in the model solution of Problem 2.8:

m+m' _, ., .
X' —mix'cosa +mglsina,

L="tp 4
2

where the coordinates / and x " are indicated in the figure above. Differentiating L over the corresponding
generalized velocities / and x', we get the generalized momenta:

oL . oL : ;
p, =—=ml—-mx'cosa, po=—=(m+m)x'—micosa. (*)
ol ox'
Solving this system of two equations for / and x’,
l-=p,(1+m'/m)+px,cosa, x,zp,cosa—i-px, (+%)

.2 s 2 4
m'+msin” o m'+msin” o«

and plugging this result into the expression for the Hamiltonian function,!3! also derived in Problem 2.8,

m+m'

H :312 + x> —mlx'cos o —mglsin o

we get H in its canonical form, i.e. expressed as a function of the generalized coordinates and momenta:

1

H= —
2(m’+msm o

)Hnﬂ]pf +2p,p. cosa+pf}—mglsina.
m

Now we may use Egs. (10.7) of the lecture notes to compose two Hamiltonian equations of motion for
each of the two degrees of freedom of this system:

: l+m'/m)+p. i
jo O _plemim)tpocosa o OH LG,
op, m'+msin” a ol
., OH p,cosa+p, - oH
X = = ) b px' = ! :0.
Op, m'+msin”a Ox

The left two relations just reproduce Egs. (**), and it is straightforward to verify that the two
right equations, with an account of Egs. (*), are equivalent to the two Lagrange equations derived in the
solution of Problem 2.8:

ml —mx'cosa —mgsina =0,

(m+m"x'— mil cosa = 0.

131 In this case, H coincides with the system’s energy £ =T + U.
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Problem 10.4. Derive and solve the equations of motion of a particle with the following
Hamiltonian function:
1
H = —(p +ar)2,
2m
where a is a constant scalar.

Solution: Rewriting H in the Cartesian form
-
2m

and using the coordinates {x, y, z} of the particle and the corresponding components {py, p,, p-} of its
momentum p as, respectively, the generalized coordinates and momenta, we may use Eqs. (10.7) of the
lecture notes to derive the following equations of motion:

(p. +ax) +(p, +ayf +(p. +az)].

H + H +
L OH _p tax OH _ _ Pitox *)

op, m T ar m

with absolutely similar equations for two other coordinates.

Since the equations for different coordinate-momentum pairs are decoupled, it is sufficient to
analyze just one pair of them, for example, Eqgs. (*). The easiest way to do this is, first, to use these
equations to calculate the time derivative of the combination (p, + ax):

d . . + +
—(px+ax)=px+ax=—ap‘ ax+apx >
dt m m

0.

So, all three such combinations, and hence the whole vector (p + ar), are the integrals of motion:
p+ar=C, (**)
where C = {C,, C), C.} is a vector constant.!32

Next, we may eliminate one of the variables from the system (*) — say by the differentiation of
the first equation over time, and then plugging Eqs. (*) into the right-hand side of the result:

1 1 + +
X:—(px+a5c):—(—ap" B als “xj=o.
m m m m

Hence, x is a linear function of time. Since the same is true for all other Cartesian coordinates, the
general solution of the equations of motion may be represented exactly in the same form as for a free
particle:

r(t) = v(0) +r(0), v(¢)=(t) = v(0) = const.

Note, however, that per Eq. (**), at a # 0, the particle’s momentum p is not necessarily constant:

p(t)=C—ar(t)=C'—av(0},  where C'=C—ar(0),

132 This fact is evidently compatible with the time independence of our Hamiltonian function, which follows from
Eq. (10.8) of the lecture notes because H does not depend on time explicitly: dH/dt = 0H/0t = 0.
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and hence is generally different from the product mv(#) = const. As we already know from Sec. 4.6, such
a situation, when the “canonical momentum” p participating in the Hamiltonian function is different
from the “kinetic momentum” mv, is typical for motion description in non-inertial reference frames.!33

Problem 10.5. Let L be the Lagrangian function, and A the Hamiltonian function, of the same
system. What three of the following four statements,

. dL ... OL ... dH . . OH
_:07 _=09 _:()9 _=09
(1) 7 (i1) Py (111) 7 (iv) Py

are equivalent? Give an example of when three of these equalities hold, but the fourth one does not.

Solution: According to Eq. (2.35) of the lecture notes, Eqs. (ii) and (iii) are equivalent, while
according to Eq. (10.8), Egs. (ii1) and (iv) are equivalent — so all three of them are. On the other hand,
dL/dt does not necessarily vanish even if all three other derivatives do. For example, according to Eq.
(2.46), in a system with the kinetic energy 7 being a quadratic-homogeneous function of coordinates, H
equals energy £ = T + U. In a potential system of this kind (say, with the potential energy U depending
only on the generalized coordinates), the full energy E is conserved but may be constantly transferred
between its components 7 and U — say as happens at the usual linear (“harmonic”) oscillator. However,
according to Eq. (2.19b), for such a system L = T'— U = E — 2U, i.e. if the potential energy changes in
time (as it does in all nontrivial cases), so does L, i.e. dL/dt # 0.

Problem 10.6. Calculate the Poisson brackets of a Cartesian component of the angular
momentum L of a particle moving in a central force field and its Hamiltonian function A, and discuss
the most important implication of the result.

Solution: The Hamiltonian function of such a particle is perhaps obvious, but just for one more
exercise in the Hamilton formalism, let us derive it formally from the particle’s Lagrangian

L:T—U(r):%(xz 137+ 22 )-U@).

According to Eq. (2.31) of the lecture notes, the generalized momenta corresponding to the generalized
coordinates of the particle (in this particular case, to its Cartesian coordinates x, y, and z), are

=a—L—m)'c =8—L—m' =8—L—mz'
pr_ax s py_ay y’ pr_az 5
i.e. are just the Cartesian components of the usual linear momentum p =mr . The reciprocal relations,
X = P , = &’ - I ,
m m m

enable us to recast the Hamiltonian function defined by Eq. (2.32) in its canonical form, i.e. as a
function of the generalized coordinates and momenta (and generally, but not in this case, of time):

133 1t is also typical for charged particles moving in the magnetic field — see, e.g., EM Sec. 9.7 and QM Sec. 3.1.
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2 2 2
p—x+&+p—z+U(r).

H=p x+ y+p z—L =
pxX+p,y+p, m . om . om

On the other hand, the angular momentum vector is defined by Eq. (1.31): L = rxp, so its Cartesian
components are

L =y.-2zp,, L,=zp,—xp., L.=xp, —)yp,.

Let us calculate the Poissonian bracket of L, and H. Since, according to its definition (10.18), the
bracket is a linear function of each of its operands, it falls apart into a sum of the partial brackets of each
operand pair:

2 p2 2
vty op, =, B 2o Lot < b ), )
m 2m 2m

2 2 2 2 2 2

px p}’ pz px p,V pz
+ 5 + z9 ~ + z9 —\ZpP,, 2P, (34D, .
{ypz 2m} {yp 2m} {yp 2m} { P, 2m} { Py ZM} { P, Zm}

This sum of eight terms may look intimidating but actually, these partial brackets are of only
three different types. Let us start by using Eq. (10.18) to spell out the first bracket:

bp. U ()= {M oU _d(yp.) aU } +{a(ypz) oU _dlyp.) U } +{8(,%) ow) olyp.)aU )}.

op, Ox ox Op, op, Oy dy op, Oop, Oz T op,

(*)

Carrying out the partial differentiation, we should remember that in the Hamiltonian formalism, all
generalized coordinates (x, y, z) and momenta (p., py, p:) have to be considered as independent
arguments, so their mutual partial derivatives do not vanish only if the operands are identical. On the
other hand, the radius vector’s modulus » = (x> + y* + z)”* and hence the potential energy U(r) are
functions of all three coordinates. As a result, we get

{ypz,U(r)}:(O-a—U—0-0j+ ().a_U_pZ .0 +(ya—U—0-0j = y@_U.
ox oy 0z 0z
An absolutely similar calculation of the second term of Eq. (*) yields

ou
- {zpy,U(r)}= —ZE.

Now using the central character of the field, U = U(r), the sum of these two terms may be calculated as

oU oU  dUé&r dUdr dU| olx*+y*+22)7  alx?+y*+22)"
v -z =y———z——= -z

0z oy dr 0z dr oy dr 0z oy
dU 1

dr (x2+y2+z

2

)1/2 (yz—zy):O.

The remaining six terms of the sum (*) are of two types. In the brackets of the first type, all
Cartesian directions are different; for example, according to Eq. (10.18), the very first one equals
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{ypz,p : }—iﬂa(ypz)a(l’f )_alp.) alp: )J J{@(y Délp?) aGp.)alp? )J

2m|  2m op, Ox o op. op, Oy B dy Jp,

op, Oz 0z Op,

. (a( w.)olp) a(p.)alp’ )H

=2i[(0-0—0-2px)+(0-0—pz -0)+(y-0-0-0)]=0.
m

In the brackets of the second type, the same Cartesian direction participates in both operands; for
example,

{yp Py } L[[a(ypz)a(l?i) a(ypz)a(lﬂi)] +(5(ypz)5(1’ﬁ) é’(ypz)ﬁ(lﬂi)]
2m

C2m op, Ox ox  Op, op, Oy dy  0p,

op, Oz 0z Op,

+ [5(ypz) opy) aGp,)olp: )H (**)

1

=E[(o-0—0-o)+(0-0—pz 2p,)+(y-0-0-0)] =L

m

The last two calculations clearly show that each of the last six Poisson brackets of the sum (*) vanishes
unless one of its operands contains a certain Cartesian coordinate and its counterpart — the
corresponding momentum. In the whole sum (*), there is only one more bracket of this type:

~ { p: } _ _L[{a(zpy)ﬁ(pf ) 5(Zpy)6(pf )j . [a(zpy)ﬁ(pf ) 5(%)8(175 )]

Zp =
P m 2m|\ op, ox ox  Op, dp, Oy dy 0p,

NEALRNT)

op, Oz 0z Op,

— L [0:0-0:0)+(:-0-0-0)+(0-0- p, -2p - P22

The sum of this bracket and that in Eq. (**) equals zero, so the whole bracket (*) vanishes:
{L,H}=0. (**%)

Due to the invariance of H to the simultaneous rotational replacement of directions, x - y — z
— x, which results in the replacement L, - L, - L. — L., even without repeating the similar
calculations for L,and L., we may conclude that

{L, Hi={L.,H}=0 (G
as well.

Per Eq. (10.20) of the lecture notes, since the Cartesian components of L. do not depend on time
explicitly, Egs. (***) and (****) mean that the angular momentum is an integral of motion. Admittedly,
for this simple case, this fact may be proved by much simpler means — see the derivation of Eq. (1.35).
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Problem 10.7. After small oscillations had been initiated in the point pendulum
shown in the figure on the right, the supporting string is being pulled up slowly, so the
pendulum’s length / is being reduced. Neglecting dissipation, v

(1) prove by a direct calculation that the oscillation energy is indeed changing 1)
proportionately to the oscillation frequency, as it follows from the constancy of the
corresponding adiabatic invariant (10.40); and l

(i1) find the /-dependence of the amplitudes of the angular and linear deviations &
from the equilibrium.

m

Solutions:

(i) The work done by the external force F pulling up the string during a small change d/ is d/' =
—Fdl, where F may be found from the 2™ Newton law’s component along the string’s direction:

2 2
mVT:F—mgcost?zF—mg(l—%} with v =10, *)

where the radial velocity d//dt was neglected due to its smallness. Due to the same slowness of the
function /(¢), for small oscillations, we may take @ = A4 cos¥ (where ¥ = at + const, @ = g/l), so v =—
lwAsin'Y, and Eq. (*) yields!34

F~=mg+ mgAz[sin2 Y —%cos2 ‘Pj .
Averaging the work d 2/ = —Fdl over the oscillation period AY = 27, we get
AW = —mgd! —%mgAzdl.

The first term describes the reversible change of the pendulum’s potential energy at the point of its
equilibrium, but the second term is the work due to the oscillations. Due to the absence of dissipation in
the system, this work may only go into the change of the oscillation energy E = mglA*/2, so

dE = —lmgAzdl = —lEﬂ
4 2

This result has to be compared with the change of the oscillation frequency o= (g/1)"?,

1/2
do=2@y- 18 y_ 1,4
dl 2 P2 271

The comparison gives dao/w = dE/E, i.e. exactly the result expected from the adiabatic invariance of the
action variable J = E/ .

(i1) Since the total energy E = mglA2/2 scales as w oc ['"2, the angular deviation amplitude A4 o
(E/l)l/ ? is proportional to (I~ a 2/[)1/ 2 =1 while the linear deviation amplitude, A/, to [ 3Mx1=1"". Hence,

134 Actually, the extreme values of F, given by this formula: Fiax = Flg- 0= Fly = sus ) = mg — mgA*/2 = mg — E/I,
and Foin = Flo=24=Fly-m=mg + mgA2 =mg + 2F/l, were already used at the beginning of Sec. 5.5 of the lecture
notes. (In that calculation, the sinusoidal shape of the function &) was not due to the slowness of the function
I(¢), but due to the constancy of / between its abrupt changes.)
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if the string is pulled up, the oscillations of the angular deviations from the equilibrium (vertical)
position are growing, while the linear deviations are decreasing, albeit rather slowly.

Problem 10.8. The mass m of a small body that performs 1D oscillations in the potential well
U(x) = ax™, with n > 0, is being changed slowly, without exerting any additional direct force. Calculate
the oscillation energy E as a function of m.

Solution: As was discussed in Sec. 10.2 of the lecture notes, the adiabatic invariant
§pda., (*)
C

where C is the closed contour on the plane of the generalized coordinate (¢) and momentum (p), remains
constant at a slow change of the system's parameters. In our current case, we can take the coordinate x
for g, and calculate p from the system's Lagrangian,

22
mx

L=T-U=—"-U(x),

in the usual way — see Eq. (2.31):
= a_L —
ox

At constant m, the oscillations conserve the system's energy

mx .

.2 2
E=T+U=ﬂ+U(x):p—+ax2”,
2 2m

so p may be calculated as a function of x and E as

1/2

p= i[Zm(E —ax™ )]

The two signs describe two similar parts of the oscillation cycle, which give equal contributions to the
contour integral (*), so we may write

X +(E/ay/2n (E/a /2
§pdq =2 dex =2 .[ [Zm(E —ax™ )]mdx =4 [Zm(E —ax®" )]Uzdx
C X . /2n 0
wo (£/a)
= 4(2mE)1/2(E/a)”2"j.(1—52” )1/2d§, where & = (a/E)m"x.
0

The definite integral in the last expression is just a dimensionless constant, and we do not need to
work it out to solve this particular problem, because the adiabatic invariance already yields the
requested relation between £ and m (and moreover, the parameter a as well):

(mE)l/Z(E/a)l/zn = ml/ZE(1/2+1/2n)/a1/2n = const, so that E o al/(n+l)/mn/(n+l).

For the particular case n = 1, i.e. for the motion in the quadratic potential U(x) = ax’, this result is
reduced to £ o (a/m)l/ 2 = (o — the result that was already derived (in different ways) in Sec. 10.2 of the
lecture notes and in the previous problem.
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Problem 10.9. A stiff ball is bouncing vertically from the floor of an elevator whose upward
acceleration changes very slowly. Neglecting the energy dissipation, calculate how much the bounce
height 4 changes during the acceleration’s increase from 0 to g. Is your result valid for an equal but
abrupt increase of the elevator’s acceleration?

Solution: Per Eq. (4.92) of the lecture notes, from the point of view of P,
the non-inertial reference frame moving with the elevator, its upward
acceleration @ may be described by adding it to the constant gravity
acceleration g. The phase plane trajectory of a single bounce of the ball,
under the effect of a constant acceleration (g + a), is shown in the figure on
the right, where y is the vertical coordinate referred to the elevator’s floor,
and p, is the corresponding momentum — i.e. that in the moving reference
frame. The curved part of the trajectory is described by the parabola
corresponding to the conservation of the ball’s effective energy (i.e. its energy as measured in the
moving reference frame): 13>

7

2

2p_y +m(g +a)y = const = m(g + a)h, Le. p, = +m[2(g +a)h-y)]'".
m

Let us calculate the action variable (10.39) for this trajectory:

1 L 17 1/2
J=— dy=—-2 dv=—2 2 h— d

2z $ Pty =5 2 |y =52 mlale a2y
EM}(k—y)mdy — \/Em(g+a)l/2 ghyz.

T T 3

0

Now according to the discussion in Sec. 10.2 of the lecture notes, at a slow change of a, this
variable stays constant, i.e.

(g+a)?h** =const,  so hoc 1 — .
(g+a)
Hence, under the effect of elevator acceleration’s increase of a from 0 to g, the bounce height becomes
1/3 1/3
1
h=ho( £ J =h0(—j ~0.794 h, *)
g+a 2

1.e. decreases by only ~20%.

This result is not valid in the case of an abrupt increase of acceleration. Indeed, let us write the
evident expressions for the coordinates y of the ball and the floor, now in an inertial reference frame that
was moving with the floor before the moment ¢, of the increase:
alt—1,)

, Vitoor (t) = T, for t, <t<t_,

gt

yball(t): 0 >

135 The fact that such effective energy is conserved at constant ¢ may be readily proved by repeating the
calculations at the beginning of Sec. 1.3 of the lecture notes after adding, to the potential energy mgy of the real
gravity force F, = —mgn,, the contribution may from the inertial “force” —ma, = —man,. (See also the solution of
Problem 4.37.)
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where the time is referred to the moment of the last time when the ball
reached its maximal height (%), and ¢. is the time of their first collision
after ¢y, defined by the equation yuan(z:) = yfoor(Z:). Even the schematic
plot of these two functions, the latter one for a couple of ¢y values (see
the figure on the right), shows clearly that the relative velocity of the
ball and the floor at their collision at time 7., and hence the energy
transferred to the ball at this collision (and hence the resulting height 4
of the ball bounces at ¢ > #.) depends on the exact moment ¢, of the
acceleration’s increase — the dependence absent from the result (*) for 7 1
the adiabatic process.

Problem 10.10.” A 1D particle of a constant mass m moves in a time-dependent potential U(g, 1)
= mwz(t)q2/2, where a(?) is a slow function of time, with | a)| << ®". Develop the approximate method

for the solution of the corresponding equation of motion, similar to the WKB approximation used in
quantum mechanics.!3¢ Use the approximation to confirm the conservation of the action variable (10.40)
for this system.

Hint: You may like to look for the solution to the equation of motion in the form

q(t)=exp{A()+ 1% (o)}

where A and W are some real functions of time, and then make proper approximations in the resulting
equations for these functions.

Solution: The differential equation describing the system’s dynamics is
j+o*(t)g=0.

Plugging the solution suggested in the Hint into this equation, performing the double differentiation of ¢
(so far, without any approximations), and canceling the exponent in all terms, we get

(A +i%)+(A+i#) +0® =0.
Opening the parentheses and requiring the real and imaginary parts of this equation to be separately
satisfied, we get a system of two equations for the two real functions A(¢) and W(¢):

A+A -V +0* =0, (*)
¥ +2¥A =0.

The last equation, after the division of both terms by ¥ , may be readily integrated over time:

I%dﬂ = j%ln ¥(¢') dt' = In ¥ (¢)+ const = —2.[ A(e')dt = -2A(¢)+ const,
o) ]
A= —%ln‘i’+const = lnﬁJrconst, ie. exp{A}=ﬁ, (**)

136 See, e.g., QM Sec. 2.4 and/or a similar approach in the solution of Problem 6.18 of this (CM) course.
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where C is a constant.

In contrast with this exact solution, the nonlinear differential equation (*) with an arbitrary
function «’(f) may be readily solved only approximately, using the condition | a)| << o’ specified in the
assignment. This condition allows us, in the first approximation in small d/dt, to neglect the first two
terms. The resulting simple equation

~¥ 0’ =0
has two solutions:
t
¥, =+ol), ie. ¥, (t)= J_rJ.a)(t’)dt’ + const.

Since our differential equation is linear, its general solution is a sum of two terms — each with
one of these functions. Using Eq. (**), we get

t

Q(t)=wl(/j—2+(t)exp +ija)(t')dt' +w§—2‘(z)exp —ijw(t')dt’ ,

where the constants C; are determined by initial conditions.!37 Since here we are only interested in real
functions ¢(?), it is instrumental to rewrite this solution in a manifestly real form, for example

Q(t):ﬁz(t)cos ICO(I')dt’+g0 , ()

with real constants a and ¢. (Note that because of the denominator of the pre-exponential term, the
constant a is not the oscillation amplitude and, moreover, has a dimensionality different from g.)

Now let us use this solution to explore the adiabatic invariance in the given system. Since it
describes nearly-sinusoidal equations of the particle near the equilibrium, the system’s full energy,
m ., m ., n’la)2 (t) 2
E=T+U="4 +U(x)= g2 + 20 e
2 2 2
periodically moves from its kinetic form to the potential form and back. Due to the slowness of the
function o(f), we may evaluate the energy, for example, at a moment when 7'= 0, and hence
mo®

E = Umax = qmax‘

According to Eq. (***), this particle displacement’s maximum equals /@', and hence

mo*( a Y ma’
E= 72| = @.
2 \w 2

Since the factors m and a do not change at slow changes of @, we see that at such changes, E/@ = const.
This is exactly the result (10.40), which was obtained in Sec. 10.2 of the lecture notes from the general
theory of adiabatic invariance.

137 This solution is the exact temporal analog of the 1D WKB approximation in quantum wave mechanics — see,
e.g., QM Eq. (2.94).
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